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ix

Preface

Measurement	with	persons	refer	to	mothers	in	which	human	perception	and	inter-
pretation	 are	 used	 for	 measuring	 complex	 holistic	 quantities	 and	 qualities.	 These	
are	perceived	or	created	by	the	human	brain	and	mind.	Providing	means	for	repro-
ducible	 measurement	 of	 parameters	 such	 as	 pleasure	 and	 pain	 have	 important	
implications	in	evaluating	all	kinds	of	products,	services,	and	conditions.	Progress	
in	 this	 area	 requires	 the	 interlinking	 of	 related	 developments	 across	 a	 variety	 of	
disciplines,	embracing	the	physical,	biological,	psychological,	and	social	sciences.	
Moreover,	 it	faces	an	ever-increasing	demand	for	valid	measurements	as	the	basis	
for	decision	making.

A	significant	hurdle	to	surmount	is	the	historical	division	that	arose	in	the	middle	
of	 the	 twentieth	century	between	physicists	and	psychologists.	The	 two	sides	dis-
agreed	strongly	on	the	meaning	of	measurement	and	the	possibility	of	“measuring”	
sensory	 events.	 This	 led	 to	 parallel	 developments	 in	 measurement	 science	 within	
the	two	separate	camps.	Both	went	on	to	generate	remarkable	results,	but	the	lack	of	
communication	between	them	prevented	coherent	and	interactive	progress.

This	book	 inaugurates	a	new	era	 for	 this	 subject.	Here	a	 large	board	of	 schol-
ars	and	scientists	from	physical,	psychological,	biological,	and	social	sciences	have	
accepted	the	challenge	of	working	together	to	reach	a	common	understanding	of	the	
theory	of	measurement	and	the	methods.	The	aim	is	to	provide,	seemingly,	the	first	
book	ever	issued	covering	the	topic	of	measurement	with	persons	by	multi-,	inter-,	
and	 transdisciplinary	 approaches.	 That	 means	 that	 the	 complementary	 aspects	 of	
general	 theory,	measurement	methods,	 instrumentation,	 and	modeling	 are	 treated	
together	or	 integrated	by	world-renowned	scientists	 in	 the	fields	of	psychophysics	
and	general	psychology,	measurement	theory,	metrology	and	instrumentation,	neu-
rophysiology,	engineering,	biology,	and	chemistry.	Such	a	comprehensive	approach	
is	developed	in	general	terms	in	the	first	part	of	the	book	and	then	demonstrated	in	
frontier	implementations	in	the	second	part.

This,	 so	 far,	 unparalleled	 coordination	 effort	 has	 been	 possible	 thanks	 to	 the	
European	Framework	Programme	Seven,	Coordination	Action	MINET:	Measuring	
the	 Impossible	 Network,	 chaired	 by	 Birgitta	 Berglund,	 which	 has	 provided	 the	
opportunity,	 and	 funding	 from	 the	 European	 Commission	 (Contract	 no.	 043297).	
The	book	results	from	an	International	Training	Course	for	senior	scientists	held	in	
June	2008	in	Genova,	Italy,	and	organized	in	the	MINET	environment.	B.	Berglund	
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x Preface

and	G.	B.	Rossi	chaired	the	course,	and	it	was	attended	by	researchers	and	advanced	
students	from	14	different	countries.

The	book	is	organized	in	two	parts.	In	the	first	part,	generic	theoretical	and	meth-
odological	issues	are	treated,	including	the	conceptual	basis	of	measurement	in	the	
various	fields	involved;	the	development	of	formal,	representational,	and	probabilis-
tic	theories;	the	approach	to	experimentation;	and	the	theories,	models,	and	methods	
for	multifaceted	problems.	In	the	second	part,	several	implementation	areas	are	pre-
sented,	including	sound,	visual,	and	skin	perception;	functional	brain	imaging;	body	
language	and	emotions;	and,	finally,	the	use	of	measurement	in	decision	making.

B. Berglund, G. B. Rossi, J. T. Townsend, and L. R. Pendrill
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1

Measurement across physical 
and behavioral sciences

Birgitta Berglund,1 Giovanni Battista Rossi,2 
and Andrew Wallard3

1Department	of	Psychology,	Stockholm	University	and	
Institute	of	Environmental	Medicine,	Karolinska	Institutet
Stockholm,	Sweden
2DIMEC,	Università	degli	Studi	di	Genova
Genova,	Italy
3Bureau	International	des	Poids	et	Mesures
Sèvres,	France

1.1  The origins

Although	measurement	has	been	a	key	factor	in	the	development	of	modern	science,	
studies	on	its	foundations	appeared	relatively	late,	in	the	second	half	of	the	nineteenth	
century.	They	concerned,	at	 the	same	time,	both	physical	and	behavioral	sciences	
and	they	paralleled	the	constitution	of	the	international	system	of	metrology,	with	the	
signing	of	the	Metre	Convention.	It	is	important	to	be	aware	of	such	common	roots	
for	understanding	and	putting	in	the	right	perspective	what	happened	later,	up	to	the	
present	day.	So,	a	historical	overview	of	these	crucial	nineteenth	century	develop-
ments	is	presented	in	the	first	part	of	this	chapter,	up	to	the	division	that	arose	among	
the	two	communities—physicists	and	engineers	on	the	one	side,	psychological	and	
behavioral	scientists	on	 the	other—in	 the	first	part	of	 the	 twentieth	century.	With	
lack	of	communication	such	division	led	to	an	essentially	parallel	development	on	
the	two	sides.	Nevertheless,	noteworthy	developments	in	measurement	science	and	
technology,	as	well	as	recent	measurement	needs	emerging	in	science	and	society,	
call	for	a	common	effort	toward	reaching	a	common	view,	enabling	interdisciplinary	
collaboration	and	ensuring	a	common	development.	This	is	the	subject	of	the	second	
part	of	the	chapter.	Lastly,	in	the	third	and	final	part,	new	trends	are	presented	and	
discussed	and	research	needs	addressed.

1
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2 Measurement with persons: Theory, methods, and implementation areas

1.2.  In search of a theory for physical measurement

1.2.1  Helmholtz: The analogy between measuring and counting

Helmholtz,	 in	 a	 Memoire	 published	 in	 1887	 (Helmholtz,	 1971),	 investigated	 “the	
objective	meaning	of	the	fact	that	we	express	as	quantities,	through	concrete	num-
bers,	situations	of	real	objects”	and	he	wanted	to	discuss	“under	what	circumstances	
we	are	allowed	 to	do	so.”	“Concrete	numbers,”	 in	his	 language,	are	 those	arising	
from	the	counting	of	real	objects.	He	found	a	brilliant	solution	 to	 the	problem	by	
establishing	an	analogy	between	measurement	and	counting.

The	key	idea	is	that,	in	many	cases,	the	characteristic	we	want	to	measure	is	a	
quantity,	in	that	it	is	the	amount	of	something,	and	thus	it	may	be	thought	of	as	the	
sum	of	a	number	of	elementary	parts,	or	units,	of	that	something.	In	those	cases	mea-
surement is equivalent to the counting of such units.	From	this	analogy	it	is	possible	
to	derive	the	conditions	that	must	be	met	in	order	for	measurement	to	make	sense,	
that	is,	the	conditions	for	measurability.	Counting	is	possible	thanks	to	the	properties	
of	natural	numbers,	which	undergo	an	order,	based	on	the	relation	“greater	than	or	
equal	to,”	and	may	be	added	to	each	other.	Similarly,	measurement	is	possible	and	
well	 founded	whenever	 it	 is	possible	 to	 identify	 the	empirical	counterparts	of	 the	
order	relation	and	of	the	addition	operation	for	the	objects	carrying	the	characteristic	
of	interest.	For	example,	in	the	case	of	mass	measurement,	order	may	be	established	
by	comparing	objects	by	an	equal-arms	balance	and	addition	of	two	objects	consists	
in	putting	them	on	the	same	pan	of	the	balance.	Thanks	to	these	properties	it	is	pos-
sible	to	construct	a	measurement	scale,	which	supports	the	practice	of	measurement,	
as	we	soon	show.	An	important	question	is	now	whether	it	is	possible	to	establish	the	
above	properties	for	all	kinds	of	measurement.	Helmholtz	admits	it	is	not	and	men-
tions	an	indirect	approach	as	an	approach.	This	idea	was	developed	afterwards	by	
Campbell,	yielding	the	distinction	between	fundamental	and	derived	quantities.

1.2.2  Campbell: The foundation of physical measurement

The	first	organic	presentation	of	a	theory	for	physical	measurement	was	by	Campbell,	
in	the	second	part	of	his	book,	Physics—The Elements,	published	in	1920	(Campbell,	
1957).	Like	Helmholtz,	he	considers	the	problem	of

…	 why	 can	 and	 do	 we	 measure	 some	 properties	 of	 bodies	 while	 we	 do	 not	
measure	others?…	I	have	before	my	table	[he	writes]	a	tray	containing	several	
similar	crystals.	These	crystals	possess	many	properties	among	which	may	be	
included	the	following:	Number,	weight,	density,	hardness,	colour,	beauty.	The	
first	three	of	these	qualities	are	undoubtedly	capable	of	measurement—unless	
it	be	judged	the	number	is	to	be	excluded	as	being	more	fundamental	than	any	
measurement;	concerning	hardness	it	is	difficult	to	say	whether	or	not	it	can	be	
measured,	 for	 though	various	systems	of	measuring	hardness	are	 in	common	
use,	it	is	generally	felt	that	none	of	them	are	wholly	satisfactory.	Colour	cannot	
be	measured	as	the	others	can,	that	is	to	say	it	is	impossible	to	denote	the	colour	
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Measurement across physical and behavioral sciences 3

of	an	object	by	a	single	number	which can be determined with the same freedom 
from arbitrariness which characterises the assigning of a number to represent 
weight or density.	 The	 last	 property,	 beauty,	 can	 certainly	 not	 be	 measured,	
unless	we	accept	the	view	which	is	so	widely	current	that	beauty	is	determined	
by	the	market	value.	What is the difference between the properties which deter-
mine the possibility or impossibility of measuring them?	(Campbell,	1957)

To	answer	this	question,	he	considers	two	kinds	of	quantities,

•	 Fundamental	(e.g.,	mass)
•	 Derived	(e.g.,	density)

Both	of	these	require	an	empirical	property	of	order,	which	is	(according	to	Helmholtz)	
the	basic	requirement	for	measurement.	But	fundamental	quantities	allow	for	a	phys-
ical-addition	operation	also.	Why	is	this	operation	so	important? Because	it	is	key	in	
permitting	the	general	procedure	for	fundamental	measurement	to	be	applied.	Such	a	
procedure	consists	in	constructing	a	measurement scale,	that	is,	a	series of standards	
with	properly	assigned	numerical	values,	and	then	in	comparing	any	unknown	object	
r to	it,	in	order	to	select	the	element	in	the	series	that	is	equivalent	to	it.	Then	it	will	
be	possible	to	assign	to	r	the	same	number	(measure)	as	the	selected	element.

Let	 us	 see	 this	 in	 more	 detail,	 considering	 again	 the	 mass-measurement	 case.	
For	the	construction	of	the	measurement	scale,	we	first	arbitrarily	select	one	object,	
u,	which	will	serve	as	the	unit	of	the	scale,	and	we	assign	the	number	1	to	it,	that	
is,	m(u)	=	1,	where	m	is	the	measure	function.	Then	we	look	for	another	element	u′,	
equivalent	to	u,	such	that,	put	in	the	opposite	pan	of	the	balance,	it	will	balance	it.	We	
now	sum	the	two	elements	by	putting	them	on	the	same	pan	of	the	balance	and	we	
look	for	a	third	element	that	balances	with	them.	Clearly,	we	may	assign	the	number	
2.	So	we	have	constructed	a	multiple	of	the	unit,	and	we	may	proceed	similarly	for	
the	other	multiples.	Submultiples	may	also	be	constructed	in	a	similar	way.	Once	the	
scale	is	available,	mass	measurement	may	be	performed	by	comparing	an	unknown	
object	r,	with	the	elements	of	the	scale,	with	the	balance,	up	to	finding	the	element	
of	the	series,	say	s,	equivalent	to	it:	then	we	assign	m(r)	=	m(s).	The	scheme	of	the	
direct-measurement	procedure	just	considered	may	be	depicted	as	in	Figure 1.1.

Noteworthy,	in	the	process	of	construction	of	the	scale,	the	only	arbitrary	choice	
concerns	the	selection	of	the	unitary	element;	afterwards,	the	values	to	be	assigned	to	
the	other	elements	are	fully	constrained	by	the	need	for	conformity	with	the	results	

Object

Quantity to be
measured

Comparator

(directly)
measured
quantity

Reference scale

Figure 1.1 Basic	scheme	for	the	direct	measurement	of	a	quantity.
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4 Measurement with persons: Theory, methods, and implementation areas

of	the	summing	operation.	As	a	consequence	of	this,	the	measure	may	be	interpreted	
as	the	ratio	between	the	value	of	the	characteristic	in	object	r	and	in	the	unitary	ele-
ment	u.	In	other	words,	m(r)	=	p/q	implies	that	the	sum	of	q	“copies”	of	r	balances	
with	the	sum	of	p	unitary	elements.	Note	that	q	copies	of	r may	be	realized	by	proper	
amplification	devices,	for	example,	by	using	an	unequal-arm	balance,	with	arms	in	
a	ratio	q:1	to	each	other.

Now	 we	 may	 understand	 Campbell’s	 statement	 that	 only	 qualities	 “which	 can	
be	determined	with	 the	 same	 freedom	 from	arbitrariness	which	characterises	 the	
assigning	of	a	number	to	represent	weight”	fully	qualify	as	measurable,	and	we	may	
also	comprehend	the	rationale	behind	it.	What	has	been	considered	so	far	applies	to	
fundamental	quantities,	yet	there	is	another	way	of	measuring	something,	the	way	
that	applies	to	derived	quantities.	Consider	the	case	of	density,	ρ.	For	this	quantity	
we	may	find	a	meaningful	criterion	for	order,	because	we	may	say	that	a	is	denser	
than	b,	 if	we	may	find	a	 liquid	 in	which	b	floats,	whereas	a	 sinks,	but	we	do	not	
have	any	criterion	of	empirical	summation.	Yet	density	“can	be	determined	with	the	
same	freedom	from	arbitrariness	which	characterises	the	assigning	of	a	number	to	
represent	weight,”	because	we	may	identify	density	as	the	ratio	of	mass	to	volume:	
ρ	=	M/V,	and	we	can	measure	mass	and	volume.	So,	given	an	object	a,	assuming	we	
are	able	to	measure	its	mass,	obtaining	mM(a),	and	its	volume,	obtaining	mv(a),	we	
may	assign	a	measure	to	its	density	as	mρ(a)	=	mM(a)/mv(a).	The	other	way	to	found	
measurement—the	way	that	applies	to	derived	quantities—thus	consists	in	finding	
some	physical	 law	 that	allows	expressing	 the	measure	of	 the	characteristic	of	our	
interest	 as	 a	 function	of	 the	measure	of	other	quantities	whose	measurability	has	
already	been	assessed.

To	sum	up,	Campbell	holds	that	measurability	may	be	established	first	by	proving	
that	 the	characteristic	under	investigation	involves	an	empirical	order	relation	and	
then	either	by	finding	a	physical	addition	operation	that	allows	the	construction	of	
a	reference	measurement	scale	and	the	performing	of	measurement	by	comparison	
with	it,	or	by	finding	some	physical	law	that	allows	the	measure	to	be	expressed	as	
a	function	of	other	quantities.	The	first	procedure	applies	to	fundamental	quantities,	
the	second	to	derived	ones	and	is	illustrated	in	Figure 1.2.

In	 the	 case	 of	 derived	 measurement	 the	 foundation	 of	 measurement	 is	 subject	
to	the	physical	(more	generally	we	could	say	“natural”)	law	that	is	invoked.	In	this	
regard,	we	may	consider	two	possibilities:	either	it	 is	also	possible	to	measure	the	
quantity	directly,	and	so	we	only	have	to	check	whether	the	direct	and	the	indirect	
approaches	produce	consistent	results,	or	the	law	has	an	intrinsic	validity	and,	if	the	
same	magnitude	appears	in	two	or	more	laws	accepted	in	the	same	scientific	domain,	
the	consistency	of	 the	system	may	be	 invoked	to	support	 the	measurability	of	 the	
quantity	under	consideration	and	so	plays	a	foundational	role.

Object

Measured
quantity(ies)

Physical law

(indirectly)
measured
quantity

Figure 1.2 Basic	scheme	for	the	indirect	measurement	of	a	quantity.
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In	 the	first	case,	derived	measurements	are	essentially	reduced	 to	fundamental	
ones	and	do	not	have	an	independent	foundation.	In	the	second,	quantities	are	con-
sidered	as	a	part	of	a	system	and	the	focus	is	shifted	toward	the	performance	of	the	
overall	system	rather	than	on	the	individual	properties.	This	concept	of	quantities	as	
a	part	of	a	system	was	clearly	affirmed,	in	about	the	same	period,	with	the	constitu-
tion	of	the	Metre	Convention.

1.3  The constitution of the international system of metrology

The	need	for	reference	standards	for	measurement	in	trade,	agriculture,	and	construc-
tion	has	been	 recognized	by	mankind	 from	ancient	 times.	Metrological	 activities	
have	been	developed	on	a	regional	basis,	following	the	evolution	of	the	geopolitical	
scenario,	up	to	relatively	recent	times.	Only	in	the	nineteenth	century	has	interna-
tional	coordination	been	achieved,	as	a	consequence	of	a	process	that	started	near	
the	end	of	the	previous	century.	At	the	time	of	the	French	Revolution,	the	decimal 
metric system	was	instituted	and	two	platinum	standards	representing	the	meter	and	
the	kilogram	were	deposed	in	the	Archives de la République	in	Paris	(1799).	This	
rationalization	of	the	system	of	units	may	perhaps	have	been	explained	by	the	con-
currence	of	a	few	factors.	At	that	time	modern	science	had	been	firmly	established	
and	the	need	of	accurate	measurements	for	its	development	had	been	clearly	recog-
nized.	Philosophers	of	the	Enlightenment	were	in	search	of	a	rational	foundation	of	
knowledge,	which	has	a	natural	counterpart	 in	science	 in	 the	search	for	universal	
reference	standards,	independent	of	place	and	time.

This	process	continued	in	the	nineteenth	century	and	ultimately	led	to	the	Metre	
Convention,	a	 treaty	 that	was	signed	in	Paris	 in	1875	by	representatives	of	seven-
teen	nations.	The	Convention	created	the	Bureau International des Poids et Mesures	
(BIPM),	 the	 international	 reference	body	for	metrology,	and	established	a	perma-
nent	organizational	structure	for	coordinating	metrology	activities.	The	organization	
includes	 the	 International	 Committee	 for	 Weights	 and	 Measures	 (CIPM),	 a	 body	
supported	 by	 a	 number	 (currently	 10)	 of	 technical	 committees	 for	 providing	 rec-
ommendations	for	the	development	of	the	different	fields	of	metrology.	The	CIPM	
reports	to	the	General	Conference	on	Weights	and	Measures	(CGPM),	a	meeting	of	
national	delegations	from	the	member	states	of	the	BIPM	that	have	acceded	to	the	
Metre	Convention.	The	CGPM	makes	the	necessary	decisions	for	the	operation	of	
the	world	metrology	system	and,	in	particular	the	International	System	of	Units	(SI).	
The	work	of	the	BIPM	provides	the	basis	for	a	single	coherent	system	of	measure-
ments	 throughout	 the	 world,	 acting	 in	 many	 forms,	 from	 direct	 dissemination	 of	
units	 to	 coordination	 through	 international	 comparisons	of	 national	 measurement	
standards.	The	Convention,	modified	slightly	in	1921,	remains	the	basis	of	interna-
tional	agreement	on	units	of	measurement.	There	are	now	54	members	of	the	BIPM,	
including	all	the	major	industrialized	countries.

From	our	standpoint	it	is	useful	to	stress	two	major	advantages	of	such	a	system.	
First,	 for	 each	 quantity	 a	 unique,	 stable,	 primary	 reference	 is	 maintained,	 recog-
nized,	and	accepted	worldwide.	Second,	quantities	in	the	system	are	linked	by	a	set	
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6 Measurement with persons: Theory, methods, and implementation areas

of	relations,	the	currently	accepted	physical	laws,	and	consequently	progress	in	one	
quantity	influences	other	quantities	as	well	and	we	may	say	that	the	measurability	
of	each	quantity	is	founded	not	only	on	the	properties	of	that	quantity,	but	also	on	
the	overall	system’s	coherence,	which	is	continually	checked,	both	theoretically	and	
experimentally.	The	international	system	of	metrology	is	treated	in	greater	detail	in	
Chapter	3.	When	the	international	system	for	metrology	was	constituted,	a	notewor-
thy	development	of	measurement	in	psychology	was	taking	place,	as	we	now	show.

1.4  The role of measurement in the birth of experimental psychology

“As	an	exact	science	psychophysics,	 like	physics,	must	rest	on	experience	and	the	
mathematical	connection	of	 those	empirical	 facts	 that	demand	a	measure	of	what	
is	 experienced	 or,	 when	 such	 a	 measure	 is	 not	 available,	 a	 search	 for	 it.”	 This	 is	
Fechner,	 in	his	Elements of Psychophysics,	published	 in	1860	(Fechner,	1966);	 in	
1879	Wundt	established	his	famous	laboratory	in	Leipzig,	giving	rise	to	experimen-
tal	psychology	as	an	autonomous	discipline,	strongly	grounded	in	measurement.	But	
how	was	measurement	conceived	in	psychophysics?

We	have	seen	that	Helmholtz	founded	measurement	on	an	analogy	with	count-
ing.	Campbell	developed	this	approach	by	introducing,	in	an	embryonic	form,	the	
notion	of	measurement	scale	and	explicating	the	distinction	between	fundamental	
and	derived	quantities.	The	problem	Fechner	had	to	face	was	even	more	challenging,	
inasmuch	as	“unlike	physical	processes,	which	are	external,	public,	objective,	and	
open	to	direct	measurement,	mental	processes	are	internal,	private,	subjective,	and	
cannot	be	measured	directly.	Somehow	an	 indirect	method	had	 to	be	developed,”	
Wozniak	(1999)	notes.

Fechner’s	idea	was	to	measure	the	increments	of	mental	activity	through	the	mea-
surement	of	 the	increments	of	 the	energy	of	the	physical	phenomenon	that	causes	
them.	But	what	law	links	them?	Weber	had	already	shown	that,	in	several	circum-
stances,	the	increment	of	the	physical	stimulus,	δφ,	needed	to	cause	a	just	percep-
tible	variation	in	the	corresponding	sensation	is	proportional	to	the	intensity	of	the	
stimulus,	φ;	that	is,

	 δφ	=	kδ,	 (1.1)

where	 k	 is	 a	 constant	 that	 depends	 upon	 the	 sensation	 considered.	 This	 is	 called	
Weber’s	law.

But	what	happens	on	the	sensation	side,	on	the	internal	side?	Interestingly	enough,	
to	answer	this	question	Fechner	refers,	as	Helmholtz,	to	the	counting paradigm. He	
looks	for	a	zero	and	a	unit	for	the	evoked	sensation,	with	a	natural	and	convincing	
choice:	 the	zero	is	 the	perception	threshold,	 the	unit	 is	 the	increment	of	sensation	
corresponding	to	a	just	noticeable	difference	in	stimulus	quantity	that	he	assumes	to	
be	invariant	and	independent	of	the	value	of	the	stimulus:	simple	and	genial!

In	this	perspective,	the	intensity	of	a	sensation	is	the	sum	of	a	number	of	elemen-
tary	variations	of	sensation	intensity,	all	equal	and	corresponding	to	just	noticeable	
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differences	in	the	stimulus	(Nowell	Jones,	1974).	If,	in	turn,	just	noticeable	differ-
ences	in	the	stimulus	follow	Weber’s	law	(1.1),	a	logarithmic	law	would	follow,

	 ψ	=	α lnφ	+	β,	 (1.2)

where	ψ	is	the	intensity	of	the	sensory	perception	and	α	and	β	are	constant	param-
eters	that	characterize	the	response	of	an	average	observer	to	the	stimulus.	So	it	is	
possible	to	measure	the	intensity	of	a	sensory	perception	ψ	indirectly	by	measuring	
the	intensity	of	the	stimulus	φ	and	applying	the	psychophysical	law.	This	is	depicted	
in	Figure 1.3.

The	similarity	with	the	procedure	for	indirect	physical	measurement,	illustrated	
in	Figure 1.2,	may	be	noted.	Summarizing,

•	 What	we	measure	is	a	characteristic	of	a	physical	object	(or	event),	that	has	
the	capacity	of	evoking	a	sensory	perception	in	individuals	that	has	differ-
ent	possible	degrees	of	intensity.

•	 Measurement	may	be	performed	indirectly,	by	measuring	the	intensity	of	
the	stimulus	and	applying	the	psychophysical	law.

•	 The	psychophysical	law	is	based	on	Weber’s	law	and	on	Fechner’s	hypothe-
sis	that	the	just	noticeable	differences	in	the	stimulus	intensity	evoke	mutu-
ally	equal	differences	in	the	intensity	of	the	sensory	perception.

•	 The	parameters	of	the	psychophysical	law	refer	to	an	average	observer.

Some	 comments	 are	 now	 in	 order.	 The	 assumption	 of	 Weber’s	 law,	 although	
mathematically	convenient	whenever	applicable,	is	not	a	must.	What	is	needed	is	a	
relation	between	just	noticeable	differences	and	the	intensity	of	the	stimulus,	that	is,	
the	function

	 δφ	=	1(φ)	 (1.3)

which	may	be	derived	experimentally.
Fechner’s	hypothesis	instead	is	crucial	and	it	was	criticized,	as	we	show	in	the	

next	section.	Moreover,	referring	measurement	to	an	average	observer	is	again	not	a	
must,	because	methods	for	dealing	with	individual	differences	may	be	developed,	as	
we	will	show	at	a	later	stage.

To	sum	up,	thus	far	we	have	shown	how	in	the	last	part	of	the	nineteenth	century	
a	noteworthy	increase	in	awareness	of	the	foundations	of	the	measurement	process	
developed	in	the	disciplines	and	in	the	scientific	communities	having	an	experimen-
tal	basis.	This	ultimately	led	to	a	comparison	of	their	views,	which	took	place	at	the	
beginning	of	the	twentieth	century,	with,	unfortunately,	an	inauspicious	result.

Object

Measured
stimulus

Psychophysical
law

(indirectly)
measured

characteristic

Figure 1.3 Indirect	psychophysical	measurement.
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8 Measurement with persons: Theory, methods, and implementation areas

1.5  The schism: The report of the British Association 
for the Advancement of Science

In	1932	the	British	Association	for	the	Advancement	of	Science	(BAAS)	appointed	
a	committee	including	physicists	and	psychologists	to	consider	and	report	upon	the	
possibility	of	quantitative	estimates	of	sensory	events.	The	committee	produced	a	
final	report,	 in	1939,	some	of	whose	conclusions	are	summarized	here	(Ferguson,	
Myers,	&	Bartlett,	1940).	As	we	have	already	seen,	it	is	possible	by	psychophysical	
experiments	to	obtain	a	curve	that	links	just	noticeable	differences	in	a	stimulus	to	
its	intensity,	formula	(1.3).	Often	this	results	in	a	smooth	curve,	so	that	it	is	feasible	
to	assume	that	some	empirical	relation	holds	between	them.	On	these	premises,	the	
committee	agreed,	but	the	question	was	if	such	a	function	fully	describes	the	facts.

The	psychologists	claimed	the	need	for	some	quantitative	description	of	the	inten-
sity	of	the	sensory	perceptions	involved.	As	we	have	seen,	one	such	description	may	
be	obtained,	according	to	Fechner,	by	further	assuming	that	each	just	noticeable	step	
in	the	intensity	of	the	stimulus	δφ	produces	a	step	in	sensation	δψ,	and	that	such	steps	
are	all	equal,	which	leads	to	formula	(1.2).

The	physicists	 argued	 that	 the	possibility	of	mathematically	obtaining	 formula	
(1.2)	does	not	“prove”	the	measurability	of	the	intensity	of	the	sensation	ψ,	inasmuch	
as	that	formula	is	based	on	an	assumption	that	cannot	be	verified,	unless	it	is	pos-
sible	to	independently	measure	the	intensity	of	perception.	But	this	is	not	possible,	
in	their	view,	because	no	additive	operation	is	definable	among	sensations.	The	main	
point	against	the	measurability	of	the	intensity	of	a	sensation	thus	was	ultimately	the	
impossibility	of	satisfactorily	defining	an	addition	operation	for	it. On	the	other	hand,	
the	psychologists	claimed	that,	although	Fechner’s	position	cannot	be	fully	supported,	
the	 result	 of	psychophysical	 experiments	 cannot,	 in	general,	 be	 expressed	only	 in	
terms	of	stimulus	intensities	(Stevens,	1936).	In	fact,	the	particular	intensity	changes	
δφ	that	are	being	plotted	“are	obtained	only	by	reference	to	the	sensation	they	evoke,	
and	are	based	on	the	equality	or	inequality	of	these	sensation	intensities.”

The	report	of	the	committee	had	an	enormous	influence	in	the	following	years	
and	we	may	say	that	 it	 led	to	an	essentially	parallel	development	of	measurement	
science	in	physical	science	on	one	side	and	in	behavioral	sciences	on	the	other,	with	
consequences	up	to	the	present	day.	We	return	soon	to	the	conclusions	of	the	com-
mittee,	after	briefly	reviewing	some	advances	in	measurement	that	took	place	in	the	
twentieth	century.

1.6  Twentieth-century development

1.6.1  Development of measurement in psychology

1.6.1.1  Psychometrics

In	the	beginning	of	the	twentieth	century	the	scope	of	psychological	measurement	
broadened,	and	we	may	identify	two	main	schools,	psychophysics	and	psychomet-
rics.	As	we	have	seen,	psychophysics	or	perceptual	measurement	focuses	on	within-
individual	 processes	 that	 can	 be	 assumed	 to	 vary	 very	 little	 between	 individuals	
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(Gescheider,	1997).	Thus	a	variation	in	the	stimulus	(outside	the	individual)	would	
roughly	 be	 processed	 the	 same,	 or	 at	 least	 according	 to	 the	 same	 principles.	 So	
characteristics	such	as	red	or	coffee	odor	are	essentially	perceived	in	the	same	way	
by	individuals.

Psychometrics	instead	focuses	on	measuring	“host	factors,”	that	is,	concepts	that	
are	unique	to	an	individual,	such	as	trait,	and	where	interindividual	differences	would	
typically	exist	(Lord	&	Novick,	1968).	Examples	are	personality,	emotions,	mood,	
and	 attitudes.	 Thus	 psychophysics	 aims	 at	 measuring	 attributes	 of	 stimuli,	 which	
vary	with	“invariant	persons,”	whereas	psychometrics	aims	at	measuring	attributes	
of	persons,	which	vary	with	“invariant	stimuli.”	Here	the	stimuli	are	test	items.

As	we	have	already	illustrated	in	Figure 1.3,	psychophysics	deals	with	the	mea-
surement	of	characteristics	of	objects,	as	perceived	by	humans.	In	order	to	do	this,	
a	psychophysical	law	is	used,	referred	to	a	standard	observer:	the	sensation	evoked	
by	the	characteristic	under	investigation	may	be	indirectly	measured	by	measuring	
the	stimulus	and	applying	 the	psychophysical	 law	 to	 it.	 Individual	differences	are	
considered	as	an	inherent	uncertainty	source,	or	noise,	in	such	measurements.

An	alternative	approach	has	been	pursued	in	psychometrics,	where	the	character-
istics	of	individuals	are	of	interest.	They	are	measured	by	the	responses	they	provide	
to	mental	tests,	which	play	the	role	of	measuring	instruments.	On	the	basis	of	such	
responses,	the	psychological	variables	of	interest	may	be	measured.	This	is	depicted	in	
Figure 1.4.	Similar	to	these	are,	to	some	extent,	measurements	in	sociology	and	eco-
nomics,	where	often	preferences	are	assessed	and	the	use	of	questionnaires	is	typical.

1.6.1.2  Stanley S. Stevens: The direct measurement of sensory events

Let	us	now	return	to	the	report	of	the	British	Association.	As	we	have	noted,	two	
main	points	were	raised	against	the	measurability	of	sensory	events,	the	impossibil-
ity	of	directly	measuring	perceived	intensity	and	the	need	for	additivity	as	a	neces-
sary	property	for	measurement	in	general.	An	answer	to	both	points	came	from	the	
contribution	of	Stevens.

For	the	first	point,	the	possibility	of	directly	evaluating	the	intensity	of	a	sensa-
tion,	he	introduces	new	types	of	measurement	(or	scaling)	methods,	in	which	magni-
tude	or	ratio	of	sensations	is	estimated	directly	by	the	subjects	and	called	magnitude 
estimation or	production and	ratio estimation	or	production.

Present	a	line	of	a	given	length	and	tell	the	observer	to	call	it	some	number,	say,	
10.	Then	present	a	line	of	some	other	length	and	say:	“If	the	first	line	was	10,	
what	would	you	call	the	second	line?	Use	any	number	that	seems	appropriate—
fractional,	decimal,	whole	number—but	try	to	make	the	number	proportional	

Individual

Characteristic
to be measured

Mental test

Response
to the test Evaluation

of the
response

Measured
characteristic

Figure 1.4 Measurement	based	on	a	psychometric	test.
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to	the	apparent	length	as	you	see	it.”	Then	proceed	to	other	lengths,	in	irregular	
order,	and	ask	for	similar	estimates	of	apparent	length.	(Stevens,	1959)

This	is	magnitude estimation;	in	magnitude production,	instead,	the	observer	is	
asked	to	alter	the	length	in	order	to	match	numbers.	In	ratio estimation	the	observer	
is	asked	to	estimate	the	apparent	ratio	between	several	lengths	and	a	standard	length	
which	is	maintained	constant	during	the	experiment.	Last,	in	ratio production	the	
observer	 is	 asked	 to	change	a	variable	 length	 in	order	 to	match	given	 ratios	with	
respect	to	the	standard	one.	Note	that	in	particular	in	magnitude	estimation	a person 
acts as a measuring system (Stevens,	1956).	This	is	an	important	point,	and	is	illus-
trated	in	Figure 1.5.

Thanks	to	these	new	methods,	Stevens	could	check	Fechner’s	law	and	actually	he	
rejected	it,	proposing	as	a	substitute	the	so-called	power law,

	 ψ	=	ηφθ,	 (1.4)

where,	as	usual,	φ	is	the	physical	stimulus,	ψ	is	the	corresponding	perceived	quan-
tity, and	η and	θ are	constants	that	depend	upon	the	kind	of	sensation	considered.	As	
in	Fechner’s	approach,	the	intensity	of	a	sensation	may	still	be	measured	indirectly	
by	measuring	a	stimulus	quantity	and	applying	a	psychophysical	 law,	but	with	an	
important	difference:	here	the	law	has	not	been	assumed	as	a	hypothesis	about	the	
way	perception	 takes	place,	 but	 rather	 it	 has	been	determined	 experimentally,	 by	
directly	measuring	both	the	stimuli	and	the	resulting	sensations,	thanks	to	the	new	
scaling	methods	(Stevens,	1956).

1.6.1.3  Stanley S. Stevens: The classification of measurement scales

Considering	 the	 crucial	 point	 of	 additivity,	 Stevens	 circumvents	 it	 by	 taking	
another	way.

In	the	meantime,	unaware	that	 the	British	committee	of	BAAS	was	trying	to	
settle	the	issue,	some	of	us	at	Harvard	were	wrestling	with	similar	problems…	.	
What	I	gained	from	these	discussions	was	a	conviction	that	a more general the-
ory of measurement was needed,	and	that	the	definition	of	measurement	should	
not	be	limited	to	one	restricted	class	of	empirical	operations.

Object
Stimulus

Internal
comparison

Directly
measured
sensation

Internal
reference scale
for sensation

intensity

Person
Sensation

Figure 1.5 Magnitude	estimation:	a	person	acts	as	a	measuring	system.
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The	 best	 way	 out	 seemed	 to	 approach	 the	 problem	 from	 another	 point	 of	
view,	namely,	that	of	invariance,	and	to	classify	scales	of	measurement	in	terms	
of	the	group	of	transformations	that	leave	the	scale	form	invariant…	.	A	fourfold	
classification	of	scales	based	on	this	notion	was	worked	out	sometime	around	
1939	and	was	presented	to	the	International	Congress	for	the	Unity	of	Science	
in	1941.	World	War	II	then	came	along,	and	publication	was	delayed	until	1946.	
(Stevens,	1959)

This	famous	fourfold	classification	of	measurement	scales	is	summarized	in	Table 1.1	
(Stevens,	1946).

Nominal	scales	are	related	to	classification	operations	and	numbers	serve	only	to	
distinguish	one	class	of	objects	from	another.	Any	one-to-one	substitution	is	permis-
sible,	because	identification	is	still	possible.	Ordinal	scales	permit	a	rank	ordering	of	
objects	and	remain	invariant	under	monotonic	increasing	transformations.	Interval	
scales	entail	a	constant	unit	of	measurement;	that	is,	they	introduce	a	metric,	and	so	
permit	the	calculation	of	differences	between	any	two	values.	They	remain	invariant	
under	 linear	 transformations.	Ratio	scales	also	 feature	constant	units	of	measure-
ment,	but,	in	addition,	they	allow	the	ratio	of	two	values	to	be	evaluated,	because	an	
absolute	zero	exists.	They	are	invariant	under	any	simply	multiplicative	transforma-
tion.	Note	that	equality	of	ratios	here	plays	the	role	of	an	empirical	relation,	substitut-
ing	empirical	sum	in	measurements	on	ratio	scales.

Table 1.1 Classification	of	measurement	scales,	according	to	Stevens

Scale
Basic empirical 

operations
Mathematical group 

structure Examples 

Nominal Determination	of	
equality

Permutation	group	

m′(a)	=	f [m(a)]	

where	f	is	any	one-to-one	
transformation

Perception	thresholds
Detection	of	defects	(for	
example	welding	defects	in	
welded	structures)

Pattern	recognition	techniques
Ordinal Determination	of	

greater	or	less
Isotonic	group

m′(a)	=	f [m(a)]	

where	f	is	any	increasing	
monotonic	function

Hardness	of	minerals
Earthquake	intensity
Wind	intensity
Grades	of	leather,	lumber,	
wool

Interval Determination	of	
the	equality	of	
intervals	or	of	
differences

Linear	or	affine	group

m′(a)	=	αm(a)	+	β	

with	α	>	0	

Temperature	(Fahrenheit	or	
Celsius)

Position
Time	(calendar)

Ratio Determination	of	
the	equality	of	
ratios

Similarity	group

m′(a)	=	αm(a)	

with	α	>	0	

Length,	mass,	density,	time	
intervals

Temperature	(kelvin)
Loudness	(sone)
Brightness	(bril)

Note:	 Examples	have	been	partially	changed	from	the	original.

Y116134.indb   11 10/10/11   2:11 PM
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Summarizing,	Stevens	shows	ways	for	overcoming	the	severe	limitation	in	mea-
surability	appearing	in	the	BAAS	committee	report,	based	on	increasing	the	number	
of	allowable	measurement	scales,	through	an	innovative	approach	to	their	classifica-
tion	based	on	an	invariance	principle,	and	on	considering	ratio	equality	as	an	empiri-
cal	relation.

With	Stevens's	 contributions	we	have	 reached	 the	 second	half	of	 the	 twentieth	
century.	At	that	time	a	considerable	body	of	results	had	been	obtained	in	measure-
ment	theory	and	there	was	a	need	for	systematization,	which	was	achieved	with	the	
representational	theory	of	measurement.	But	prior	to	that	we	have	to	take	a	look	at	
the	progress	of	the	international	system	of	metrology.

1.7  Measuring the human response to physical stimuli: 
The candela in the SI

The	Metre	Convention,	established	in	1875,	was	revised	in	1921,	extending	the	scope	
and	responsibilities	of	the	BIPM,	originally	concerned	with	mechanical	quantities	
(length,	mass,	and	time)	to	other	fields	in	physics.	Then	the	Consultative	Committee	
for	Electricity	(CCE,	now	CCEM)	was	created	(1927)	and	a	four-dimensional	system	
based	on	the	meter,	kilogram,	second,	and	ampere,	the	MKSA	system,	was	adopted	
(1946).	The	number	of	base	quantities	was	then	extended	to	six,	with	the	introduc-
tion	of	the	kelvin	and	the	candela,	respectively,	for	thermodynamic	temperature	and	
luminous	intensity	(1954).

The	name	International	System	of	Units,	with	the	abbreviation	SI,	was	given	to	
the	system	in	1960.	Lastly,	in	1971,	the	current	version	of	the	SI	was	completed	by	
adding	the	mole	as	the	base	unit	for	amount	of	substance,	bringing	the	total	number	
of	base	units	to	seven	(BIPM,	2006).

For	our	purposes,	the	candela	deserves	special	interest.	Matters	concerning	pho-
tometry	are	 treated,	 in	particular,	by	 the	Consultative	Committee	 for	Photometry	
and	Radiometry	of	the	BIPM.	In	a	monograph	on	the	Principles governing photom-
etry	(BIPM,	1983),	the	special	character	of	photometric	quantities	is	pointed	out	by	
noting	that	they

must	 take	 into	account	both	 the	purely	physical	characteristics	of	 the	 radiant	
power	stimulating	the	visual	system	and	the	spectral	responsivity	of	the	latter.	
The	subjective	nature	of	the	second	of	these	two	factors	sets	photometric	quanti-
ties	apart	from	purely	physical	quantities.

This	is	a	very	important	statement,	because	it	makes	clear	that	it	makes	sense,	
and	actually	it	is	very	useful,	to	measure	quantities	that	are	not	“purely	physical,”	but	
rather	have	a	“subjective	nature,”	in	that	they	measure	the	human	response	to	some	
external	stimuli.	Basically,	the	measurement	of	luminous	intensity	may	be	done	by	
spectrophotometers,	 which	 are	 instruments	 that	 first	 detect	 the	 radiant	 power	 by	
sensors	and	then	process	the	resulting	signal	by	applying	a	spectral	weighting	that	
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accounts	for	the	spectral	responsivity	of	an	average	observer.	Such	weighting	was	
determined	by	experiments	of	intensity	matching	by	panels	of	subjects:

The	 matching	 of	 brightness	 is	 the	 fundamental	 operation	 of	 photometry.	 In	
direct	visual	photometry,	the	visual	stimuli	provided	by	two	juxtaposed	uniform	
light	patches	of	similar	shape	and	angular	area	in	the	observer	field	of	view	are	
adjusted	so	that	the	patches	appear	equally	bright.	(Wyszecki,	1982)

Therefore	 the	 ultimate	 foundation	 for	 the	 measurement	 of	 luminous	 intensity	
includes	the	results	of	panel-testing	experiments.	The	path	for	introducing	quanti-
ties	related	to	perception	was	thus	opened	then,	in	1954,	with	the	introduction	of	the	
candela,	although	the	cultural	consequences	of	that	event	perhaps	have	not	yet	been	
fully	 recognized.	Luminous	 intensity	has	been	 the	outrider	 for	what	we	now	call	
“physiological	quantities,”	to	which	we	return	at	a	later	stage.	By	now	it	is	important	
to	note	 further	 that	measurements	 in	 the	field	of	 biology,	 health,	 and	 safety	have	
thus	far	become	more	and	more	important.	Interestingly	enough,	in	the	21st	General	
Conference	on	Weights	and	Measures	(GCPM)	in	1999,	it	is	recommended	that

those	 responsible	 for	 studies	 of	 Earth	 resources,	 the	 environment,	 human	
well-being	and	related	issues	ensure	that	measurements	made	within	their	pro-
grammes	are	in	terms	of	well-characterised	SI	units	so	that	they	are	reliable	in	
the	long	term,	are	comparable	worldwide	and	are	linked	to	other	areas	of	sci-
ence	and	technology	through	the	world’s	measurement	system	established	and	
maintained	under	the	Metre	Convention.	(BIPM,	1999)

To	sum	up,	in	the	midst	of	the	twentieth	century	the	international	system	of	metrol-
ogy	took	a	major	step	forward	with	the	constitution	of	the	SI,	with	the	subsequent	
inclusion	in	the	fundamental	quantities	of	a	unit,	the	candela,	that	takes	account	of	
the	human	perception	of	a	physical	stimulus.	Increasing	attention	to	quantities	of	this	
kind	has	emerged,	and	they	have	been	recognized	as	treatable	with	the	paradigm	of	
derived	measurement	that	we	have	discussed	in	the	previous	section.	The	time	was	
right	for	attempting	a	systematization	of	the	theory	of	measurement.

1.7.1  An attempt at systematization: The representational 
theory of measurement

A	remarkable	systematization	of	 the	 formal	 theory	of	measurement	was	achieved	
by	 the	 representational	 theory	 (Krantz,	 Luce,	 Suppes,	 &	 Tversky,	 1971;	 Roberts,	
1979/2009;	 Suppes,	 Krantz,	 Luce,	 &	 Tversky,	 1989;	 Luce,	 Krantz,	 Suppes,	 &	
Tversky,	1990),	which	combines	the	viewpoints	of	Campbell	and	Stevens,	and	are	
seen	as	complementary	rather	than	opposing.	The	main	idea,	traceable,	as	we	have	
seen,	 to	Helmoltz,	 is	 that	 the	numbers	we	obtain	 through	measurement	 represent	
empirical	 relations.	 This	 holds	 true	 for	 fundamental	 physical	 measurements,	 as	
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intended	by	Campbell,	here	called	extensive,	but	also	for	other,	weaker,	scales,	as	
envisaged	by	Stevens.	Consequently	the	classification	of	scales	proposed	by	Stevens	
may	be	retained	and	each	scale	is	now	characterized	by	a	representation theorem	
and	a	uniqueness theorem.

A	representation	theorem,	for	a	given	scale,	states	in	which	way,	for	that	scale,	
empirical	relations	are	mapped	into	corresponding	numerical	ones.	For	example,	in	
an	ordinal	scale,	it	reads

	 a	⋟	b	⇔	m(a)	≥	m(b),	 (1.5)

that	is,	an	empirical	order	between	two	objects,	a	⋟	b,	holds	if	and	only	if	the	cor-
responding	numerical	order	holds	between	their	measures,	m(a)	≥	m(b).	Consider	the	
notation:	the	symbol	⋟	denotes	an	empirical	relation	between	two	objects,	whereas	
the	symbol	≥	denotes	a	similar	relation	for	the	corresponding	measures,	which	are	
numbers.	This	careful	distinction	between	empirical	relations	and	numerical	ones	is	
typical	of	the	representational	theory	and	requires	a	proper	notation.

The	uniqueness	theorem	says	what	transformations	may	be	safely	applied	to	the	
scale	without	altering	the	meaning	of	the	measurement:	for	example,	in	the	ordinal	
scale	case	monotonic	increasing	transformations	may	be	applied,	because	they	are	
order	preserving.	Through	this	theorem	the	meaningfulness	of	statements	concern-
ing	measurement	may	be	addressed:	we	may	say	 that	 a	 statement	concerning	 the	
results	of	measurement	on	a	given	scale	is	meaningful	if	its	truth	is	unaffected	by	
admissible	transformations	on	that	scale.

A	summary	of	the	representation	framework	is	presented	in	Table 1.2,	which	is	pro-
vided	here	just	to	give	an	overview	of	some	of	the	main	results	of	the	representational	

Table 1.2 Summary	of	the	main	scales	for	fundamental	measurement,	as	considered	
in	the	representational	theory

Empirical 
structure

Empirical 
relations

Scale 
type Representation

Admissible 
transformations

Nominal Equivalence	
among	elements	
in	each	class

Nominal a	~	b	⇔	m(a)	=	m(b) Bi-univocal

Order Weak	order	
among	the	
objects

Ordinal a	⋟	b	⇔	m(a)	≥	m(b) Monotonic	
increases

Difference As	above	plus	
weak	order	
among	intervals

Interval Δab	⋟	Δcd	⇔	
m(a)	–	m(b)	≥	m(c)	–	m(d)

Linear	positive
 m′	=	αm	+	b
 α	>	0

Extensive As	above	plus	a	
concatenation	
operation

Ratio a	~	b	∘	c	⇔	
m(a)	=	m(b)	+	m(c)

Similarity
 m′	=	αm
 α	>	0

Note:	 Symbols	~,	≻,	⋟,	∘	denote	relations	or	operations	among	objects,	whereas	=,	>,	≥,	+	denote	similar	
relations	or	operations	among	numbers.	 In	particular,	“~”	means	“equivalent	 to”,	“≻”	“greater	
than”,	“⋟”	“greater	than	or	equivalent	to,	and	“∘”	denotes	empirical	addition.
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approach.	We	do	not	go	into	details	now;	the	representational	approach	is	probed	fur-
ther	in	Chapter	4,	with	a	special	focus	on	uniqueness,	and	is	also	discussed	in	Chapter	
5,	where	the	formalism	is	reviewed	and	a	probabilistic	reformulation	provided.

The	representational	theory	has	been	developed	mainly	in	the	field	of	behavioral	
sciences	(Iverson	&	Luce,	1998)	but	has	been	brought	to	the	attention	of	physicists	
and	engineers	since	the	1970s,	mainly	by	Finkelstein,	who	has	supported	its	feasi-
bility	for	all	kinds	of	measurements.	His	definition	of	measurement	as	“a	process	
of	empirical,	objective	assignment	of	symbols	to	attribute	of	objects	and	events	of	
the	 real	world,	 in	 such	a	way	as	 to	 represent	 them	or	 to	describe	 them”	 (1982)	 is	
famous.	This	theory	also	received,	afterwards,	contributions	from	that	community	
(Finkelstein,	2005;	Muravyov	&	Savolainen,	2001;	Rossi,	2007)	and	it	actually	con-
stitutes	an	excellent	starting	point	for	a	unified	theory	of	measurement.

1.8  Preparing the future

It	is	now	time	for	briefly	reviewing	the	current	state	of	the	art	and	for	indicating	pos-
sible	development	lines.

1.8.1  Trends in metrology

In	 the	 last	 part	 of	 the	 twentieth	 century	 some	 very	 important	 issues	 emerged	 in	
metrology.	The	need	of	accompanying	measurement	results	with	a	statement	on	their	
uncertainty	was	 recognized	as	a	means	of	 fully	providing	measurement	 informa-
tion.	A	working	group	was	appointed	to	search	for	an	internationally	agreed	way	of	
expressing	uncertainty	and	to	prepare	guidelines.	After	a	long	discussion,	a	notewor-
thy	proposal	was	produced,	the	Guide for expression of uncertainty in measurement	
(GUM),	published	in	1993	(BIPM,	2008a).	This	event	has	pushed	parallel	and	suc-
cessive	research	efforts,	both	on	the	theoretical	and	on	the	application	side.

At	the	same	time	another	important	initiative	was	carried	out	concerning	the	revi-
sion	of	the	language	in	metrology,	which	yielded	the	publication	of	the	international	
vocabulary	of	basic	and	general	terms	in	metrology	(1984),	now	in	its	third	edition	
(BIPM,	 2008b).	 All	 the	 revisions	 have	 implied	 a	 profound	 reconsideration	 of	 the	
matter,	which	demonstrates	the	criticality	of	this	issue.

Third,	the	cooperation	among	members	of	the	BIPM	has	been	reinforced	and	made	
more	effective	with	the	institution	of	a	Mutual Recognition Agreement	(CIPM	MRA)	
(BIPM,	2008c),	which	specifies	the	organizational	and	technical	requirements	for	the	
mutual	recognition	of	measurements	performed	by	national	metrological	institutes	
(NMIs).	A	major	tool	for	such	recognition	is	key comparisons.	In	some	cases,	com-
parisons	 are	 performed	 directly	 against	 an	 international	 reference	 facility	 at	 the	
BIPM.	In	others	a	stable	traveling	standard	is	circulated	among	several	NMIs,	which	
are	 asked	 to	 provide	 a	measurement	 value	 for	 it,	 accompanied	 by	 an	 uncertainty	
statement.	 An	 international	 committee	 of	 NMI	 experts	 in	 the	 field	 evaluates	 the	
resulting	 data	 and	 provides	 practical	 information	 on	 the	 degree	 of	 comparability	
of	the	individual	results.	Similar	exercises,	called	intercomparisons,	are	performed	
among	laboratories	at	 lower	levels	of	the	metrological	structure	and	they	are	very	

Y116134.indb   15 10/10/11   2:11 PM



16 Measurement with persons: Theory, methods, and implementation areas

effective	for	guaranteeing	the	performance	of	the	overall	system	of	metrology.	Their	
use	could	perhaps	be	extended	to	measurement	in	behavioral	sciences	also,	as	we	
mention	at	a	later	stage.	The	CIPM	MRA	agreement	further	confirms	the	benefit	of	
making	a	system	of	measurement	activities	performed	in	the	world	(BIPM,	2003).	
Such	 a	 system	may	perhaps	undergo	 a	noteworthy	 reorganization	 in	 a	 few	years,	
inasmuch	as	there	is	a	proposal	to	revise	the	definition	of	the	base	quantities	through	
the	natural	constants	that	link	them	(Mills	et	al.,	2006;	Wallard,	2009,	2011).	There	
is	no	room	here	for	discussing	this	topic	in	detail;	we	simply	note	that	the	system	of	
metrology	has	an	evolutionary	nature,	and	with	this	continuous	process	of	revision	it	
contributes	significantly	to	the	overall	progress	of	science	and	technology.

In	 the	core	of	 this	 system,	a	new	paradigm	has	 recently	emerged,	soft metrol-
ogy,	 defined	 as	 “measurement	 techniques	 and	 models	 which	 enable	 the	 objective	
quantification	of	properties	which	are	determined	by	human	perception,”	where	“the	
human	 response	 may	 be	 in	 any	 of	 the	 five	 senses:	 sight,	 smell,	 sound,	 taste	 and	
touch”	(Pointer,	2003).	A	unique	opportunity	for	pursuing	studies	in	this	area	has	
also	emerged	meantime.

1.8.2  The “measuring the impossible” environment

The	measurement	of	quantities	 related	 to	human	perception	has	 recently	 received	
important	support	by	a	European	Call,	named	Measuring	the	Impossible	(MtI),	as	a	
part	of	the	New	and	Emerging	Science	and	Technology	(NEST)	programme.	NEST	
aims	at	supporting	unconventional	and	visionary	research	with	the	potential	to	open	
new	 fields	 for	 science	 and	 technology,	 as	 well	 as	 research	 on	 potential	 problems	
uncovered	by	science.

Motivations	under	the	MtI	Call	include	scientific arguments,	“many	phenomena	
of	 significant	 interest	 to	 contemporary	 science	 are	 intrinsically	 multidimensional	
and	 multidisciplinary,	 with	 strong	 cross-over	 between	 physical,	 biological,	 and	
social	 sciences,”	 economic aspects,	 “products	 and	 services	 appeal	 to	 consumers	
according	 to	 parameters	 of	 quality,	 beauty,	 comfort,	 etc.,	 which	 are	 mediated	 by	
human	perception,”	and	social reasons,	“public	authorities,	and	quasi	public	bodies	
such	as	hospitals,	provide	citizens	with	support	and	services	whose	performance	is	
measured	according	to	parameters	of	life	quality,	security	or	wellbeing”	(European	
Commission,	2007).	The	focus	is	on	“measurements	which	are	holistic	and	multi-
dimensional	 in	nature,	and	which	 involve	complex	 issues	of	 interpretation,	and/or	
mediation	by	human	perception.”

Several	projects	have	been	 launched	 in	 this	perspective	and	a	need	for	coordi-
nated	action	has	been	envisaged,	which	has	given	rise	to	an	action	called	MINET,	
Measuring	the	Impossible	Network.	MINET	is	the	result	of	a	new	way	of	approach-
ing	 the	 problems	 that	 we	 have	 so	 far	 discussed.	 It	 starts	 from	 the	 recognition	 of	
the	interdisciplinary	character	of	measurement	involving	persons	and	identifies	out-
comes	from	the	consideration	that	the	interdisciplinary	nature	of	the	MtI	raises	new	
challenges.	The	MINET	activity	has	included	the	organization	of	workshops,	think	
tank	events,	and	an	international	course,	held	in	Genova,	Italy,	in	June	2008,	which	
was	attended	by	70	people	from	14	different	countries.	This	course	has	given	rise	to	
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this	book.	This	is	where	we	are	now:	it	is	thus	time	to	briefly	review	some	current	
areas	of	research	and	to	address	future	needs.

1.9  Current research issues and future needs

Research	issues	central	to	measurement	with	persons	may	be	grouped	in	three	main	
categories,

•	 Instrumentation	and	methods
•	 Foundation	and	theory
•	 Implementation	areas	and	applications

1.9.1  Instrumentation and methods

Instrumentation-oriented	research	concerns	both	the	measurement	of	physical	events	
(the	stimuli)	that	give	rise	to	a	sensory	response	and	the	physiological	(or	behavioral)	
responses	to	internal/external	stimuli.	It	would	also	include	perception	and	interpreta-
tion	processes	and	the	development	of	sensors	that	mimic,	to	some	extent,	human	per-
ception.	Since	the	time	of	the	“schism”	in	the	1940s,	progress	in	these	areas	has	been	
enormous;	concerning,	for	example,	the	measurement	of	sound,	we	now	have	highly	
accurate	measurement	microphones	and	binaural	recording	devices	that	make	it	pos-
sible	to	measure	the	acoustic	stimuli	as	they	appear	at	the	input	to	the	auditory	system.	
We	also	have	sophisticated	binaural	reproduction	devices	with	processors	and	algo-
rithms	for	the	required	signal	processing.	Sound	perception	is	treated	in	Chapter	11	in	
this	book.	In	the	case	of	sight,	we	can	measure	not	only	luminous	intensity	and	color,	
but	also	parameters	of	the	interaction	between	light	and	matter,	as	well	as	properties	
of	surfaces,	such	as	texture	that	also	involve	sophisticated	signal	processing.	Visual	
perception	is	treated	in	Chapter	13	and	the	skin	senses	in	Chapter	12.

Concerning	 the	 measurement	 of	 physiological	 processes,	 novel	 techniques	 are	
available,	especially	in	the	field	of	brain	imaging	(Bronzino,	1995).	These	techniques	
developed	rapidly	because	of	 their	great	value	in	neurophysiology/neuroscience	and	
are	treated	amply	in	Chapter	14.	As	we	have	mentioned,	there	is	increasing	interest	in	
exploring	physiological	quantities,	that	is,	quantities	caused	by	physiological	responses	
in	the	human	body,	and	their	compatibility	with	the	international	system	of	metrology	
(Nelson	&	Ruby,	1993).	A	workshop	on	this	very	topic	was	organized	in	November	
2009,	by	the	BIPM,	dealing	with	optical	radiation,	radio	waves	and	microwaves,	ion-
izing	radiation,	acoustics,	magnetic	fields,	and	other	international	standard	measures	
and	units	applied,	for	example,	in	documents	by	the	World	Health	Organization.

In	a	broader	vision	of	human	response,	we	may	include	behavioral	aspects	also.	
In	 this	 regard,	 image-based	measurements	play	 a	key	 role;	 they	 are	 essential,	 for	
example,	for	studying	emotions	or	body	language,	which	are	treated	in	Chapter	15.	
Emotional	responses	may	also	be	assessed	by	physiologically	oriented	measurements	
with	instruments.	Galvanic	skin	response,	for	example,	measures	detectable	changes	
in	 skin	conductance,	 induced	by	 the	 sympathetic	nervous	 system	due	 to	 stress	or	
emotions.	Although	often	replaced	by	brain	imaging,	 this	relatively	old	method	is	
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still	 profitably	 used,	 because	 of	 its	 simplicity	 and	 low	 cost.	 Another	 approach	 to	
emotion	is	to	measure	the	activation	of	critical	facial	muscles	by	electromyography	
(Dimberg,	1990).	Moreover,	highly	valuable	information	on	the	complex	mechanism	
of	visual	perception	may	be	gained	by	the	tracking	of	saccadic	eye	movements:	cur-
rent	advances	in	this	area	have	revealed	space–time	gaps	that	seem	to	be	interpre-
table	via	relativistic-like	principles.

Sensors	that	mimic	human	perception	include,	for	example,	the	electronic	nose.	In	
current	research	aiming	at	directly	sensing	the	quality	of	indoor	air,	such	a	device	has	
been	built	according	to	a	perceptual	odor	space	determined	empirically	for	materials	
emissions.	It	is	multidimensional	and	the	interdistances	between	odor	qualities	were	
calibrated	with	the	aid	of	a	set	of	odor	references	that	fulfills	reliability	requirements.	
Other	examples	are	tactile	sensors,	that	have	an	increasing	ability	to	“perceive”	surface	
texture,	or	the	visual	sensors	called	artificial	retinas.	Advanced	robotics	and	clinical	
applications	are	expected	for	these	sensors.	One	example	is	the	artificial	arm	equipped	
with	tactile	sensors	which	make	it	possible	to	appreciate	the	aesthetics	of	sculptures.

In	fact,	as	we	have	explicitly	noted	for	the	electronic	nose,	all	these	instrumen-
tation-related	possibilities	should	not	make	us	forget	that	the	screening	and	testing	
of	participants	as	measuring	instruments	are	absolutely	necessary	for	reliable	and	
valid	psychological	measurement.	Many	reliable methods	of measurement are	avail-
able,	ranging	from	the	traditional	methods	of	psychophysics	(the	method	of	limits,	
of	average	error,	and	of	constant	stimuli,	which	were	developed	by	G.	T.	Fechner	for	
determining	absolute	 thresholds	of	detection	and	just	noticeable	differences	or,	 in	
general,	equalities	or	inequalities	among	sensations)	through	the	basic	methods	of	
direct	scaling	introduced	by	S.	S.	Stevens	(magnitude	or	ratio	estimation	and	pro-
duction),	to	the	more	advanced	approaches,	such	as	the	master	scaling	(Berglund	&	
Harju,	2003).	Psychophysical	measurements	are	treated	in	Chapter	2.	Psychometrics	
is	another	school	of	measurement	in	psychology,	as	we	have	briefly	mentioned,	that	
uses	 standardized	 tests	 for	 collecting	 data,	 that	 is,	 in	 the	 form	 of	 questionnaires,	
interviews,	or	performance	tasks.

Thurstonian	scaling	 (Thurstone,	1927)	 is	 somewhat	 intermediate	between	psy-
chophysics	and	psychometrics	and	is	sometimes	called	“indirect	scaling”	as	opposed	
to	Stevens’s	direct	scaling.	From	a	psychophysical	perspective,	this	approach	is	based	
on	the	assumption	that	a	single	value	of	an	external	stimulus	will	evoke	perceptions	
that	are	mapped	on	an	inner	psychological	continuum,	giving	rise	to	a	probability	
distribution,	usually	assumed	to	be	Gaussian.	So	it	is	possible	to	establish	a	precise	
relation	between	distances	on	such	a	continuum	and	the	probability	of	order	rela-
tions.	Accordingly,	it	is	possible	to	infer,	from	a	pair-comparison	test,	a	metric	scal-
ing.	Actually,	these	inner	representations	are	not	necessarily	related	to	an	external	
stimulus	and	this	is	why	this	approach	may	also	be	used	in	psychometrics:	indeed,	
it	was	first	proposed	for	measuring	attitude.	A	remarkable	model	for	psychometric	
tests	is	provided	by	the	item	response	theory,	in	which	the	probability	of	the	correct	
response	to	a	test	item	is	a	function	of	person	and	item	parameters.

To	summarize,	many	methods	are	available	for	gathering	information	from	the	
real	world,	whether	outer	or	inner,	and	we	must	focus	on	how	best	to	use	such	infor-
mation.	This	is	where	measurement	theory	comes	into	play.
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1.9.2  Foundations and theory

Several	foundational	and	theoretical	issues	are,	in	our	opinion,	of	prime	interest	in	
this	area,	including

•	 The	language
•	 The	concepts	of	measurement	scale	and	of	measuring	system	(or	instrument)
•	 The	logic	(deterministic,	probabilistic,	fuzzy,	etc.)
•	 The	issue	of	measurability
•	 Multidimensionality	and	mathematical	modeling

Language	has	been	a	main	issue	in	twentieth-century	scientific	and	philosophical	
debate.	In	the	metrology	community,	a	noteworthy	revision	of	linguistic	terms	has	
been	 undertaken,	 starting	 with	 the	 publication	 of	 the	 international	 vocabulary	 of	
basic	and	general	terms	in	metrology	(1984),	now	in	its	third	edition	(BIPM,	2008b).	
It	is	interesting	to	note	the	evolution	of	such	editions,	because	the	trend	has	been	to	
include	further	disciplinary	areas.	It	may	be	envisaged	that	in	the	near	future,	mea-
surement	with	persons	may	play	a	role	there.	Moreover,	in	the	workshops	and	think	
tank	events	organized	by	MINET,	the	issue	of	language/vocabulary	soon	emerged.	
It	is	natural	that	this	will	be	a	challenge	in	any	multidisciplinary	environment.	Yet,	
in	any	revision	of	terms,	a	revision	of	concepts	and	theories	must	also	be	considered,	
that	indeed	will	be	beneficial	for	the	entire	world	of	measurement	(Rossi,	2009a).

Any	theory	of	measurement	should	deal,	at	least,	with	two	main	topics,	the	mea-
surement scale	and	the	measurement process.	As	we	have	seen,	the	notion	of	scale	
is	central	 to	 representational	 theory,	and	 it	 should	be	given	more	consideration	 in	
physical	measurement	too.	Although	nowadays	we	know	much	about	scales,	further	
research	is	still	needed	for	ensuring	that	this	concept	is	really	common	to	measure-
ment	 in	physical,	psychological,	and	social	sciences.	This	 includes,	for	example,	a	
probabilistic	formulation	(Schweizer	&	Skal,	1983;	Rossi,	2006),	a	better	understand-
ing	of	the	notion	of	scale	in	the	case	of	derived	quantities,	and	a	better	systemati-
zation	of	 the	 foundations	 for	various	psychological	methods	of	measurement.	The	
probabilistic	approach	is	treated	in	Chapter	5	and	the	fuzzy	one	in	Chapter	10.

The	concept	of	measurement process	has	a	strange	history.	It	is	closely	related	to	
the	notion	of	measuring system,	or	instrument.	Although	scientific	instruments	have	
been	the	key	to	developing	modern	science	since	the	time	of	Galileo,	and	they	are	
a	key	topic	in	university	courses	on	measurement	(Bentley,	2005),	it	is	interesting	
to	realize	that	instruments	were	ignored	in	the	research	on	the	foundation	of	mea-
surement.	Only	recently	was	the	theoretical	role	of	the	measuring	system	outlined.	
In	particular,	it	is	important	to	consider	whether	this	is	important	only	for	physical	
measurement	or	for	psychological	measurement,	too.

The	question	of	the	logic	is	transversal	to	all	the	above.	If	uncertainty	is	recog-
nized	as	an	essential	aspect	 in	measurement,	a	probabilistic	or	a	 fuzzy	 logic	may	
be	 best	 suited	 (De	 Coensel,	 Botteldooren,	 Debacq,	 Nilsson,	 &	 Berglund,	 2008).	
Systematic	studies	in	these	latter	perspectives	are	still	in	their	infancy.
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Measurability	has	recently	been	discussed	and	proposals,	mainly	based	on	 the	
representational	 approach,	 have	 been	 presented	 (Finkelstein	 2005,	 2008;	 Rossi,	
2007).	This	is	clearly	a	key	point	requiring	careful	discussion	together	with	mise en 
pratique issues.

As	outlined	in	the	MtI	Call,	multidimensionality	is	often	involved	in	the	processes	
of	human	perception	and	interpretation.	A	shift	from	unidimensional	to	multidimen-
sional	measurements	will	result	in	significant	changes.	In	a	unidimensional	scale,	the	
key	property	is	order,	whereas	in	a	multidimensional	space,	the	key	property	is	dis-
tance	(or	content).	Moreover,	in	the	latter	case	the	problem	of	dimensionality	reduc-
tion	becomes	most	important.	In	future	work,	it	would	be	beneficial	to	proceed	with	
foundational	search	 in	parallel	with	mathematical	and	numerical	developments	of	
models	and	methods	(Muravyov	&	Savolainen,	2001).	Multidimensionality	is	treated	
in	Chapters	6–9,	from	various	standpoints.

Human	perception	and	interpretation	of,	say,	the	living	or	working	environment,	
may	be	understood	through	the	mediation	of	modeling.	Modeling	of	complex	per-
ceptual	environments	requires	a	combination	of	physical	and	perceptual	measures.	
An	example	of	modeling	is	presented	in	Chapter	8.

1.9.3  Implementation areas and applications

Measurements	related	to	human	perception	and	interpretation	have	a	wide	range	of	
actual	and	potential	applications	(European	Commission,	2007;	Rossi,	2009b;	Rossi	
&	Berglund,	2009).	Here	we	briefly	mention	the	areas	of	perceived	quality	(of	prod-
ucts	and	services),	environment,	ergonomics,	safety,	security,	and	clinics.	The	role	of	
measurement	in	decision	making	is	addressed	in	Chapter	16.

In	the	first	part	of	the	last	century,	the	impact	of	mass	production	was	so	high	that	
qualitative	aspects	of	goods	were	somewhat	neglected.	Today,	the	shortage	of	energy	
sources	and	the	concern	for	pollution	may	cause	an	increasing	request	for	durable,	
high-quality	goods.	Thus,	perceived quality,	which	results	from	perception	and	inter-
pretation	of	sensory	input,	may	play	a	key	role	in	industrial	competition.	Examples	
of	products	include	food,	materials,	and	simple	and	complex	devices.	A	good	cup	of	
coffee,	for	example,	is	appreciated	on	the	basis	of	a	combination	of	taste,	smell,	sight,	
and	touch.	Common	materials	of	daily	use	include	fabric,	paper,	wood,	and	stone.	For	
these,	the	feeling	of	naturalness	is	important:	in	this	regard,	as	already	mentioned,	
research	is	ongoing	for	relating	naturalness	with	a	combination	of	visual	and	tactile	
inputs	(Goodman	et	al.,	2008).	Domestic	electric	appliances	are	appreciated	not	just	
on	 the	basis	 of	 their	 performance,	 but	 also,	 perhaps	mainly,	 because	of	 the	 sound	
quality	they	produce	as	well	as	their	visual	appearance.	Color	photocopiers	seem	to	be	
evaluated	mainly	on	the	basis	of	pleasantness	instead	of	fidelity;	in	the	case	of	single	
colors,	pleasantness	seems	mainly	to	depend	on	hue,	lightness,	and	chroma,	whereas	
for	 combinations	 of	 colors,	 predictions	 are	 more	 difficult.	 The	 next	 generation	 of	
touch	screens	on	mobile	devices	may	provide	some	touch	feedback,	that	is,	simulating	
texture	by	varying	friction	factor	through	controlled	ultrasonic	oscillation.	Last,	for	
many	years,	car	producers	have	been	aware	of	how	interior	car	noise,	door-closure	
sound,	 and	 even	 interior	 smell	will	 affect	 a	 customer’s	decision	 to	buy	 a	new	car.	
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The	last	example	is	particular	significant	because	in	the	last,	say,	20	years,	perceived	
quality	has	been	the	main	(or	even	the	only)	motivation	for	supporting	research	in	the	
product	development	area,	at	least	at	the	European	Community	level.	Yet,	we	believe	
that	even	if	this	remains	an	important	application	area,	as	we	have	claimed,	there	are	
other	emerging	areas,	perhaps	even	more	valuable	in	a	strategic	perspective.

Outdoor	and	indoor	environments	are	going	to	be	of	major	concern	in	the	years	
to	come.	Outdoors,	visual,	olfactory,	and	auditory	perception	provide	the	basis	for	
quality	evaluation.	Research	projects	concerned	with	the	characterization	of	land-
scapes	and	soundscapes	(i.e.,	a	combination	of	sounds	that	results	from	an	immersive	
environment)	may	be	mentioned,	as	well	as	measurement	campaigns	for	reducing	
loudness	or	odor	intensity	of	fertilizers	in	the	surroundings	of	industrial	plants.	This	
study	area,	called	“environmental	psychophysics,”	faces	challenges	of	characterizing	
exposures	 in	a	multisensory	way,	varying	over	 time,	and	often	obscured	by	back-
ground	conditions,	that	requires	carefully	designed	and	controlled	measurement	pro-
cedures	(Berglund,	1991).	Indoor	environment	is	also	of	great	importance,	because	
people	 spend	 about	 90%	 of	 their	 time	 indoors,	 either	 at	 work,	 at	 home,	 or	 when	
commuting	between	work	and	home.	The	quality	of	the	indoor	environment	depends	
upon	the	quality	of	its	subsystems:	air	quality,	soundscapes,	visual–tactual	surfaces,	
and	their	integration.	Perceptual	studies	and	measurements	must	thus	be	combined	
with	sophisticated	modeling	of	complex	systems.

The	 indoor	 environment	 provides	 an	 immediate	 link	 to	ergonomics.	Although	
originally	intended	to	deal	with	work	systems	only,	ergonomics	has	now	a	new	defi-
nition	by	the	International	Ergonomics	Association:

The	scientific	discipline	concerned	with	the	understanding	of	 the	interactions	
among	human	and	other	elements	of	a	system,	and	the	profession	that	applies	
theory,	principles,	data,	and	methods	to	design	in	order	to	optimize	human	well-
being	and	overall	system	performance.

It	 is	 now	 concerned	 with	 human	 activities	 in	 general,	 including	 work,	 study,	
recreation,	or	rest.	The	relationship	between	human	beings	and	their	environment,	
including	machines	and	devices,	is	experienced	through	the	senses	and	perceptual	
measurements	are	key	ways	for	obtaining	valuable	scientific	and	professional	data.	A	
typical	ergonomic	concern	is	the	measurement	of	comfort.	In	transportation	systems	
discomfort	is	often	associated	with	noise	and	vibration	exposures	in	which	case	per-
ception	plays	a	central	role.	Epidemiological	or	quasi-experimental	studies	in	their	
various	forms	rely	on	measurement	with	persons	as	their	main	tool.

Ergonomics	aims	at	ensuring	a	good	quality	of	life	for	operators	and,	on	the	other	
hand,	a	best	performance	of	 the	system	concerned.	Consider	 the	case	of	a	driver:	
ensuring	that	he	or	she	is	working	in	optimal	conditions	is	possibly	the	best	means	of	
guaranteeing	the	safety	of	the	people	carried.	Consider	also	the	case	of	a	watchman:	
here	his	or	her	performance	affects	security.

Security	is	another	important	application	area.	The	case	of	face	recognition	for	
the	 identification	 of	 suspected	 persons	 may	 be	 briefly	 considered.	 So	 far,	 several	
approaches	 have	 been	 implemented	 for	 the	 automation	 of	 this	 task:	 comparing	 a	
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picture	of	a	suspect	with	a	database	of	criminals	may	be	too	heavy	a	task	for	a	human	
being.	At	present,	approaches	related	to	the	psychology	of	face	recognition	seem	to	
be	promising	 (Wenger	&	Townsend,	 2001).	They	 are	 related	 to	multidimensional	
measurements	and	to	perceptual	models	and	are	treated	in	Chapter	7.	Forensic	sci-
ence	is	a	closely	related	field;	a	major	problem	there	is	the	reliability	of	eyewitness	
testimony,	not	because	of	any	wish	to	lie,	but	to	failures	in	memory.	There	are	ongo-
ing	studies	in	perception	and	memory	formation	that	may	result	in	practical	methods	
for	assessing	the	reliability	of	eyewitnesses.

Clinical	applications	are	also	important.	The	measurement	of	the	intensity	of	pain	
may	help	 to	optimize	 treatments	 (Berglund	&	Harju,	 2003);	 changes	 in	 sensorial	
sensitivity	may	be	used	in	diagnostics	(e.g.,	decreased	smell	sensitivity	as	an	early	
warning	symptom	for	Alzheimer’s	disease)	or	 for	 the	monitoring	of	rehabilitation	
processes.	Last,	humanoid	robotics	aims	at	developing	machines	that	resemble,	to	
some	extent,	some	aspect	of	human	behavior.	They	must	be	equipped	with	sophisti-
cated	sensor	interfaces	that	mimic	certain	aspects	of	human	perception	and	may	be	
used	in	rehabilitation	and	special	assistance	programs.

1.10  Final remarks

We	are	now	at	the	end	of	this	short	journey	along	the	development	of	measurement	
across	the	physical	and	behavioral	sciences.	We	have	paid	special	attention	to	the	schism	
of	the	1930s	that	impeded	coordinated	progress	in	the	various	disciplines	involved.	We	
have	tried	and	explicated	the	terms	of	the	dispute	in	some	detail	and	we	have	shown	
how	the	successive	development	of	measurement	science,	in	its	various	aspects,	has	
essentially	contradicted	 the	conclusions	of	 the	BAAS	report	on	 the	 impossibility	of	
finding	a	common	ground	for	investigation.	Contact	points	between	measurement	in	
physics	and	in	psychology	are	now	more	substantial	than	differences,	in	our	opinion,	
and	there	are	signs	of	initiatives	to	rebuild	the	bridge	between	the	disciplines.

The	case	of	physiological	quantities	is	emblematic:	the	ultimate	foundation	for	the	
measurement	of	luminous	intensity,	for	example,	is	summarized	in	a	set	of	exper-
imental	 curves	 that	 basically	 express	 the	 perceptual	 response	 of	 persons	 to	 some	
aspects	of	light,	as	collected,	checked,	and	finally	accepted,	in	a	thorough	experi-
ment	carried	out	at	the	beginning	of	the	last	century	(BIPM,	2009).

We	have	also	seen	that	sound	scientific,	social,	and	economic	reasons	push	now	
for	a	concerted	effort	by	the	scientific	community	to	face	the	challenge	of	measure-
ment	with	persons.	We	are	now	at	the	beginning	of	a	path	that	will	require	proper	
steps.	We	try	to	figure	out	three	of	them	(Rossi	&	Berglund,	2011).

The	first	step	may	somehow	be	the	hardest;	it	requires	some	change	in	the	con-
ventional	attitudes	of	both	parties.	Physicists	and	engineers	should	perhaps	be	more	
open	 to	accept	 that	measurement	may	also	be	performed	 through	 the	human	per-
ception	and	interpretation,	although,	obviously,	in	properly	designed	and	conducted	
experiments.	This	may	contrast	 somewhat	with	 the	 traditional	education	of	many	
that	often	interprets	the	requisite	of	“objectivity”	as	absence	of	human	intervention,	
rather	than	as	collective	(i.e.,	intersubjective)	agreement	on	methods	and	procedures.	
On	the	other	hand,	psychologists	and	behavioral	scientists	should	perhaps	develop	a	
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greater	sensitivity	to	the	benefit	of	an	international	organization	supporting	the	mea-
surement	of,	at	least,	some	key	perceptual	quantities,	such	as,	for	example,	loudness	
or	odor	intensity.	Some	of	the	quality-control	procedures	of	the	international	system	
of	metrology,	such	as	intercomparisons,	could	perhaps	be	applied,	after	proper	adap-
tation,	to	the	qualification	of	methods	for	measuring	perceptual	quantities.

Another	major	step	would	consist	in	making	a	joint	effort	to	develop	a	common	
theory	for	measurement.	This	would	also	greatly	help	in	achieving	a	common	lan-
guage:	once	common	ideas	are	developed,	the	words	for	phrasing	them	will	be	found	
as	well.

Last,	 the	 third	 step	 (logically,	 not	 necessarily	 temporally)	 would	 be	 to	 work	
together	on	common	projects.	An	excellent	opportunity	in	this	regard	has	been	pro-
vided	by	the	MtI	Call	and	in	particular	by	the	associated	MINET	Action.	This	book	
is	a	result	of	such	a	collaboration	and	it	is	hoped	that	it	will	inaugurate	a	new	era	
for	this	subject.	A	large	band	of	scholars	and	scientists	from	physical,	psychologi-
cal,	biological,	and	social	sciences	have	accepted	the	challenge	of	working	together	
to	 reach	a	common	understanding	of	measurement	 theory	and	methods.	The	aim	
is	to	provide,	seemingly,	the	first	book	ever	issued	covering	the	topic	of	measurement	
with	persons	through	a	multi-	and	interdisciplinary	approach.	The	complementary	
aspects	 of	 general	 theory,	 measurement	 methods,	 instrumentation,	 and	 modeling	
are	treated	together	by	scientists	in	the	related	fields	of	psychophysics	and	general	
psychology,	measurement	theory,	metrology,	and	instrumentation,	neurophysiology,	
engineering,	biology,	and	chemistry.

The	book	is	organized	in	two	parts.	In	the	first,	generic	theoretical	and	method-
ological	 issues	are	 treated,	 including	 the	conceptual	basis	of	measurement	 in	 the	
various	fields	involved,	 the	development	of	formal,	representational,	and	probabi-
listic	theories,	the	approach	to	experimentation	and	the	theories,	models,	and	meth-
ods	 for	 multidimensional	 problems.	 In	 the	 second,	 several	 implementation	 areas	
are	presented,	including	sound,	visual,	skin,	and	odor	perception,	functional	brain	
imagining,	body	language	and	emotions,	and,	finally,	the	use	of	measurements	in	
decision	making.
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2.1  Introduction

In	psychology,	there	are	two	main	schools	of	metrology:	psychophysics	and	psycho-
metrics.	The	former	is	grounded	in	physics	and	the	latter	in	statistics,	but	both	pre-
sume	that	attributes	of	psychological	experience	may	be	viewed	as	quantities,	which,	
in	turn,	may	be	represented	by	numbers.	In	practice,	psychophysics	has	utilized	the	
assumption	of	a	“standard	observer.”	This	would	mean	that	single	individuals	are	in	
principle	viewed	as	measuring	instruments	(persons)	that	may	be	used	for	measuring	
certain	perceptual/evaluative	features	of	the	environment	or	of	other	persons	(e.g.,	
detection,	discrimination,	perceived	intensity,	pleasantness,	naturalness,	friendliness,	
and	so	on;	“measurement	with	person(s)”).	In	practice,	psychometrics	has	utilized	the	
idea	of	a	“standard	stimulus.”	Stimuli	or	sets	of	test	items	are	in	principle	viewed	as	
a	measuring	instrument	(psychological	test)	that	may	be	used	for	measuring	mainly	
mental	processes	of	single	and	unique	individuals	(e.g.,	emotions,	personality,	politi-
cal	attitudes,	psychomotor	skills,	etc.;	“measurement	of	person(s)”).

Whereas	the	main	focus	of	psychometrics	has	been	to	measure	interindividual	dif-
ferences	in	psychological	processes,	psychophysics	has	focused	on	utilizing	similari-
ties	in	sensory	functions	for	measuring	perception,	interpretation,	and	evaluation	of	
complex	phenomena.	Early	applications	of	psychophysics	were	primarily	concerned	
with	interindividual	differences	in	sensory	functions,	for	example,	diagnosing	spe-
cific	color	blindness	and	fitting	eyeglasses	or	determining	the	degree	of	hearing	loss	
and	fitting	hearing	aids	or	diagnosing	chronic	pain	conditions.

Metrology	schools	grounded	in	theories	of	psychophysics	have	also	developed	in	
other	fields	of	science,	including	neuroscience,	ergonomics,	sensory	analysis,	robot-
ics,	 acoustics,	 optics,	 and	 aesthetics.	 Similar	 to	 psychometrics,	 statistically	 based	
metrology	schools	are	found	in	biometrics,	chemometrics,	political	science,	sensory	
analysis,	sociology,	epidemiology,	mathematical	psychology,	assessment	designers,	
marketing,	and	education,	among	others.	This	chapter	introduces	the	main	psycho-
physical	measurement	techniques,	which	the	author	and	many	others	have	found	use-
ful	in	application	areas	inside	and	outside	psychology.	Although	measurement	with	

2
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persons	and	measurement	of	persons	require	well-designed	experiments,	the	issues	
of	experimental	design	are	not	discussed	here,	nor	 is	 the	methodological	research	
on	the	methods	themselves	(for	introductions,	see,	e.g.,	Cook	&	Campbell,	1979	and	
Gescheider,	1997,	respectively).

2.2  Perceptual, hedonic, and multisensory constructs

Psychophysics	provides	many	methods	and	complementary	techniques	for	measur-
ing	human	sensory	perception	such	as	perceived intensity	and	perceived quality.	The	
different	methods	and	techniques	are	linked	to	certain	kinds	of	constructs	to	be	mea-
sured.	It	 is	 important	 to	keep	perceptual	(or	physical)	constructs	separate	because	
they	refer	to	different	kinds	of	abilities	of	our	sensory–perceptual	systems.	Hedonic	
and	multisensory	constructs	are	also	measured	with	the	same	techniques.

Basic	perceptual constructs	are	linked	to	how	human	sensory	systems	are	func-
tioning	 or	 what	 they	 can	 do	 in	 terms	 of	 measurement.	 Because	 the	 methods	 for	
measuring	perception	deliver	information	specific	to	a	sensory	modality,	the	exam-
ples	shown	here	are	primarily	from	human	olfaction.	These	are	odor	detection	(or	
absolute	odor	threshold),	odor-quality	identification	(or	recognition),	odor-intensity	
discrimination,	odor-quality	discrimination,	odor-intensity	quantification,	and	odor-
quality	classification,	mapping,	or	labeling	(data	collection	concerning	categoriza-
tion,	 similarities/dissimilarities,	 and	odor-quality	profiling,	 respectively).	Some	of	
these	constructs	 require	one-point	measurements	(absolute	odor	 threshold);	others	
measure	quantity	(odor	intensity)	or	categorize	and	map	odors	(odor	quality).

The	hedonic constructs	are	also	basic	and	include	how	human	emotions	affect	
and	 are	 integrated	 in	 sensory–perceptual	 processes.	 Examples	 are	 likes/	dislikes,	
	pleasantness/unpleasantness,	 preferences,	 and	 similar	 kinds	 of	 “emotional-
	evaluative”	attributes	(beautiful,	tasty,	joyful,	etc.).	Hedonic	constructs	are	of	course	
grounded	in	sensory–emotional	coprocessing	acquired	through	perceptual	learning,	
and	feelings	would	be	as	immediate	as	the	sensory	perceptions.	Hedonic	evaluations	
involve	perception	and	cognition,	learning,	memory,	and	last	but	not	least,	emotions.	
One	way	of	understanding	a	hedonic	construct	is	to	view	emotions	as	being	attrib-
uted	to	objects	or	events	perceived	with	the	aid	of	sensory	systems.	To	exemplify,	
red	is	a	perception,	like	odor,	whereas	favoring	a	red	color	of	a	particular	carpet	or	
an	odor	of	a	particular	perfume	is	a	matter	of	personal	preference	(=	hedonic	evalua-
tion).	We	would	all	agree	that	we	see	red,	but	all	will	not	agree	that	red	is	a	beautiful	
color.	The	same	is	true	for	perfumes	or	air	deodorants	or	indeed	indoor	air	qualities.	
It	follows	that	there	are	large	interindividual	differences	in	measurements	of	hedonic	
constructs	as	compared	to	sensory–perceptual	constructs.

A	third	set	of	constructs	is	the	multisensory–perceptual	constructs,	such	as	the 
perception	of	 indoor	air	quality.	Obviously,	 this	 is	a	more	complex	construct	 than	
odor	quality,	which	originates	in	one	sensory	modality.	Perceived	air	quality	involves	
many	kinds	of	sensory	perceptions	apart	from	odor	[here	given	within	brackets]	and	
all	these	are	interpreted	and	evaluated.	The	physical	or	chemical	inputs	[perceptions]	
are	 temperature	 [warmth	or	cold],	air	movement	 [cooling,	warming,	active	 touch],	
humidity	[dryness,	wetness],	and	irritants	[sensory	irritation,	pain].	Nearly	all	odorous	
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substances	in	indoor	air	have	the	potential	to	produce	sensory	irritation	(e.g.,	Kobal	
&	Hummel,	1991),	but	at	much	higher	concentrations	than	is	common	in	indoor	or	
outdoor	air.	There	has	been	 renewed	scientific	 interest	 in	multisensory	perception	
(e.g.,	Culvert,	Spence,	&	Stein,	2004). Multisensory	perceptual	 interpretations	and	
evaluations	should	be	recognized	as	measuring	abilities	unique	to	human	beings.

2.3  Measurement with persons require experiments 
or other study designs

Measurement	 of	 perceptual,	 hedonic,	 and	 multisensory	 constructs	 (each	 assumed	
to	be	one-dimensional),	 is	 conducted	with	persons	as	 the	main	measuring	 instru-
ment.	This	means	that	a	group	of	persons	has	to	be	selected	who	individually	or	as	
a	panel	 constitute	 the	measuring	 instrument	of	 the	perceptual,	 hedonic,	 or	multi-
sensory	evaluations.	Similarly,	a	sample	of	stimuli	has	to	be	provided,	which	specific	
physical–chemical	properties	have	also	to	be	defined	as	relevant	and	measured	sepa-
rately.	Depending	on	what	kind	of	study	is	to	be	conducted,	either	well-controlled	
stimuli	 (odorous	substances,	material	emissions)	are	provided	in	a	psychophysical	
experiment	with	persons	in	a	laboratory	or	natural	stimuli	(indoor	air)	are	provided	
in	a	quasi-experiment	with	visitors	of	buildings	(field	study).	In	the	latter	case,	the	
environment	(location,	time	of	the	day,	ventilation	rate,	temperature,	humidity,	etc.)	
is	well	controlled	and	measured	 in	parallel	with	 the	visitors’	perceptual,	hedonic,	
and	multisensory	measurements	(alternatively,	residents	or	occupants	may	constitute	
a	panel).	Often	in	psychological	research,	the	concept	of	measurement	is	replaced	by	
more	imprecise	words	such	as	assessment	and	evaluation.

As	illustrated	in	Figure 2.1,	the	method	selected	for	measuring	perceptions	with	
the	aid	of	individuals	or	panels	is	but	one	of	the	necessary	components	for	the	psy-
chophysical	experiment	or	 the	quasi-experiment	 in	field	situations.	The	quality	of	
the	olfactometer,	the	sample	of	stimuli	and	the	panel	(sample	of	persons)	are	all	very	
important	ingredients	as	are	the	instructions,	experimental	procedure,	and	types	of	
data	treatments	planned	in	order	to	construct	the	scales	from	the	sets	of	collected	
data	(e.g.,	assumptions	on	the	form	of	psychophysical	function	and	type	of	distribu-
tion	models	applied	for	uncertainty).	The	kinds	of	scale	delivered	by	the	panel	(nom-
inal,	 ordinal,	 interval,	 or	 ratio)	 are	vital	 to	 subsequent	 statistical	or	mathematical	
modeling	of	perceptual/hedonic	or	psychophysical	data	(e.g.,	S.	S.	Stevens,	1946).

Measurement	 in	 psychology	 has	 developed	 in	 parallel	 with	 the	 development	
within	 the	general	philosophy	of	science	and	measurement	 in	physics.	 Impressive	
knowledge	is	found	in	Torgerson	(1958),	Lord	and	Novick	(1968),	Baird	and	Noma	
(1978),	Roberts	(1979),	Falmange	(1985),	and	Gescheider	(1997).

2.4  Psychophysical methods

2.4.1  What is measured?

The	 psychophysical	 experiment	 may	 be	 used	 for	 measuring	 various	 functions	 of	
human	sensory perception.	Basic	aspects	are:
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	 1.	 Identification:	Mere	detection	or	recognition	(presence	of	physical	quantity)
	 2. Discrimination:	 Minimal	 change	 in	 perceived	 intensity	 (certain	 physical	

quantity)
	 3.	Perceived Intensity:	 One-dimensional	 scaling	 of	 a	 quantity	 (perceptual	

quantity)
	 4.	Perceived Quality:	 Sorting,	 clustering,	 or	 multidimensional	 scaling	

(mapping	qualities)

Identification,	discrimination,	and	perceived	intensity	are	all	possible	to	measure	
with	psychophysical	methods.	Strictly,	this	would	mean	measuring	perceptual	con-
structs	 in	 terms	of	a	physical	quantity.	 Identification	 is	a	one-point	physical	mea-
surement	(threshold),	whereas	discrimination	is	a	two-point	physical	measurement	
(minimal	distance).	The	psychophysical	method	for	measuring	perceived	intensity	is	
the	equal-intensity	matching	of	two	different	qualities	(of	the	same	or	different	sen-
sory	modalities)	at	different	intensity	levels.	Also	perceived	quality	has	been	mea-
sured	psychophysically.	For	example,	the	color	triangle	was	originally	constructed	
with	the	psychophysical	method	of	perceived-quality	discrimination	combined	with	

Type of
olfactometer

Selection
of panel

Stimulus
sample

Measuring
exposure

Measuring
panel

performance

Measuring
performance

Measuring perceptions/hedonics
kind of scale

(ordinal, interval, ratio)

Modeling
psychophysical

functions

Modeling
perceptual/hedonic

processes

Statistical and/or neutral
network modeling of perceived

quality or odor quality

Method for measuring
perception/hedonics

Experimental or Quasi-Experimental Design

Figure 2.1 Illustration	 of	 relevant	 components	 of	 experiments	 or	 quasi-experiments	
designed	for	perceptual,	hedonic,	or	multisensory	measurements	with	persons	as	measuring	
instruments.
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wavelengths	representing	perceived	qualities	(=colors).	The	psychophysical	methods	
described	above	all	measure	a	perceptual	construct	on	a	physical	scale.	For	example,	
the	 method	 of	 equal-intensity	 matching	 would	 provide	 equal-loudness	 functions	
with	different	slopes	for	tones	of	different	frequencies.	Even	if	several	different	tones	
were	matched	to	the	same	1,000-Hz	tone,	it	would	not	be	appropriate	to	infer	that	a	
certain	dB-increase	of	several	tones	actually	corresponds	to	an	invariant	increase	in	
loudness	(“perceived	intensity”	of	sound).

Sections	2.4.2,	2.4.4,	and	2.4.6	present	psychophysical	methods	of	measurement,	
which	all	measure	various	aspects	of	perceptions	 in	 terms	of	a	physical	quantity	
and	unit.

2.4.2  Detection or recognition

To	 measure	 perceptual	 detections	 is	 a	 psychophysical	 problem.	 A	 prerequisite	 is	
that	people	are	put	into	situations,	typically	experiments	(olfactometer	and	clean-air	
booth)	but	also	field	studies,	where	they	may	be	stimulated	and	become	aware	that,	for	
example,	an	olfactory	stimulus	is	present.	There	are	two	principal	detection	theories:	
the	“traditional”	absolute	threshold	theory	(e.g.,	Engen,	1971)	and	the	signal	detection	
theory	(SDT,	e.g.,	Green	&	Swets,	1962).	Notably,	the	three	basic	methods	for	measur-
ing	the	absolute detection threshold	were	originally	contributed	by	Gustav	Theodor	
Fechner	himself.	Signal	detection	theory	grew	out	of	the	development	of	information	
theory	in	mathematical	statistics	and	from	work	on	electronic	communications.

Odor	detection	experiments	require	an	advanced	precision	olfactometer	by	which	
small	 steps	 of	 low	 concentrations	 can	 be	 produced	 repeatedly	 and	 presented	 to	
humans	in	well-controlled	samples	for	inhalations	(Berglund,	Berglund,	&	Lindvall,	
1986).	In	general,	it	has	been	found	that	the	absolute	detection	threshold,	which	is	
expressed	 as	 a	 concentration	 or	 dilution	 value,	 varies	 widely	 with	 chemical	 sub-
stances	 (Devos,	Patte,	Rouault,	Laffort,	&	van	Gemert,	1990).	 It	 also	varies	with	
the	 method	 selected	 for	 determining	 the	 threshold.	 The	 method	 of	 limits	 usually	
gives	lower	thresholds	than	the	method	of	constant	stimulus.	Recognition	thresholds	
(including	identification	of	odor	quality)	are	generally	higher	than	the	mere	detection	
thresholds	of	“something”	unidentified.

The	absolute	odor	threshold	is	a	measure	of	one	person’s	sensitivity	to	an	odorous	
substance.	As	in	other	senses,	for	instance,	vision	and	hearing,	the	interindividual	
differences	in	olfactory	sensitivity	may	also	be	large.	Typically,	threshold	distribu-
tions	for	different	individuals	are	positively	skewed	even	if	expressed	in	log	scale	of	
concentration	(Figure 2.2).	It	is	not	known	if	the	absolute	odor	thresholds	for	a	larger	
set	of	odorous	substances	would	rank	the	same	for	different	persons	believed	to	be	
normosmics.	In	epidemiology,	the	method	of	limits	is	sometimes	used	for	determin-
ing	the	effective	dose	50	(ED50)	for	a	population	of	people	or	animals,	for	instance,	
for	testing	the	impacts	of	drugs	or	odorous	air	pollutants	(e.g.,	WHO,	1989,	formal-
dehyde).	The	persons	or	animals	are	then	assumed	to	be	interchangeable	(invariant	
detector)	and	a	Gaussian	distribution	of	individual	thresholds	is	typically	postulated.	
ED50	is	inappropriate	to	use	for	small	samples	of	people	because	it	relies	on	statisti-
cally	representative	random	samples	of	a	target	population.
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2.4.2.1  The method of limits

The	method	of	limits	measures	just	noticeable	difference	(JND)	or	minimal	change	
and	can	be	characterized	as	serial	exploration.	It	is	the	most	direct	method	for	locat-
ing	the	threshold.	The	task	of	 the	observer	 is	 to	detect	 the	presence	of	a	stimulus	
(odorous	substance)	in	a	series	of	small	concentration	(or	dilution)	steps	(ca.	18–20)	
in	an	ascending	and	descending	presentation	order.	The	“one-point”	of	the	momen-
tary	absolute	 threshold	can	be	estimated	directly	 from	each	series	according	 to	a	
predefined	 rule,	 for	 example,	 in	 ascending	 series	 two	 detections	 in	 a	 row	 and	 in	
descending	series	two	nondetections	in	a	row.	The	starting	concentration	should	be	
irregularly	varied	between	trials.	The	method	gives	a	fairly	quick	measurement	of	
the	individual absolute threshold	calculated	as	the	mean	of	the	response	distribution	
measured	in	concentration	(or	dilution)	values	from	each	trial.	The	standard	devia-
tion	or	standard	error	is	typically	used	as	the	uncertainty	measure.

Figure 2.2	shows	a	distribution	of	individual	absolute	thresholds	for	formaldehyde	
odor	determined	by	the	method	of	limits.	Even	in	a	logarithmic	scale	of	concentra-
tion,	the	absolute	threshold	distribution	for	a	group	of	persons	is	typically	positively	
skewed	(Ahlström,	Berglund,	Berglund,	Lindvall,	1986).	Figure 2.2	 therefore	also	
shows	the	ED50	measure	for	determining	the	absolute	 threshold	for	a	group	of	64	
persons	(effective	dose	for	50%	of	the	64	persons).	This	is	not	an	optimal	population	
estimate	of	the	formaldehyde	absolute	threshold	because	the	distribution	is	not	sym-
metrical	or	normal	and	the	sample	is	too	small	and	consists	of	voluntary	observers.

2.4.2.2  The methods of adjustment

The	method	of	adjustment	measures	the	average	error	and	the	“reproduction,”	and	it	
can	be	characterized	as	the	equation	method.	The	observer	himself	 typically	adjusts	
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Figure 2.2 Absolute	odor	thresholds	of	formaldehyde	determined	by	the	method	of	limits	
for	each	of	64	persons.	The	distribution	of	 individual	 thresholds	 is	given	 in	a	 logarithmic	
scale	of	concentration	in	ppb.	Reprinted	from	Ahlström	et	al.	(1986).
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the	concentration	value	of	a	stimulus	(odorous	substance),	which	can	be	varied	continu-
ously,	and	repeatedly	sets	it	to	a	value	that	he	judges	to	be	the	lowest	that	he	can	detect;	
the	average	of	these	settings	is	taken	to	be	the	individual	absolute	odor	threshold.	The	
different	starting	concentrations,	both	below	and	above	the	expected	threshold,	are	pre-
sented	in	irregular	order	by	the	experimenter.	Similar	to	the	method	of	limits,	the	stimu-
lus	concentration	is	systematically	increased	or	decreased	until	a	change	in	response	
occurs	(odor	or	no	odor	detections).	The	difference	is	that	the	observer	adjusts	the	con-
centration	continuously	in	the	method	of	adjustment,	whereas	the	experimenter	changes	
the	concentration	in	predetermined	invariant	distinct	steps	in	the	method	of	limits.

The	method	of	adjustment	gives	a	measurement	of	the	individual	absolute	thresh-
old	calculated	as	the	mean	of	the	response	distribution	measured	in	concentration	(or	
dilution)	values	from	each	trial.	The	standard	deviation	or	standard	error	is	typically	
used	as	 the	uncertainty	measure.	The	method	of	adjustment	 is	not	well	suited	for	
determining	odor	thresholds	because	of	the	difficulties	of	changing	odor	concentra-
tions	continuously	by	an	olfactometer.

2.4.2.3  The method of constant stimuli

The	 method	 of	 constant	 stimuli	 is	 used	 to	 determine	 right	 and	 wrong	 cases	 and	
can	be	characterized	as	the	frequency	method.	A	series	of	concentration	steps	are	
chosen,	similarly	to	the	method	of	limits.	However,	instead	of	presenting	the	con-
centration	steps	in	systematic	order,	 they	are	now	presented	repeatedly	in	random	
order.	The	observer’s	task	is	simple.	She	should	respond	“Yes”	if	an	odor	is	present	
or	“No”	if	the	odor	is	not	present.	A	forced	choice	procedure	(which	does	not	allow	
“doubtful”)	 is	 usually	 used.	 Two	 kinds	 of	 recommended	 procedures	 are	 in	 com-
mon	use:	(a)	random	presentation	of	the	concentrations	together	with	blanks	(clean	
air),	and	(b)	random	presentation	of	the	concentrations	in	one	of	two,	three,	or	four	
marked	time	intervals;	the	other	intervals	are	then	blanks	(clean	air).

In	the	first	case,	chance	performance	(guessing)	is	determined	for	the	blanks	(ca.	
33%	of	all	presentations)	and	used	for	estimating	the	actual	detection	performance	
for	each	concentration.	In	the	second	case,	chance	performance	is	determined	as	50%	
correct,	33%	correct,	or	25%	correct	for	two,	three,	or	four	intervals,	respectively.

In	 the	 first	 procedure,	 a	 psychometric	 curve	 is	 determined	 for	 each	 observer	
by	plotting	the	proportion	of	correct	detections	(Pc)	for	each	of	the	concentrations	
(10–18	steps)	after	adjusting	the	hit	rate	(PHits)	for	false	alarms	(PFA).	The	absolute	
threshold	(Pc	in	Equation	(2.1)),

	 P
P P

P
c

Hits FA

FA

= −
−1

,	 (2.1)

is	determined	as	the	concentration	corresponding	to	the	50%	probability	of	correct	
detection	(P50).	The	quartile	range	(P75–P25)	expressed	in	concentration	is	typically	
used	for	estimating	uncertainty.	In	the	second	procedure,	the	probability	of	detection	
above	chance	level	is	determined.	The	absolute	threshold	may	then	be	defined	as	the	
concentration	at	75%	probability	of	detection,	if	50%	is	chance	performance.
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2.4.3  Signal detection theory and choice theory

There	is	a	theoretical	mathematical	system	that	formally	deals	with	both	decisional	
and	sensory	components	in	detection	and	discrimination	tasks.	In	signal	detection	
theory,	the	distance	between	the	means	of	the	absent	signal	(noise)	and	the	present	
signal	(signal	plus	noise)	distributions	(typically	assumed	to	be	Gaussian	distribu-
tions)	 is	 the	measure	of	detection.	There	 is	also	a	 likelihood	criterion	set	by	each	
observer.	Both	positive	and	negative	false	responses	can	be	estimated	(see	Table 2.1).	
A	 basic	 assumption	 is	 that	 no	 absolute	 detection	 threshold	 exists.	 The	 detections	
depend	on	how	well	the	signal	can	be	separated	perceptually	from	the	noise.	In	addi-
tion,	 the	performance	of	 individual	observers	 in	 this	perceptual	“separation”	 task	
also	depends	on	their	individual	likelihood	criterion	in	responding	yes	or	no	(forced	
choice	design	is	used).

Typically,	 the	 measure	 of	 sensory	 sensitivity	 selected	 is	 d ′	 of	 signal	 detection	
theory.	It	represents	the	distance	on	an	excitation	continuum	between	the	means	of	
the	Gaussian	distributions	for	the	absent	signal	(“sensory	noise”)	and	for	the	pres-
ent	signal	(signal	+	“sensory	noise”;	Green	&	Swets,	1962).	An	alternative	but	very	
similar	procedure	 for	determining	 identification	 (simultaneous	detection	and	 rec-
ognition)	of	a	stimulus	is	Luce’s	choice	theory	(Luce,	Bush,	&	Galanter,	1963).	The	
signal	detection	theory	requires	high-quality	equipment	for	rapid	repetitive	stimula-
tion	of	odorous	substances/mixtures	and	clean	air	(blanks).	Berglund,	Berglund,	and	
Lindvall	(1974)	determined	the	relationship	between	(a)	the	d ′	measure	and	signal	
strength	(hydrogen	sulfide	concentration	in	mg/L),	and	(b)	the	d ′	measure	and	the	
quantity	of	perceived	odor	intensity	obtained	by	the	method	of	magnitude	estimation	
(see	Section	2.4.7.3).	They	found	that	d′	increases	as	a	linear	function	of	the	loga-
rithm	for	stimulus	concentration,	that	is,

 d ′	=	k1	+	k2	log	S,	 (2.2)

where	S	is	the	physical	concentration,	d ′	is	the	index	of	detectability,	and	k1	and	k2	
are	constants.	In	addition,	they	showed	empirically	that	the	logarithm	of	perceived	
intensity	(log	R)	increases	as	a	linear	function	of	the	d ′	measure;	that	is,

	 log	R	=	c1	+	c2	d ′,	 (2.3)

Table 2.1 Outcome	frequencies	in	a	
forced-choice	signal	detection	experiment

Signal

Response

Yes No

Present Hit Miss
Absent False	alarm Correct	rejection
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where	R	is	perceived	odor	intensity,	d ′	the	index	of	detectability	of	odor,	and	c1	and	c2	
are	constants.	The	combination	of	Equations	(2.2)	and	(2.3)	shows	that	the	perceived	
odor	intensity	(R)	increases	as	a	power	function	of	stimulus	concentration	(S);	that	is,

	 log	R	=	a	+	n	log	S (2.4)

or	in	linear	scales,	a	power	function	with	a	multiplicative	constant	and	an	exponent	n 
(see	Equation	(2.7)).

The	practical	use	of	the	detection	technique	is	limited	because	the	method	assumes	
error	variation	in	the	subject’s	judgments.	The	signal	has	to	be	so	weak	that	it	is	to	
some	extent	confused	with	the	noise,	without	at	the	same	time	causing	the	experi-
ment	 to	 become	 unreasonably	 large.	 The	 detection	 measure	 d ′	 is	 well	 suited	 for	
descriptions	of	rapid	concentration	changes	at	extremely	low	odor	levels.	Compared	
to	absolute	threshold	measurements,	d ′	determinations	appear	to	be	superior	from	a	
theoretical	point	of	view,	as	they	are	independent	of	variations	in	the	response	crite-
rion	of	the	subject,	due	to	altered	guessing	tendencies,	carelessness,	lack	of	motiva-
tion,	or	the	effect	of	expectations.

2.4.4  Intensity discrimination

In	 determining	 discrimination or	 the difference threshold	 for	 intensive	 continua,	
the	same	general	psychophysical	procedure	is	followed	as	for	the	absolute	detection	
threshold.	The	principal	difference	is	that	on	each	trial,	 two	stimuli	are	presented	
for	comparison,	as	contrasted	to	one	stimulus	in	the	typical	absolute	threshold	pro-
cedure.	Several	series	of	ascending	and	descending	concentrations	are	run	and	the	
average	concentration	differences	of	one	standard	concentration	are	calculated.	In	
the	experiment,	 the	 time	order	or	position	of	 the	standard	 is	 typically	varied	ran-
domly,	as	is	the	starting	concentration	of	the	comparison	stimulus	in	each	series.	As	
for	the	absolute	threshold,	versions	of	the	method	of	limits,	method	of	adjustments,	
and	 method	 of	 constant	 stimulus	 are	 all	 also	 used	 for	 determining	 the	 minimal-
intensity	discrimination	at	different	concentration	levels	(=	standard	stimulus)	of	the	
same	odorous	substance.

2.4.4.1  Method of limits

Observers	are	presented	with	pairs	of	stimuli;	one	is	the	invariant	standard	stimu-
lus	and	the	other	the	variable	comparison	stimulus.	Instead	of	detection	or	not,	the	
observers	are	now	asked	to	respond	which	of	the	pair	is	“larger,”	“smaller,”	or	“simi-
lar.”	In	the	most	common	version,	 the	forced	choice	procedure,	only	the	response	
alternatives	“larger”	or	“smaller”	are	used.	In	the	method	of	limits,	the	comparison	
stimulus	is	changed	systematically	in	very	small	steps	in	a	series	of	increasing	or	
decreasing	concentrations	of	an	odorous	substance	(or	diluted	emission).	The	stan-
dard	stimulus	concentration	is	selected	to	be	in	the	middle	of	these	series.	The	data	
are	the	concentration	values	of	the	comparison	stimulus	where	the	observer	shifts	
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from	one	of	the	response	categories	to	another.	Statistically,	the	point	of	subjective	
equality	(PSE)	and	the	variability	of	the	comparison	concentrations	are	used	to	calcu-
late	the	difference	limen	(see	Section	2.4.3.3)	at	different	standard	concentrations.

2.4.4.2  Method of adjustment

Observers	themselves	adjust	the	value	of	a	comparison	stimulus,	which	can	be	varied	
continuously	or	in	very	small	steps,	and	the	task	is	to	set	it	to	the	same	perceived	
intensity	as	 the	standard	stimulus	concentration.	This	 is	made	repeatedly,	and	the	
central	tendency	and	variability	of	the	settings	are	computed.	The	average	setting	is	
a	direct	indication	of	the	point	of	subjective	equality	and	the	variability	can	be	used	
to	calculate	the	difference	limen	(ΔI).	This	method	is	not	well	suited	for	investigating	
the	difference	limen	for	odor	intensity	because	of	the	need	for	continuous	variation	
of	concentration	by	the	participant.

2.4.4.3  Method of constant stimuli

For	the	difference	limen	(ΔI),	each	of	several	fixed,	discrete	values	of	a	compari-
son	 stimulus	 is	 compared	 with	 the	 standard	 stimulus	 many,	 many	 times,	 and	 the	
relative	frequency	of	the	different	responses,	for	example,	“smaller”	or	“larger”	are	
counted	for	each	of	these	fixed	values	(=	the	standard).	If	only	two	response	catego-
ries	are	used,	the	observer	will	be	right	half	of	the	time	by	just	guessing,	and	his	or	
her	difference	limen	is	therefore	usually	defined	as	the	increment	or	decrement	that	
was	correctly	 judged	75%	of	 the	 time	 (=	probability	 in	between	50%	and	100%);	
The	50%	stands	for	chance	performance.	If	three	response	categories	are	used	(add-
ing	“equal”),	 the	method	of	constant	 stimuli	becomes	very	similar	 to	 the	method	
of	limits.

2.4.5  Weber’s law and Fechner’s JND scale

The	well-known	Weber’s	law	describes	the	relationship	between	the	difference	limen	
or	difference	threshold	(ΔI)	and	the	magnitude	of	the	standard	(I):

	 ∆I kI= .	 (2.5)

Weber’s	law,	which	was	proposed	in	1834,	is	well	grounded	in	psychophysical	exper-
iments,	mainly	on	weights.	Fechner	(1860),	who	believed	it	impossible	to	measure	
sensation	directly,	acknowledged	Weber’s	law	and	postulated	that	if	the	units of sen-
sation	were	all	of	equal	size,	then	it	would	be	possible	to	count	them	up	and	thus	
measure	sensation	indirectly.	He	himself,	and	others	before	him,	had	noted	that	in	
order	for	a	change	in	a	stimulus	to	become	just	noticeable,	a	fixed	percentage	must	
be	added:	the	just noticeable difference (abbreviated	as	JND).

In	accordance	with	Weber’s	law,	Fechner’s	law	states	that	the	magnitude	of	sensa-
tion	or	response	varies	directly	with	the	logarithm	of	the	stimulus	magnitude	(for	the	
derivation	please	see	Baird	&	Noma,	1978;	Falmange,	1985),
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where	S	 is	 the	magnitude	of	 sensation	a	 stimulus	elicits	 (equals	number	of	 JNDs	
above	0	at	absolute	threshold),	I/I0	is	the	physical	magnitude	of	the	stimulus	(inten-
sity	[I]	relative	to	the	absolute	threshold	stimulus	magnitude	[I0]),	1/k	is	the	inverse	
of	the	Weber	fraction	(k	=	ΔI/I)	and	ln	is	the	natural	logarithm	(logarithm	to	the	base	
e).	In	this	equation,	S	=	0	for	I/I0	=	1.	Fechner’s	contribution	is	recognized	because	
he	gave	psychology	a	way	of	constructing	sensory	scales.	A	scale	based	on	the	JND	
can	be	obtained	either	by	adding	the	individual	JND	steps	that	are	obtained	by	actual	
measurement	or	by	assuming	the	validity	of	the	more	convenient	logarithmic	type	of	
formula.	Although	experimental	research	has	shown	that	Weber’s	law	does	not	hold	
for	 very	 weak	 or	 very	 strong	 stimulus	 intensities,	 the	 logarithmic	 transformation	
may	still	be	satisfactory	for	the	middle	ranges,	which	often	are	of	greatest	interest.	
However,	with	the	increased	use	of	category	scaling	and	magnitude	estimation	and	
the	development	of	S.	S.	Stevens’	kinds	of	measurement	 levels	 (nominal,	ordinal,	
interval,	 and	 ratio	 scales),	 much	 research	 has	 been	 devoted	 to	 criticize	 Fechner’s	
theoretically	derived	logarithmic	function	(e.g.,	S.	S.	Stevens,	1975).

2.4.6  Equal-intensity matching

2.4.6.1  Intramodality matching of perceived intensity

This	is	a	scaling	procedure	in	which	the	observer	adjusts	the	intensity	of	a	stimu-
lus	quality	until	 it	appears	 to	be	equally	 intense	as	another	stimulus	quality	from	
the	same	sensory	modality.	Thus,	intramodality matching	means	that	the	perceived	
intensity	of	each	of	two	(odor)	qualities	of	one	modality	(olfaction)	is	matched	to	be	
equally	intense.	The	result	of	every	match	is	registered	as	a	concentration	value	for	
each	 of	 the	 corresponding	 two	 odorous	 substances.	 Intramodality	 matching	 is	 in	
principle	the	same	as	the	method	of	adjustment	when	used	for	determining	odor	dis-
crimination	at	different	concentration	levels	(variance	is	then,	however,	of	intent	not	
level).	The	most	famous	example	of	 intramodality	matching	is	 the	equal-loudness	
curves	determined	for	different	frequencies	of	sound	in	which	the	1,000	Hz	tone	was	
used	as	the	comparison	and	all	the	other	frequencies	as	standard	tones	one	by	one.	
These	data	resulted	in	the	A-filter	built	into	standard	sound	level	meters	for	measur-
ing	the	A-weighted	equivalent	continuous	sound	level	in	dB	LAeq.

To	speed	up	data	collection	with	subjects,	an	odor	intensity	matching	procedure	
grounded	 in	 successive	 approximations	 was	 combined	 with	 a	 high-flow	 dynamic	
olfactometer	 (Svensson	&	Szczygiel,	1974).	The	observers’	 task	 is	only	 to	answer	
which	is	more	intense,	a	reference	or	a	matching	stimulus.	New	matching	stimulus	
concentrations	are	given	according	to	an	algorithm	that	bisects	intervals	up	or	down	
in	 successive	 trials.	This	method	 is	well	 suited	 for	 testing	 consumer	products	 for	
odor	quality,	for	example,	biological	toilets	or	kitchen	fans.	This	is	but	one	example	
of	a	development	of	the	matching	procedure.

Y116134.indb   37 10/10/11   2:11 PM



38 Measurement with persons: Theory, methods, and implementation areas

2.4.6.2  Cross-modality matching of perceived intensity

This	is	a	scaling	procedure	in	which	the	observer	adjusts	the	intensity	of	a	stimulus	
until	it	appears	to	be	equally	intense	as	another	stimulus	from	a	different	sensory	
modality.	Thus,	in	cross-modality	matching,	observers	are	asked	to	adjust	levels	of	
one	sensory	modality	to	match	various	levels	of	another	modality	(e.g.,	S.	S.	Stevens,	
1975).	For	other	aspects	of	the	matching	procedure,	see	intramodality	matching	in	
Section	2.4.6.1.

2.4.6.3 Equal-intensity matching to a number scale of references

Kasche	(2005)	presented	an	intramodality	matching	method	for	measuring	the	odor	
intensity	of	materials	emissions.	The	proposal	is	first	to	construct	an	equal	interval	
scale	of	perceived	odor	intensity	of	a	reference	substance	grounded	in	seven	concen-
trations	of	acetone.	Thus	each	of	the	seven	perceived	odor	intensities	of	acetone	is	first	
assigned	fixed	numbers	(the	same	for	all	observers)	to	represent	the	psychophysical	
function	of	odor	intensity	as	a	function	of	acetone	concentration	(based	on	Fechnerian	
integration,	a	logarithmic	function	is	considered).	The	odor	intensities	of	the	target	
material	emissions	are	then	scaled	by	assigning	a	number:	one	of	the	fixed	numbers	
or	any	number	in	between	these	reference	odor	intensities.	As	a	result,	the	perceived	
intensity	of	the	target	odor	is	then	either	expressed	as	a	scale	value	of	the	reference	
odor	intensity	or	as	a	reference	(acetone)	concentration	value.	In	this	procedure,	it	is	
assumed	that	no	interindividual	differences	exist	in	perceived	odor	intensity	of	the	
acetone	reference.	A	well-trained panel	is	therefore	used	to	achieve	a	common	use	of	
the	postulated	number	scale	of	perceived	odor	intensity.	Any	scale	variance	is	viewed	
as	uncertainty	in	estimating	the	perceived	intensity	of	the	target	emission.

2.4.7  Quantification: Direct scaling methods

Apart	from	equal	matching	of	perceived	intensities,	measured	in	physical	quantities,	
there	are	two	kinds	of	quantification	methods:	the	direct	scaling	methods	presented	
in	this	section	(2.4.7),	and	the	indirect	scaling	methods	presented	in	Section	2.4.8.	
The	most	accepted	direct	scaling	method	is	the	method of ranking.	It	produces	an	
ordinal	 scale	 and	 therefore	 is	not	 further	 considered,	because	 it	 is	problematic	 to	
compare	such	scale	values	obtained	in	different	experiments	unless	a	set	of	identical	
stimulus	quantities	is	introduced,	which	would	represent	a	reference	rank	order.

2.4.7.1  Category scaling

Category	scaling	is	a	method	in	which	odor	intensities	are	“sorted”	in	a	predeter-
mined	number	of	categories	on	the	basis	of	their	perceived	intensity.	In	a	5-category	
scale,	typically,	the	lowest	Category	1	is	used	for	the	least	intense	of	the	stimuli	(or	
the	blank),	 and	 the	highest	Category	5	 for	 the	most	 intense	of	 the	 stimuli	 (which	
at	most	may	be	“overpowering”	in	its	perceived	odor	intensity,	Figure 2.3,	left).	In	
the	original	form	of	category	scaling,	the	observer	was	instructed	to	distribute	the	
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remaining	 stimuli	 in	 the	 other	 categories	 (e.g.,	 Categories	 2–4	 of	 the	 5-category	
scale)	in	such	a	way	that	the	intervals	between	the	category	boundaries	would	be	per-
ceptually	equal.	Thus,	the	difference	in	the	perceived	quantity	between	the	lower	and	
the	higher	boundaries	of	Category	1	should	be	the	same	as	that	for	Category	2,	and	
so	on.	In	other	words,	all	categories	should	be	the	same.	Thus,	it	is	utterly	important	
to	instruct	the	observers	to	keep	the	principle	of	“equal-interval”	scaling.	If	they	do	
not	adhere	to	this	principle,	rank	ordering	is	potentially	obtained.

In	most	category	scales	in	use,	the	categories	are	given	verbal	labels	instead	of	
numbers	(e.g.,	see	Figure 2.3,	“no,”	“slight,”	“	moderate,”	“strong,”	“very	strong,”	and	
“overpowering”	odor	intensity	or	irritation	intensity,	as	used	by	Knudsen,	Nielsen,	
Clausen,	Wilkins,	&	Wolkoff,	2003).	This	has	raised	the	question	of	whether	it	 is	
possible	to	find	verbal	labels	or	so-called	“multipliers”	that	would	represent	category	
distances.	For	example,	are	the	perceived	interdistances	between	“no”	and	“slight”	
irritation	in	 the	eyes	the	same	as	between	”strong”	and	“very	strong”	irritation	in	
the	eyes	or	would	“very	strong”	 irritation	 in	 the	eyes	represent	 the	same	quantity	
as	very	strong	irritation	in	the	throat?	Jones	and	Thurstone	(1955),	Cliff	(1959),	and	
G.	Borg	(1998)	have	shown	that	the	way	of	phrasing	the	question	and	the	selected	
verbal	category	labels	may	both	be	interpreted	differently	by	different	observers.

By	only	defining	the	endpoints	verbally,	a	“2-point	category	scale”	has	been	used	
for	quantification:	such	a	scale	is	called	a	visual analogue scale	(VAS).	The	idea	is	
that	the	observer	should	put	a	mark	on	the	line	of	this	scale,	where	two-endpoint	cat-
egories	delimit	the	analogue	scale.	The	mark	would	directly	correspond	to	a	quantity	
in	relation	to	either	endpoint.	An	example	of	such	a	scale	is	the	bipolar	acceptability	
and	unacceptability	scale	(see	Figure 2.4),	used	in	indoor	air	quality	investigations	
(e.g.,	Knudsen,	Clausen,	Wilkins,	&	Wolkoff,	2007).

The	acceptability	scale	is	normally	accompanied	by	the	question,	“Imagine	that	
you,	 during	 your	 daily	 work,	 would	 be	 exposed	 to	 the	 air	 in	 this	 diffuser/room.	
How	 acceptable	 is	 the	 air	 quality?”	 The	 Danish	 indoor	 climate	 labeling	 system	

Assess Odor Intensity Assess Irritation in

Eyes Nose �roat
No odor No irritation

Slight odor Slight irritation

Moderate odor Moderate irritation

Strong odor Strong irritation

Very strong odor Very strong irritation

Overpowering odor Overpowering irritation

Figure 2.3 Category	scales	for	evaluating	perceived	odor	intensity	(left)	and	sensory-irrita-
tion	intensity	in	the	eyes,	nose,	or	throat	(right).	Reprinted	from	Knudsen	et	al.	(2003).
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for	materials	emissions	uses	category	scaling	to	distinguish	between	accepted	and	
rejected	construction	products.

2.4.7.2  Borg’s category-ratio scale

Borg’s	 category-ratio	 scale	was	developed	with	 the	purpose	of	 adjusting	 interdis-
tances	between	categories	of	the	category	scale	such	that	the	intervals	approached	a	
ratio	scale	as	obtained	by	magnitude	estimation	(see	Section	2.4.7.3).	Another	pur-
pose	was	to	give	labels	to	quantities	at	appropriate	interdistances	on	the	category-
ratio	 scale,	 thus	 answering	 questions	 such	 as	 how	 much	 “weaker”	 is	 “extremely	
weak”	in	relation	to	“very	weak.”	In	brief,	the	Borg’s	category-ratio	scales	(CR10©	
and	CR100©;	the	number	refers	to	the	maximum	level	of	the	scale;	see	Figure 2.5)	
were	intended	to	mimic	scales	obtained	in	absolute	magnitude	estimation	(“numer-
ous	matching,”	Section	2.4.7.4)	and	also	to	give	meaning	to	level (G.	Borg,	1998).

Borg’s	category-ratio	scaling	has	been	applied	in	different	areas	for	scaling	inten-
sive	variables	in	perceived	exertion,	pain,	loudness,	taste,	odor,	and	color	perception.	
The	CR10	and	CR100	scales	are	widely	used	in	various	applications	around	the	world,	
such	as	for	perceived	exertion	in	health,	sport,	disease,	and	rehabilitation.	For	safety	
reasons	in	olfaction,	the	method	presents	a	problem	in	that	maximum	exposure	may	
not	be	produced	for	many	odorous	and	toxic	substances	or	environmental	emissions.

Borg	argued	that	all	biological	systems	have	their	boundaries,	from	a	minimal	to	
a	maximal	capacity.	According	to	Borg’s	range	model,	the	total	natural,	perceptual,	
dynamic	range	from	zero	(or	minimal	intensity)	to	a	maximal	or	near	maximal	inten-
sity	should	be	perceptually	approximately	the	same	for	most	individuals.	As	a	con-
sequence	any	perceived	level	of	intensity	can	be	evaluated	in	relation	to	its	position	
in	the	individual	range,	and	the	response	for	any	stimulus	intensity	can	be	compared	
across	individuals	even	when	the	physical	dynamic	range	varies	(see	G.	Borg,	1998).	

How do you assess the air quality?
Clearly acceptable

Pay attention to the dichotomy between
acceptable and not acceptable

Just acceptable
Just not acceptable

Clearly not acceptable

Figure 2.4 Pair	of	visual	analogue	scales	(VAS)	for	assessing	indoor	air	quality	on	a	bipo-
lar	acceptability	scale,	that	is,	as	regards	degree	of	acceptable	and	degree	of	not	acceptable.	
Reprinted	from	Knudsen	et	al.	(2007).
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Eisler	(1965)	supports	this	idea.	For	perceived	exertion,	the	CR10	and	CR100	scales	
have	been	successfully	validated	against	physiological	correlates	such	as	heart	rate	
and	blood	lactate.

2.4.7.3  Magnitude estimation and magnitude production

Magnitude estimation	is	a	direct	scaling	method.	It	is	a	procedure	in	which	observers	
are	asked	to	assess	directly	the	intensity	of	a	perception	or	the	quantity	of	any	psy-
chological	variable	(S.	S.	Stevens,	1975).	In	the	early	versions,	a	standard	was	placed	
in	the	middle	of	the	stimulus	range	and	called	10	(or	100).	Later	subjects	were	simply	
instructed	to	assign	numbers	 to	a	series	of	perceived	magnitudes	of	 the	presented	
stimulus	(e.g.,	intensity	or	pleasantness).	This	latter	procedure	is	called	free-number 
magnitude estimation	or	free-number	matching	(cf.	Zwislocki’s	absolute	magnitude	
estimation	in	Zwislocki	and	Goodman,	1980;	see	Section	2.4.7.4).

An	early	version	of	magnitude	estimation	was	also	called	the	method	of	ratio	esti-
mation	in	which	the	more	constrained	“multiplying”	and	“dividing”	were	required	
from	the	participant	before	she	reported	the	magnitudes.	A	complete	ratio scaling 
method	 was	 further	 developed	 by	 Ekman	 to	 involve	 full	 matrices	 of	 all	 stimulus	
magnitudes,	in	which	all	possible	pairs	of	stimulus	magnitude	were	compared	and	
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Figure 2.5 The	Borg	CR10	(©	G.	Borg,	1998)	and	CR100	(©	G.	Borg	&	E.	Borg,	2001)	
scales.
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judged	(e.g.,	Ekman,	1958;	Ekman	&	Sjöberg,	1965).	For	many	continua,	perceived	
intensity	(Ψ)	increases	with	stimulus	magnitude	(Φ)	as	a	power	function,

	 Ψ Φ= ⋅k n ,	 (2.7)

where	the	constant	k	depends	on	the	units	of	measurement	and	n	is	the	value	of	the	
exponent.	 The	 exponent	 has	 been	 found	 to	 differ	 depending	 on	 the	 sensory	 con-
tinuum	and	perceived	qualities	(S.	S.	Stevens	&	Galanter,	1957;	Berglund,	Berglund,	
Ekman,	&	Engen,	1971).	S.	S.	Stevens	(1975)	claims	that	the	value	of	the	exponent	
is	 an	 important	 property	 of	 a	 sensory	 continuum.	 For	 example,	 the	 exponent	 for	
pain	intensity	has	been	reported	to	be	as	high	as	3.5,	whereas	the	exponent	for	loud-
ness	typically	is	close	to	0.3	(sound	intensity;	0.6	sound	pressure).	Compared	with	
other	senses,	odorous	substances	exhibit	a	large	variation	in	exponents	of	their	power	
functions	 for	perceived	odor	 intensity.	The	reason	for	 this	 is	not	well	understood,	
although	it	is	believed	that	simultaneous	trigeminal	stimulation,	resulting	in	sensory	
irritation	perception,	may	cause	higher	exponents	than	“pure”	odorous	substances.

Magnitude production	is	the	opposite	scaling	procedure	to	magnitude	estimation.	
Instead	of	assigning	numbers	to	sensation	magnitudes,	subjects	instead	adjust	a	stimulus	
continuum	(e.g.,	sound	pressure	level	of	a	pink	noise)	such	that	the	perceived	intensity	
of	the	stimulus	quantity	matches	the	size	of	the	numbers	given	by	the	experimenter.

2.4.7.4  Absolute magnitude estimation

Zwislocki	and	coworkers	(Hellman	&	Zwislocki,	1963;	Zwislocki	&	Goodman,	1980;	
see	also	Gescheider,	1997)	suggest	that	free-number	magnitude	estimation	(Section	
2.3.7.3),	with	a	special	instruction,	may	meet	with	the	“absolute”	demands	necessary	
for	interindividual	comparisons.	He	named	the	method	absolute magnitude estima-
tion	(AME).	The	main	idea	is	that	through	our	experience	of	numerousness,	num-
bers	themselves	acquire	a	kind	of	“absolute”	magnitude	and	therefore	AME	(or	the	
numbers)	works	somewhat	like	a	second	modality	similarly	to	the	method	of	cross-
modality	matching	(see	Section	2.4.6.2),	which	has	been	shown	to	work	well.

2.4.7.5  Magnitude matching

J.	C.	Stevens	and	Marks	(1980)	 introduced	 the	method	of	magnitude	matching.	 It	
classifies	as	a	 joint scaling procedure (cf.	Berglund,	Berglund,	&	Lindvall,	1978).	
Participants	make	free	number	magnitude	estimations	of	sets	of	stimuli	on	a	“com-
mon”	 numerical	 scale,	 shifting	 between	 two	 (or	 more)	 modalities,	 for	 example,	
loudness	and	brightness,	from	trial	to	trial.	The	rationale	is	that	personal	numerical	
“idiosyncrasies”	should	be	cancelled	out	of	the	matching	function.	Participants	serve	
as	their	own	controls	reducing	variability	in	slope,	position,	and	shape	of	the	psycho-
physical	 functions.	 Under	 the	 strong	 assumption	 that	 the	psychophysical	 function	
of	one	of	the	modalities	is	“the	same”	in	all	individuals,	it	is	possible	to	assess	and	
“calibrate”	for	individual	differences	in	the	other,	target	modality	in	which	the	same	
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individuals	are	“not	the	same”	(J.	C.	Stevens	&	Marks,	1980;	Marks	&	Algom,	1998).	
This	method	has,	for	example,	been	used	by	Bartoshuk	(2000)	to	study	sensory	dif-
ferences	in	taste	perception	between	nontasters,	tasters,	and	supertasters.	Berglund	
and	 Nordin	 (1992)	 found	 that	 the	 assumption	of	 finding	 a	modality,	which	 is	 the	
same	for	all	 individuals,	whereas	another	 target	modality	 is	not,	 is	not	easily	ful-
filled.	They	showed	that	in	smokers,	as	compared	to	nonsmokers,	not	only	the	odor	
perception	was	affected	but	also	the	loudness	perception,	a	finding	that	rejected	the	
invariance	assumption	but	found	support	in	thus	far	unknown	findings.

2.4.7.6  Constrained scaling

Compared	 to	 the	 method	 of	 magnitude	 matching	 (Section	 2.4.6.5)	 and	 of	 master	
scaling	(Section	2.4.7.7),	Ward	(1992)	 takes	on	a	somewhat	opposite	view	on	how	
to	 treat	 individual	differences,	 namely	 to	view	 it	 as	measurement	behavior	 (West	
&	Ward,	 1994;	 West,	 Ward,	&	Kohsla,	 2000).	He	 emphasizes	 the	value	of	 “con-
strained”	scaling	by	using	an	arbitrary	scale.	According	to	this	method,	participants	
are	taught	and	trained	in	the	use	of	a	certain	standard	scale	(cf.	Section	2.4.6.3)	with	
a	specific	exponent	of	the	psychophysical	power	function	for	some	chosen	modality,	
until	they	are	able	to	reproduce	the	chosen	exponent	of	a	particular	power	function	
with	high	accuracy.	The	same	persons	then	use	the	same	scale	for	scaling	perceptual	
magnitudes	of	target	stimuli.

A	similar	approach	has	also	been	developed	by	Fanger	(1988)	and	been	proposed	
for	applications	in	the	field	of	indoor	air	quality.	The	participants	are	trained	to	scale	
perceived	odor	intensity	of	acetone	and	subsequently	told	to	use	this	same	number	
scale	also	when	scaling	other	quantities,	such	as	perceived	air	quality	in	rooms	(visi-
tors’	condition).	Both	Fanger	(1988)	and	Kasche	(2005)	train	observers	to	use	a	specific	
postulated	scale,	thus	getting	rid	of	between-observer	variance	for	the	odor-intensity 
set of concentrations	of	 a	 reference	 substance.	 In	principle,	 constrained	scaling	 is	
often	the	psychophysical	method	also	preferred	in	sensory	analysis	of	food	products.

2.4.7.7  Master scaling

In	order	to	keep	the	experimental	context	 invariant,	Berglund	(1991)	recommends	
joint	scaling	of	references	and	target	stimuli.	Her	master	scaling	was	originally	devel-
oped	for	the	calibrated	measurement	of	one	point	on	a	continuum	of	perceived	inten-
sity	(the	one	target)	with	the	aid	of	one	individual.	The	method	has	been	used	with	
great	success	in	studies	of,	for	example,	traffic	noise,	odorous	air	pollution,	and	in	
patients	with	chronic	pain	(e.g.,	Berglund	et	al.,	1974;	Berglund	&	Lindvall,	1979;	
Berglund	&	Harju,	2003;	Berglund,	Harju,	Kosek,	&	Lindblom,	2002).

In	master	scaling,	measurement	of	perceived	odor	intensity	is	viewed	as	a	con-
textually	based	dynamic	process.	Characteristically,	sensory	systems	are	dynamic	
and	adaptable.	Each	observer’s	magnitude	estimates	(Section	2.4.7.3)	consist	of	con-
text-dependent	 relative	values	 rather	 than	absolute	 levels	or	 invariables.	Between-
observer	variation	is	assumed	to	reflect	 true	perceptual	differences.	This	 is	not	 to	
say	that	an	observer	has	no	measurement	error,	only	to	say	that	true	among-observer	
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differences	in	(perceived)	odor	intensity	exist.	Master	scaling	means,	for	example,	
that	odor	intensity	of	a	set	of	well-defined	reference	concentrations	(e.g.,	pyridine)	
is	scaled	jointly	with	the	target	odor	emission(s);	hereafter	the	odor	intensity	of	the	
target	is	calibrated	to	the	agreed-upon	master	scale	of	the	references.	There	are	two	
principal	goals	with	master	scaling:	(a)	The	experimental	procedure	of	master	scal-
ing	is	used	for	measuring	and	evaluating	each	observer’s	scaling	behavior	with	the	
aid	of	reference	stimuli	(scaling	context);	and	(b)	the	master	scale	transformation	is	
used	to	measure	each	observer’s	perceived	intensity	of	 target	odor	emissions	on	a	
calibrated	(perceived)	odor	intensity	scale.	It	is	considered	especially	important	to	
differentiate	the	odor-intensity	variance	of	the	references	from	the	variance	of	the	
target,	a	problem	inherent	in	any	direct	equal-intensity	matching	procedure.

The	master	scale	transformation	is	as	follows.	The	perceived	odor	intensity	(R)	of	
the	references	is	a	power	function	of	concentration	(S),	R	=	c	Sn,	and	c	and	n	are	mul-
tiplicative	constant	and	exponent,	respectively	(see	Equation	(2.7)).	Let	this	equation	
of	the	master	function	for	the	pyridine	references	be	subscribed	by	m	and	the	corre-
sponding	equation	for	each	observer’s	empirical	odor	intensities	for	the	references	be	
subscribed	by	i.	Because	the	concentration	measures	of	the	references	are	the	same	
in	these	two	power-function	equations	(Sm	=	Si),	equating	the	two	and	rearranging	the	
terms	give	the	equation	for	the	master	scale	transformation,

	 R c
R
c

m m
i

i

n

n
m

i

= 





,	 (2.8)

where	Ri is	the	empirical	odor	intensity	of	each	subject’s	reference	scale,	and	Rm	is	
the	corresponding	odor	intensity	transformed	to	the	master	scale.	By	inserting	the	
individual	empirical	(perceived)	odor	intensity	values	of	the	target materials emis-
sion	 (Ri)	 into	Equation	 (2.8),	 these	 can	be	 transformed	 to	 the	unit and	 reference 
points of the master scale of odor intensity	(Rm),	defined	for	the	set	of	odor	intensi-
ties	of	the	pyridine	concentrations.

The	participants	are	quality	assured	 in	 that	 they	are	 to	produce	a	power	 func-
tion	for	the	reference	concentrations.	Participants	are	screened	ad	hoc	on	the	quality	
of	these	power	functions,	which	they	produce	in	the	scaling	experiment.	They	are	
free	to	use	the	number	scale	they	feel	comfortable	with,	as	is	the	case	in	magnitude	
estimation.	 In	principle,	master	 scaling	 involves	a	“calibration”	of	 individual	par-
ticipant’s	 perceived	 odor	 intensity	 scales.	 The	 uncertainty	 is	 determined	 for	 each	
participant	with	the	aid	of	the	references.	A	criterion	of	acceptable	uncertainty	may	
thus	be	used	before	averaging	the	empirical	data.	The	odor	 intensity	of	 the	target	
stimuli	can	either	be	expressed	in	master-scale	numbers	or	in	equivalent	concentra-
tion	values	of	the	reference.

2.4.8  Quantification: Indirect scaling methods

Indirect	scaling	methods	may	be	particularly	suited	for	scaling	psychological	attri-
butes	 of	 complex	 stimuli	 for	 which	 a	 relevant	 and	 common	 stimulus	 quantity	 is	
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lacking.	The	indirect	scaling	methods	differ	from	direct	scaling	methods	in	that	the	
collected	data	will	not	carry	enough	information	for	measurement	at	interval	or	ratio	
scales.	The	 judgments	 are	at	ordinal	 level:	 larger	 than	or	 smaller	 than.	To	obtain	
measurement	 on	 a	 higher	 order	 scale	 than	 the	 ordinal	 scale,	 certain	 assumptions	
have	to	be	introduced	and	applied	to	the	collected	empirical	data,	and	it	is	also	neces-
sary	to	test	the	assumptions	introduced	(data	theory;	Jacoby,	1991).	A	potential	con-
clusion	of	the	measurement	with	indirect	scaling	methods	may	be	that	the	assumed	
measuring	model	did	not	fit	the	data.

2.4.8.1  Thurstone’s judgment scaling model: Pair comparisons of stimuli

In	 Thurstonian	 scaling,	 the	 scaling	 of	 stimuli	 must	 always	 be	 done	 indirectly	
(Torgerson,	1958).	Each	stimulus,	when	presented	to	an	observer,	gives	rise	to	a	dis-
criminatory	process,	which	has	a	value	on	the	psychological	continuum	(e.g.,	degree	
of	annoyance).	Because	of	momentary	fluctuations	in	the	organism,	a	given	stimulus	
does	not	always	excite	the	same	discriminatory	process,	but	may	excite	one	with	a	
higher	or	lower	value	on	the	continuum.	The	discriminatory	process	reflects	how	the	
organism	identifies,	distinguishes,	or	reacts	to	stimuli.	It	is	postulated	that	the	values	
of	the	discriminatory	process	form	normal	frequency	distributions	on	the	psycho-
logical	continuum.	The	mean	(sj	and	sk)	and	the	standard	deviation	(σj	and	σk)	of	the	
distributions	associated	with	two	different	stimuli,	j	and	k,	are	their	scale	value	and	
discriminatory	dispersion,	respectively.

2.4.8.1.1 Law of Comparative Judgment.	 The	complete	form	of	the	law	of	com-
parative	judgment	reads	(Torgerson,	1958,	p.	161):

 sk – sj = zjk	(σj
2	+	σk

2	–	2rjk	σj	σk)1/2,	 (2.9)

where	zjk	is	the	distance	from	the	mean	expressed	with	the	variance	measure	as	unit.	
By	assuming	zero	correlations	 (r	=	0)	 and	equal	discriminatory	dispersions	 (σj	=	
σk	=	c),	the	law	of	comparative	judgment	reduces	to	Thurstone’s	Case	V:

 sk	–	sj	=	zik c	(2)1/2.	 (2.10)

If	c	(2)1/2	is	used	as	unit,	the	equation	reduces	to

	 sk – sj = zjk.	 (2.11)

As	an	example,	a	group	of	100	participants	conducts	pairwise	comparisons	of	annoy-
ance	attributed	to	seven	sound	recordings	of	different	kinds	of	aircraft	overflights.	
Each	 participant	 is	 to	 report	 which	 of	 two	 aircraft	 overflights	 is	 more	 annoying	
among	the	21	unique	pairs.	The	response	proportions	for	 the	100	participants	are	
calculated	and	transformed	to	z-values,	which	according	to	Case	V	constitute	scale	
intervals.	By	adding	the	z-values	of	each	column	of	the	square	matrix,	and	by	select-
ing	a	zero-point	of	the	scale,	the	annoyance	scale	is	established	as	an	interval	scale.
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2.4.8.1.2 Law of Categorical Judgment.	 In	 principle,	 this	 law	 states	 that	 the	
boundaries	between	adjacent	points	on	a	category	scale	behave	as	do	the	stimuli	in	
the	example	above.	It	also	assumes	there	is	a	psychological	continuum	of	the	observer	
that	can	be	divided	into	a	specific	number	of	ordered	categories.	For	this	case	differ-
ent	scaling	models	may	be	used	depending	on	the	type	of	replications	in	collecting	
the	data	(several	trials	per	observer	or	observers	viewed	as	replications	or	a	mix	of	
these	two).

Berglund,	Berglund,	and	Lindvall	(1975)	applied	Thurstone’s	Case	V	to	annoy-
ance	 questionnaire	 data	 (6-point	 category	 scale)	 in	 an	 epidemiological	 study	 of	
1,400–2,000	 inhabitants	 in	each	of	five	areas	of	aircraft	noise	exposure.	The	 fre-
quency	of	response	for	each	of	three	environmental	agents	was	tabulated	relative	to	
the	6	points	of	a	category	scale.	Frequencies	were	then	transformed	to	proportions	of	
the	total	number	of	responses,	and	the	proportions	further	transformed	into	a	normal	
deviate.	It	is	from	the	normal	deviates	that	the	continuum	of	annoyance	was	derived	
on	which	both	category	boundaries	and	the	participant’s	degree	of	annoyance	to	the	
environmental	noise	were	scaled;	in	this	case	Gulliksen’s	method	of	least	squares	
was	used	(Torgerson,	1958).	Once	the	annoyance	scale	is	established,	locations	of	
the	boundaries	for	the	verbal	categories	and	the	environmental	agents	in	each	area	
are	easily	determined.

The	interval	property	of	the	scale	means	that	the	annoyance	scales	for	differently	
exposed	areas	can	be	calibrated	to	a	common	reference	point	and	a	common	unit	of	
measurement.	In	Figure 2.6,	the	degree	of	annoyance	for	three	environmental	agents	
is	provided	on	 the	same	calibrated	scale	as	obtained	 in	 the	aircraft	noise	 investi-
gation	 (all	 five	 areas).	 The	 specific	 assumptions	 applied	 are	 that	 the	 variances	 of	
each	response	category	boundary	are	constant	and	independent	of	the	specific	envi-
ronmental	agent.	In	this	specific	Area	I,	the	degree	of	annoyance	for	each	agent	is	
expressed	by	the	mean	of	the	distributions.	The	means	are	located	on	an	interval	scale	
of	annoyance	and	therefore	quantitative	comparisons	of	the	agents	are	possible.

2.4.9  Combining methods

The	research	problem	has	certain	requirements	as	to	what	method	to	use.	It	may	be	
impossible	to	know	beforehand	the	range	of	stimulus	intensities	to	use,	for	example,	

0

25

Degree of Annoyance

Area I
Aircraft noise
Traffic noise
Standard noise

50f

1 2 3 4 5 6

Figure 2.6 Empirically	obtained	frequency	distributions	of	annoyance	with	regard	to	three	
different	kinds	of	noises.	The	means	of	the	distributions	represent	the	degree	of	annoyance	on	
a	calibrated	interval	scale.	Reprinted	from	Berglund,	Berglund,	&	Lindvall	(1975).
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if	the	odor	sensitivity	of	smokers	and	nonsmokers	(Berglund	&	Nordin,	1992)	were	
to	be	tested	or	of	patients	with	Alzheimer’s	disease	(Nordin,	Almkvist,	Berglund,	
&	 Wahlund,	 1997).	 In	 such	 cases,	 it	 may	 be	 favorable	 to	 introduce	 blanks	 in	 an	
experiment	designed	for	 the	method	of	constant	stimuli	such	that	signal	detection	
theory	may	be	applied	in	the	data	treatment.	The	reason	for	this	precaution	is	that	the	
expected	absolute	threshold	may	differ	a	great	deal	among	patients	and	individual	
smokers	or	nonsmokers.

In	some	cases,	it	may	also	be	favorable	to	combine	the	method	of	constant	stimuli	
with	magnitude	estimation	(Berglund	&	Nordin,	1992).	For	example,	first	ask	if	the	
subject	can	perceive	a	smell	or	not	(blanks	may	still	be	presented),	and,	if	the	sub-
ject	says	yes,	then	ask	how	intense	the	odor	of	the	sniff	is	and	get	a	quantity	by	the	
method	of	magnitude	estimation.

2.5  Descriptor profiling and multidimensional scaling

In	 environmental	 field	 applications,	 it	 is	 not	 possible	 to	 present	 exactly	 the	 same	
exposure	several	times.	For	example,	the	annoyance	of	an	aircraft	overflight	cannot	
be	repeated	with	a	short	time	interval	or	the	odor	of	indoor	air	will	not	be	stable	for	
long.	Alternatively,	it	may	then	be	possible	to	ask	a	group	of	subjects	to	judge	several	
aspects	of	their	perceptions	by	a	profiling	technique.	For	example,	several	category	
scales	could	be	used	for	measuring	the	sound	of	the	overflight	(e.g.,	loudness	and/or	
annoyance	 of	 the	 maximum,	 the	 perceived	 duration	 of	 the	 overflight,	 etc.)	 or	 the	
quality	 of	 the	 indoor	 air	 (e.g.,	 warmth,	 stuffiness,	 odor	 intensity,	 etc.	 to	 create	 a	
quantity	profile	of	the	qualities).

Ideally,	descriptor	profiles	would	be	built	from	8–10	perceptual–emotional	attri-
butes,	all	describing	 the	“quality	of	 the	 indoor	air.”	A	sheet	with	visual	analogue	
scales	 for	 each	attribute	 is	 prepared	with	 endpoints	marked	0%	match	 and	100%	
match.	The	selection	of	attributes	has	to	be	piloted	before	the	descriptor	profile	may	
be	considered	part	of	a	measuring	instrument	for	perceived	air	quality	(or	materials	
emissions).	Alternatively,	applicability	of	attributes	to	indoor	air	samples	or	materials	
emission	may	be	used	(Baird,	Berglund,	&	Shams	Esfandabad,	1994).	It	is	important	
that	careful	cross-translations	are	made	between	languages	of	different	countries.

The	scale	values	of	attribute	matches	(0–100%	interval	scale)	provide	a	character-
istic	profile	over	attributes	for	each	respondent.	A	correlation	matrix	may	be	formed	
from	 pairs	 of	 profiles,	 each	 profile	 characterizing	 the	 indoor	 air	 quality	 in	 parts	
of	 buildings	 or	 different	 buildings.	 Inasmuch	 as	 a	 profile	 represents	 one	 emission	
(one	indoor	air),	the	correlation	matrix	can	be	viewed	as	a	matrix	of	“similarities”	
(r 2 = shared variance).	Data	treatment	by	PCA	(principle	components	analysis,	con-
tent	model)	or	MDS	(multidimensional	scaling,	distance	model)	would	deliver	a	repre-
sentation	of	the	interrelations	among	the	materials	emissions	or	the	samples	of	indoor	
air.	There	are	methods	by	which	interindividual	differences	may	be	treated	according	
to	specific	theory	(e.g.,	INDSCAL,	see	Schiffman,	Reynolds,	&	Young,	1981).	Joint	
space	analysis	(attributes	and	stimuli)	with	correspondence	analysis	is	also	a	possibil-
ity	(Noma,	Berglund,	Berglund,	Johansson,	&	Baird,	1988;	Greenacre,	1984).
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3.1  The importance of measurement

Measurement	is	the	process	of	quantifying	the	extent	or	quantity	of	something	by	
comparison	with	a	fixed	unit	or	a	reference	object	of	known	size.	It	is	the	means	by	
which	we	make	objective	comparisons	between	 things	on	a	consistent	and	 repro-
ducible	basis,	and	provides	a	common	language	by	which	we	can	describe	objects	
or	behaviors.	Measurement	therefore	sits	at	the	heart	of	our	modern	technological	
world,	supporting	business,	trade,	industry,	and	science,	and	underpinning	the	regu-
latory	 framework	 that	helps	maintain	and	 improve	our	quality	of	 life,	 in	areas	as	
diverse	as	public	health	and	safety,	climate	change,	and	sports	and	leisure.	It	is	an	
essential	part	of	all	 scientific	and	 technological	 research	and	development,	allow-
ing	us,	for	example,	to	specify	the	physical	or	chemical	attributes	of	a	substance	or	
an	object,	to	evaluate	the	activity	of	different	parts	of	the	brain,	to	quantify	human	
perceptual	responses	and	behaviors,	to	assess	societal	trends,	or	even	(through	the	
choice	of	an	appropriate	measurement	method	and	scale)	to	enumerate	such	seem-
ingly	abstract	qualities	as	intelligence	or	happiness.	In	the	words	of	Lord	Kelvin:

When	you	can	measure	what	you	are	speaking	about,	and	express	it	in	numbers,	
you	know	something	about	it;	but	when	you	cannot	measure	it,	when	you	cannot	
express	it	in	numbers,	your	knowledge	is	of	a	meagre	and	unsatisfactory	kind:	
it	may	be	the	beginning	of	knowledge,	but	you	have	scarcely,	in	your	thoughts,	
advanced	 to	 the	 stage	of	 science	 (as	quoted	 in	American	Association	 for	 the	
Advancement	in	Science).

The	importance	of	physical	measurements	for	applications	such	as	manufactur-
ing,	construction,	and	commerce	has	been	recognized	since	the	beginnings	of	human	
civilization.	In	the	time	of	the	Egyptian	pharaohs,	for	example,	the	architects	respon-
sible	for	building	the	pyramids	faced	the	death	penalty	if	they	failed	to	calibrate	their	
reference	measurement	standards	(“cubit	sticks”)	at	each	full	moon.	By	implementing	
such	a	rigorous	measurement	regime,	they	were	able	to	achieve	construction	accu-
racy	of	0.05%.	Early	measures	of	length	were	generally	based	on	human-	centered	

3
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references.	In	the	case	of	the	Royal	Egyptian	cubit,	for	example,	the	reference	was	
the	length	of	the	forearm	of	the	pharaoh	ruling	at	that	time	(measured	from	his	bent	
elbow	to	the	tip	of	his	extended	middle	finger)	plus	the	width	of	the	palm	of	his	hand.	
This	was	then	transferred	to	a	carved	granite	reference	stick,	against	which	all	other	
measuring	sticks	could	be	compared.	Similarly,	the	references	used	for	other	basic	
measures,	such	as	weight,	were	based	on	commonly	available	materials;	for	example,	
the	Egyptians	and	Greeks	used	a	wheat	seed	as	the	smallest	unit	of	weight,	a	stan-
dard	that	was	very	uniform	and	accurate	for	the	times.

However,	despite	their	success,	there	were	significant	problems	associated	with	
all	such	measures,	due	to	the	fact	that	they	were	impossible	to	reproduce	reliably	over	
a	long	period	of	time,	or	in	different	locations.	The	death	of	a	pharaoh	in	Egypt,	for	
example,	would	result	in	a	step	change	in	the	system	for	length	measurement	used	
in	that	country,	and	a	year	of	drought	or	excessive	rain	could	change	the	weight	of	
a	wheat	seed.	As	the	need	for	consistent	and	reliable	measurement	units	increased,	
particularly	for	the	purposes	of	trade	between	regions,	so	the	systems	of	measure-
ment	moved	to	being	based	on	internationally	agreed	reference	artifacts,	which	were	
kept	in	carefully	controlled	conditions	to	ensure	long-term	consistency	and	against	
which	all	others	could	be	compared	to	ensure	region-to-region	agreement.	Even	this	
approach	had	its	limitations,	however,	inasmuch	as	not	only	could	the	reference	arti-
facts	change	with	time	(even	if	carefully	maintained)	but	also	because	the	accuracy	
with	which	 they	could	be	 transferred	was	 limited	by	 the	accuracy	of	 the	measur-
ing	 instrumentation	 used.	 Modern	 physical	 measurements	 are	 therefore	 based	 on	
a	system	of	seven	base units,	which	are	all	defined	from	first	principles	(with	 the	
exception	of	the	unit	of	mass,	the	kilogram,	which	is	still	based	on	a	single	reference	
artifact)	and	from	which	all	other	physical	measures	can	be	derived.	This	is	the	so-
called	International	System	of	Units	(SI),	which	is	discussed	further	in	Section	3.2.

Of	course,	as	already	mentioned,	the	concept	of	measurement	is	not	limited	to	the	
quantification	of	physical	parameters,	such	as	mass,	time,	or	electric	current,	but	is	
also	used	in	many	other	areas	of	science,	business,	and	industry.	Often	these	types	
of	measurement	are	directly	(and	obviously)	linked	to	physical	measurements.	For	
example,	measurements	of	activity	in	different	regions	of	the	brain	carried	out	using	
an	electroencephalography	(EEG)	system	are	based	directly	on	measurements	of	the	
electric	current	(or	voltage)	for	each	of	the	sensors	and	on	knowledge	of	the	position	
of	each	sensor	on	the	head.	If	 the	electrical	measurements	are	made	using	equip-
ment	 that	has	not	been	calibrated	 (or	whose	performance	has	not	been	otherwise	
validated),	or	if	the	sensors	are	incorrectly	positioned,	then	any	conclusions	drawn	
from	 such	 EEG	 measurements	 may	 be	 invalid.	 In	 other	 cases,	 however,	 the	 link	
with	physical	measurements	is	less	clear,	but	nevertheless	important.	For	example,	
measures	of	human	subjective	responses,	such	as	the	level	of	enjoyment	experienced	
when	listening	to	different	types	of	music,	may	be	derived	solely	from	responses	to	
questionnaires,	but	increasingly	this	information	is	linked	with	the	measurement	of	
physical	 responses	 (e.g.,	 heart	 rate	 or	 blood	 pressure)	 to	 provide	 additional	 infor-
mation.	Thus	physical	measurement	plays	an	important	role	in	all	areas	related	to	
understanding	human	perception	and	interpretation	or	“measuring	the	impossible.”
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3.2  The Metre Convention and the International System of Units

The	value	of	a	quantity	is	generally	expressed	as	the	product	of	a	number	and	a	unit,	
where	the	unit	is	a	particular	example	of	the	quantity	concerned	which	is	used	as	a	
reference,	and	the	number	is	the	ratio	of	the	value	of	the	quantity	to	the	unit.	It	is	
possible	to	use	any	defined	reference	as	the	basis	for	a	given	measurement;	all	that	
is	necessary	is	for	the	chosen	reference	to	be	available	at	the	time	the	measurement	
is	made.	This,	as	we	have	seen,	was	the	approach	taken	for	the	earliest	measurements	
and	it	is	sometimes	still	used	in	cases	where	consistency	between	different	people	
making	the	measurements	is	not	needed	and	where	long-term	continuity	of	measure-
ment	is	not	important.	Which	of	us	has	not,	for	example,	at	some	time	“measured”	
length	by	comparison	with	our	own	 thumb	or	 arm	 length,	 in	order	 to	provide	an	
approximate	assessment	of	“size.”	But	such	measurements	are	by	definition	impre-
cise	and	difficult	 to	communicate	 reliably.	They	are	entirely	unsuited	 for	modern	
science,	 technology,	 industry,	and	commerce	where,	 for	example,	components	are	
sourced	from	many	different	suppliers,	goods	are	traded	internationally,	safety	needs	
to	be	demonstrated	and	assured,	and	performance	specifications	need	to	be	met.

This	need	for	consistency	and	reproducibility	in	measurement	has	been	enshrined	
in	an	international	 treaty,	named	the	Metre	Convention,	which	was	first	signed	in	
Paris	in	1875	by	representatives	of	17	nations	and	established	a	permanent	organi-
zational	structure	under	which	member	governments	act	in	common	accord	on	all	
matters	relating	to	units	of	measurement.	This	treaty,	which	was	modified	slightly	
in	 1921,	 remains	 the	 basis	 of	 international	 agreement	 on	 units	 of	 measurement	
and	 now	 has	 53	 member	 states,	 including	 all	 the	 major	 industrialized	 countries.	
The	Metre	Convention	created	the	International	Bureau	of	Weights	and	Measures	
(BIPM),	an	intergovernmental	organization	that	operates	under	the	authority	of	the	
General	Conference	on	Weights	 and	Measures	 (CGPM)	and	 is	 supervised	by	 the	
International	Committee	for	Weights	and	Measures	(CIPM).	The	task	of	the	BIPM	is	
to	ensure	worldwide	unification	of	measurements	and	act	as	a	central	focus	for	world	
metrology,	particularly	concerning	the	demand	for	measurement	standards	of	ever-
increasing	accuracy,	range,	and	diversity,	and	the	need	to	demonstrate	equivalence	
between	national	measurement	standards.

A	key	feature	of	the	Metre	Convention	is	the	establishment	of	a	practical	system	
of	units	of	measurement,	known	as	the	Système	International	d’Unités	(International	
System	of	Units,	international	abbreviation	SI;	see	Organisation	Intergouvernementale	
de	 la	Convention	du	Mètre,	2006),	which	has	been	used	around	 the	world	as	 the	
preferred	language	of	science	and	technology	since	its	adoption	in	1948	through	a	
Resolution	of	the	9th	CGPM.	Under	this	system	there	are	seven	well-defined	base 
units,	which	are	defined	by	international	agreement	by	the	CGPM	and	which	are,	by	
convention,	regarded	as	dimensionally	independent.	These	base	units	are:	the	metre,	
the	 kilogram,	 the	 second,	 the	 ampere,	 the	 kelvin,	 the	 candela,	 and	 the	 mole	 (see	
Table 3.1).	All	other	units	within	the	SI	are	termed	derived units,	formed	by	combin-
ing	base	units	according	to	the	algebraic	relations	linking	the	corresponding	quanti-
ties	 (which	 are	 accordingly	 described	 as	 base quantities	 and	 derived quantities).	
Thus	although	for	simplicity	some	derived	units	have	been	given	special	names,	such	
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Table 3.1 Base	quantities	and	units	of	the	SI

SI base quantity SI base unit
Unit 

symbol
Quantity 
symbol Definition

Length Metre m l,	x,	etc. The	metre	is	the	length	of	the	path	
travelled	by	light	in	a	vacuum	
during	a	time	interval	of	
1/299,792,458	of	a	second.

Mass Kilogram kg m The	kilogram	is	the	unit	of	mass;	it	
is	equal	to	the	mass	of	the	
international	prototype	of	the	
kilogram.

Time,	duration Second s t The	second	is	the	duration	of	
9,192,631,770	periods	of	the	
radiation	corresponding	to	the	
transition	between	the	two	
hyperfine	levels	of	the	ground	
state	of	the	caesium	133	atom.

Electric	current Ampere A I,	i The	ampere	is	that	constant	current	
which,	if	maintained	in	two	
straight	parallel	conductors	of	
infinite	length,	of	negligible	
circular	cross-section, and	placed	
1	metre	apart	in	a	vacuum,	would	
produce	between	these	conductors	
a	force	equal	to	2	×	10-7	newton	
per	metre	of	length.

Thermodynamic	
temperature

Kelvin K T The	kelvin,	unit	of	thermodynamic	
temperature,	is	the	fraction	
1/273.16	of	the	thermodynamic	
temperature	of	the	triple	point	of	
water.

Luminous	
intensity

Candela cd Iv The	candela	is	the	luminous	
intensity,	in	a	given	direction,	of	a	
source	that	emits	monochromatic	
radiation	of	frequency	540	×	1012	
hertz	and	that	has	a	radiant	
intensity	in	that	direction	of	1/683	
watt	per	steradian.
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as	the	hertz,	volt,	watt,	newton,	and	lumen,	all	derived	units	can	also	be	expressed	as	
products	of	powers	of	the	base	units.	The	equations	that	express	the	derived	quanti-
ties	in	terms	of	the	base	quantities	also	define	the	expression	for	the	derived	units	in	
terms	of	the	base	units.	For	example,	the	derived	quantity	velocity	is	defined	as	the	
distance	moved	divided	by	the	time	taken,	that	is,	as	length	divided	by	time,	so	the	
derived	unit	for	velocity	is	metre	per	second	(m	·	s–1).	Similarly	the	derived	quantity	
force,	F,	is	related	to	the	SI	base	quantities	through	the	relationship:

	 F ma
ml

t
= = 2

where	m	is	the	mass,	a	is	the	acceleration,	l	is	the	distance	moved,	and	t	the	time	
taken.	Thus	the	SI	unit	for	force	is	kilogram	meter	per	second	squared	(kg	·	m	·	s–2),	
which	is	given	the	special	name	of	the	newton,	symbol	N.

It	is	important	to	note	that	the	SI	is	not	static,	but	continues	to	evolve	to	match	
the	world’s	increasingly	demanding	requirements	for	measurement.	Historically	the	
first	units	to	be	defined	as	base	units	were	the	metre,	the	kilogram,	and	the	second,	
with	the	ampere,	the	kelvin,	and	the	candela	being	added	by	a	resolution	of	the	10th	
CGPM,	in	1954,	and	the	mole	being	agreed	as	a	seventh	base	unit	at	the	14th	CGPM	
in	1971,	after	lengthy	discussions	between	physicists	and	chemists.	The	definition	of	
each	base	unit	of	the	SI	is	carefully	drawn	up	so	that	it	is	unique	and	provides	a	sound	
theoretical	basis	upon	which	the	most	accurate	and	reproducible	measurements	can	
be	made.	The	realization	of	the	definition	of	a	unit	is	the	procedure	by	which	this	

Table 3.1 (continued) Base	quantities	and	units	of	the	SI

SI base quantity SI base unit
Unit 

symbol
Quantity 
symbol Definition

Amount	of	
substance

Mole mol n 	 1.	 The	mole	is	the	amount	of	
substance	of	a	system	which	
contains	as	many	elementary	
entities	as	there	are	atoms	in	
0.012	kilogram	of	carbon	12.

	 2.	 When	the	mole	is	used,	the	
elementary	entities	must	be	
specified	and	may	be	atoms,	
molecules,	ions,	electrons,	
other	particles,	or	specified	
groups	of	such	particles. 

In	this	definition,	it	is	understood	
that	unbound	atoms	of	carbon	12,	
at	rest	and	in	their	ground	state,	
are	referred	to.
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definition	 is	used	 to	establish	 the	value	and	associated	uncertainty	of	 the	unit.	As	
technology	has	advanced,	it	has	become	both	possible	and	necessary	to	change	the	
definitions	of	the	base	units,	to	achieve	lower	uncertainties	or	greater	consistency.	For	
example,	the	unit	of	time,	the	second,	was	at	one	time	considered	to	be	the	fraction	
1/86,400	of	the	mean	solar	day,	with	the	exact	definition	of	“mean	solar	day”	being	
left	 to	 the	 astronomers.	 However,	 measurements	 showed	 that	 irregularities	 in	 the	
rotation	of	the	Earth	made	this	an	unsatisfactory	definition,	and	it	would	certainly	
not	be	suitable	for	use	in	modern	technological	applications,	such	as	global	position-
ing	 systems.	 This	 need	 for	 more	 precise	 and	 reproducible	 measurements	 of	 time,	
coupled	with	advances	in	technology	that	allowed	measurements	of	time	based	on	
the	frequency	of	atomic	oscillations,	has	led	to	the	adoption	of	an	atomic	standard	of	
time,	based	on	a	transition	between	two	energy	levels	of	the	cesium	133	atom.	The	
most	recent	change	in	the	definition	of	one	of	the	SI	base	units	was	in	1983	(at	the	
17th	CGPM)	and	was	related	to	the	definition	of	the	unit	of	length,	the	metre.	Many	
of	the	changes	that	have	been	made	to	the	definition	of	the	units,	particularly	since	
the	earliest	days	of	the	SI,	reflect	a	desire	to	ensure	that	all	the	base	units	can	be	real-
ized	independently	from	first	principles,	without	reference	to	a	physical	artifact;	an	
objective	which	is	driving	current	international	research	aimed	at	establishing	a	new	
definition	for	the	kilogram	(the	last	unit	to	be	linked	to	a	physical	reference	artifact).

In	the	context	of	measurements	relating	to	human	perception	and	cognition,	which	is	
a	major	focus	of	“measuring	the	impossible,”	the	position	of	the	SI	with	respect	to	units	
for	quantities	that	describe	biological	effects	is	particularly	important.	These	units	are	
often	difficult	to	relate	to	SI	units	because	they	typically	involve	weighting	factors	that	
may	not	be	precisely	known	or	defined,	and	which	may	be	both	energy	and	frequency	
dependent.	For	example,	electromagnetic	radiation	can	cause	chemical	changes	in	liv-
ing	or	nonliving	materials,	but	the	nature	and	magnitude	of	these	changes	depends	on	
the	frequency	(or,	equivalently,	the	wavelength),	power,	and	geometrical	properties	of	
the	radiation.	As	a	result	it	is	not	possible	to	establish	a	simple	relationship	between	the	
SI	base	units	and	the	biological	response	that	applies	for	all	electromagnetic	radiation,	
or	indeed	even	for	all	situations	across	specific	limited	spectral	regions,	such	as	the	
ultraviolet.	Unique	in	this	respect	is	the	candela,	which	has	been	formally	defined	as	
one	of	the	SI	base	units	and	applies	to	measurements	of	the	interaction	of	light	with	the	
human	eye	in	vision	(so-called	photometry).	Several	other	photometric	quantities	with	
units	derived	from	the	candela	have	also	been	defined,	such	as	the	lumen	and	the	lux.	
For	all	other	photobiological	and	photochemical	measurements	the	SI	recommends	
that	the	optical	radiation	in	question	be	characterized	by	its	spectral	distribution.	This	
may	then	be	weighted	by	the	action	spectrum	(i.e.,	the	relative	spectral	effectiveness	
of	 optical	 radiation)	 for	 the	photochemical	 or	 photobiological	 effect	 considered,	 to	
give	an	integral	value,	but	in	this	case	the	unit	used	for	the	integrated	radiant	quantity	
is	the	same	as	that	for	the	underpinning	spectral	quantity;	thus	it	is	essential	also	to	
state	the	action	spectrum	that	has	been	used	in	order	to	understand	the	meaning	of	the	
quantitative	value.	An	example	is	given	in	Table 3.2.

Many	psychophysical	responses	can	be	characterized	in	terms	of	dimensionless	
logarithmic	ratios,	most	notably	the	response	to	changes	in	sound	intensity	at	a	given	
frequency.	There	are	no	specific	SI	units	for	such	logarithmic	ratios,	but	the	CIPM	
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Table 3.2 Calculation	of	photobiological	quantities	in	radiometry

Wavelength, λ
nm

Lamp spectral flux, Φ(λ)
W

UV hazard action 
spectrum, suv(λ)

Erythemal action 
spectrum, ser(λ)

<200 0.000000 — —
200 0.000000 0.030000 1.000000
205 0.051863 0.051000 1.000000
210 0.112560 0.075000 1.000000
215 0.236439 0.095000 1.000000
220 0.303842 0.120000 1.000000
225 0.330000 0.150000 1.000000
230 0.360590 0.190000 1.000000
235 0.441261 0.240000 1.000000
240 0.471595 0.300000 1.000000
245 0.503237 0.360000 1.000000
250 0.526061 0.430000 1.000000
255 0.555685 0.520000 1.000000
260 0.630966 0.650000 1.000000
265 0.622298 0.810000 1.000000
270 0.771722 1.000000 1.000000
275 0.835807 0.960000 1.000000
280 0.813363 0.880000 1.000000
285 0.767389 0.770000 1.000000
290 0.724387 0.640000 1.000000
295 0.729527 0.540000 1.000000
300 0.757817 0.300000 0.648634
305 0.732355 0.060000 0.219786
310 0.709882 0.015000 0.074473
315 0.713278 0.003000 0.025235
320 0.706919 0.001000 0.008551
325 0.649260 0.000500 0.002897
330 0.640969 0.000410 0.001413
335 0.630451 0.000340 0.001189
340 0.625314 0.000280 0.001000
345 0.677279 0.000240 0.000841
350 1.271558 0.000200 0.000708
355 0.707310 0.000160 0.000596
360 0.640000 0.000130 0.000501
365 0.541735 0.000110 0.000422
370 0.455264 0.000093 0.000355
375 0.300987 0.000077 0.000299
380 0.200462 0.000064 0.000251
385 0.100364 0.000053 0.000211

(Continued)
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has	officially	accepted	the	units	of	the	neper,	bel,	and	decibel	for	use	with	the	SI.	
The	neper,	Np,	is	used	to	express	the	values	of	quantities	whose	numerical	values	
are	based	on	the	use	of	the	neperian	(or	natural)	logarithm,	ln	=	loge.	The	bel	and	
the	decibel,	B	and	dB,	where	1	dB	=	(1/10)	B,	are	used	to	express	the	values	of	loga-
rithmic	ratio	quantities	whose	numerical	values	are	based	on	the	decadic	logarithm,	
lg	=	log10.	Measurements	of	sound	intensity	(or	“loudness”)	are	usually	expressed	in	
decibels,	relative	to	a	specified	0	dB	reference	which	is	typically	set	at	the	threshold	
of	perception	of	an	average	human.	The	main	reason	for	using	the	decibel	for	sound	
perception	is	that	the	ear	is	capable	of	detecting	a	very	large	range	of	sound	pres-
sures,	covering	a	ratio	in	excess	of	a	million	to	one.	Because	the	power	in	a	sound	
wave	is	proportional	to	the	square	of	the	pressure,	the	ratio	of	the	maximum	power	
to	the	minimum	power	is	more	than	1012.	To	deal	with	such	a	range,	logarithmic	units	
are	useful:	the	logarithm	of	1012	is	12,	so	the	ratio	of	maximum	power	to	minimum	
power	for	human	auditory	perception	represents	a	difference	of	120	dB.	When	mak-
ing	measurements	of	sound	for	human	perception,	account	also	has	to	be	taken	of	the	
fact	that	the	human	ear	is	not	equally	sensitive	to	all	sound	frequencies:	this	process	
is	called	frequency	weighting	and	is	similar	to	the	process	used	for	spectral	weight-
ing	of	photobiological	quantities.

3.3  Relevant physical parameters for studies in sensory science

We	interact	with	our	environment,	and	with	objects	within	that	environment,	through	
our	five	senses;	therefore	the	physical	measurements	that	are	most	relevant	for	sen-
sory	science	are	those	relating	to	the	parameters	that	are	sensed	through	our	sensory	
transducers,	such	as	light	and	surface	reflectance	(in	the	case	of	vision)	or	surface	
roughness	and	thermal	effusivity	(in	the	case	of	touch).	These	are	listed	in	Table 3.3.	
However,	 as	 mentioned	 previously,	 other	 types	 of	 physical	 measurement	 are	 also	
of	 interest	 where	 they	 are	 used	 in	 instrumentation	 to	 measure	 human	 behavioral	

Table 3.2 (continued) Calculation	of	photobiological	quantities	in	radiometry

Wavelength, λ
nm

Lamp spectral flux, Φ(λ)
W

UV hazard action 
spectrum, suv(λ)

Erythemal action 
spectrum, ser(λ)

390 0.054211 0.000044 0.000178
395 0.000000 0.000036 0.000150
400 0.000000 0.000030 0.000126

>400 0.000000 — —
Integrated	value	
(in	watts	–	the	
action	spectrum	
used	must	also	
be	quoted)

20.904 6.071 10.525

Note:	 In	this	example	the	total	lamp	flux	is	20.904	W,	the	UV	hazard	flux	is	6.071	W	(weighted	
using	the	UV	hazard	action	spectrum)	and	the	erythemal	flux	is	10.525	W	(weighted	using	
the	erythemal	action	spectrum).	When	quoting	the	result,	the	action	spectrum	must	be	given,	
as	well	as	the	unit	(W).
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Table 3.3 Key	physical	parameters	for	sensory	transduction

Sensory 
modality Physical parameter and SI units Sensory response

Vision Luminance	(candela per metre squared, cd · m–2):	
light	reflected	from	or	emitted	by	a	surface

Brightness

Gloss (dimensionless):	light	reflected	in	specific	
directions	relative	to	the	incident	direction

Shininess

Chromaticity for non-self-luminous surfaces 
(dimensionless):	spectral	reflectance	of	surface	
combined	with	spectral	irradiance	of	illuminating	light	
source

Color	

Chromaticity for self-luminous surfaces 
(dimensionless):	spectral	radiance	of	surface	

Color

Dimensional characteristics (metre, m):	length,	
volume,	etc.	

Size	and	shape

Chroma, saturation, hue and other color appearance 
measures (dimensionless): derived	from	spectral	
reflectance	and	spectral	radiance/irradiance	
measurements,	defined	in	terms	of	various	color	
measurement	systems

Color	appearance	in	
the	context	of	the	
visual	environment	

Goniometric and spatial surface characteristics 
(dimensionless):	spectral	reflectance	as	a	function	of	
position	and	angle	combined	with	spectral	irradiance	
of	illuminating	light	source	as	a	function	of	position	
and	angle

Visual	texture	and	
pattern

Light scattering characteristics (dimensionless):	
spectral	transmittance	as	a	function	of	position,	angle	
and	thickness

Transparency,	
clarity,	haze,	
translucency

Touch Surface topography (metre, m):	height	of	surface	as	a	
function	of	position

Roughness/
smoothness

Friction (Newton, N):	force	experienced	when	moving	
a	fingertip	over	the	surface

Stickiness,	
slipperiness

Hardness (dimensionless):	resistance	to	indentation	
(measured	on	various	defined	ratio	scales)

Hardness

Tensile strength, elasticity (pascal, Pa, or newton per 
metre squared, N · m–2):	resistance	to	deformation

Stretchiness,	
bendability,	drape,	
compressibility	

Thermal effusivity (joule per metre squared per 
kelvin per square root second, J · m–2 · K–1 · s–½ or 
watt square-root second per metre squared per 
kelvin, W · s½ · m–2 · K–1):	ability	of	a	material	to	
exchange	thermal	energy	with	its	surroundings

Coldness,	wetness

(Continued)
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responses,	such	as	brain	activity.	Those	physical	parameters	that	are	most	relevant	in	
this	context	are	listed	in	Table 3.4.

3.4  Calibration, traceability, and measurement uncertainty

Calibration	 is	 the	 act	 of	 checking	 or	 adjusting	 (by	 comparison	 with	 a	 standard)	
the	 values	 shown	 by	 a	 measuring	 instrument	 in	 order	 to	 confirm	 their	 validity:	
that	is,	it	 is	the	process	of	assigning	“correct”	values	to	the	measurement	scale	of	

Table 3.3 (continued) Key	physical	parameters	for	sensory	transduction

Sensory 
modality Physical parameter and SI units Sensory response

Sound Acoustic pressure (pascal, Pa, or newton per metre 
squared, N · m–2):	sound	wave	amplitude

Loudness

Acoustic intensity (watt per metre squared, W · m–2):	
sound	power	per	unit	area

Loudness

Acoustic frequency (hertz, Hz):	sound	wave	frequency Pitch,	sharpness,	
tone	quality,	timbre

Acoustic impedance (decibel, dB—note this is 
accepted for use with SI, but is not an SI unit):	
attenuation	of	sound	waves	through	a	medium

Muffled

Taste	and	
smell

Chemical composition (mole per metre cubed, 
mol · m–3)

Flowery,	fruity,	
salty,	sweet,	bitter,	
sour	….

Table 3.4 Key	physical	parameters	relevant	for	instrumentation	used	to	measure	brain	
activity	and	physiological	responses	for	human	behavioral	studies

Instrumentation/method Physical parameters

Electroencephalography	(EEG) Voltage	(volt,	V),	time	(second,	s),	length	(metre,	m)
Electromyography	(EMG) Voltage	(volt,	V),	time	(second,	s)
Event-related	potential	(ERP) Voltage	(volt,	V),	time	(second,	s)
Functional	magnetic	resonance	
imaging	(FMRI)

Magnetic	field	strength	(ampere	per	metre,	A·m–1),	time	
(second,	s),	length	(metre,	m)

Functional	near-infrared	
imaging	(FNIR)

Optical	radiation	intensity	(watt,	W),	time	(second,	s),	
length	(metre,	m)

Magnetoencephalography	
(MEG)

Magnetic	field	strength	(ampere	per	metre,	A·m–1),	time	
(second,	s),	length	(metre,	m)

Magnetic	induction	tomography	
(MIT)

Magnetic	field	strength	(ampere	per	metre,	A·m–1),	time	
(second,	s),	length	(metre,	m)

Positron	emission	tomography	
(PET)

Radionuclide	activity	(becquerel,	Bq),	time	(second,	s),	
length	(metre,	m)

Transcranial	magnetic	
stimulation	(TMS)

Magnetic	field	strength	(ampere	per	metre,	A·m–1)	

Heart	rate Frequency	(hertz,	Hz)
Blood	pressure Pressure	(pascal,	Pa	or	newton	per	metre	squared,	N·m–2)
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an	 instrument.	At	 its	 simplest	 level,	 therefore,	 calibration	 is	merely	a	comparison	
between	measurements:	one	a	measurement	of	known	magnitude	using	a	device	of	
known	performance	(the	reference	or	standard)	and	the	other	using	the	test	device	
whose	performance	is	to	be	calibrated.

Traceability	 is	 the	 process	 of	 linking	 the	 calibration	 values	 to	 internationally	
recognized	measurement	standards	(realized	at	national	measurement	laboratories)	
through	 an	 unbroken	 chain	 of	 calibrations.	 One	 of	 the	 simplest	 ways	 of	 ensuring	
traceability	is	by	using	an	approved	calibration	laboratory	that	has	been	assessed	by	an	
independent	accreditation	body	against	the	requirements	of	ISO	17025	(International	
Organization	for	Standardization,	2005).	This	is	not	 the	only	approach	(e.g.,	many	
national	measurement	 laboratories	have	 chosen	not	 to	have	 a	 formal	 accreditation	
against	ISO	17025)	but	if	using	a	nonaccredited	laboratory,	it	is	up	to	the	user	to	ver-
ify	that	the	linkage	to	national	measurement	standards	can	be	clearly	demonstrated.

Measurement uncertainty	is	defined	as	“a	parameter,	associated	with	the	result	of	
a	measurement,	that	characterizes	the	dispersion	of	the	values	that	could	be	reason-
ably	attributed	to	the	measurand”	(Joint	Committee	on	Guides	in	Metrology,	2008).	
It	is	usually	expressed	in	terms	of	the	bounds	of	an	interval	within	which	the	cor-
rect	result	of	the	measurement	may	be	reasonably	presumed	to	lie.	The	concept	of	
measurement	uncertainty	is	used	to	recognize	the	fact	that,	as	explained	in	Section	
3.4.2	below,	no	measurement	or	test	is	ever	performed	perfectly	and	the	imperfec-
tions	in	the	process	and	the	instrumentation	used	will	give	rise	to	error	in	the	result.	
Consequently,	the	result	of	a	measurement	is,	at	best,	only	an	approximation	to	the	
true	value	of	the	quantity	being	measured	(the	“measurand”)	and	is	only	complete	
when	the	measured	value	is	accompanied	by	a	statement	of	the	uncertainty	of	that	
approximation.	This	uncertainty	evaluation	must	 include	not	only	 the	uncertainty	
contributions	arising	from	the	measurement	process,	but	also	(where	this	 is	a	sig-
nificant	contribution	to	the	overall	uncertainty)	the	uncertainty	associated	with	the	
calibration	of	the	instrumentation	used.

3.4.1  Terms related to measurement uncertainty

The	terms	repeatability,	reproducibility,	precision,	accuracy,	and	error	are	often	used	
incorrectly	and	therefore	merit	special	discussion.	Although	they	are	all	associated	
in	some	way	with	measurement	uncertainty,	 they	have	different	and	very	specific	
meanings:

•	 Repeatability:	A	measure	of	the	spread	in	results	under	conditions	where	
independent	 results	 are	 obtained	 with	 the	 same	 method	 on	 identical	 test	
items	in	the	same	laboratory	by	the	same	operator	using	the	same	equip-
ment	within	short	intervals	of	time.	The	usual	way	to	quantify	repeatability	
is	in	terms	of	the	standard	deviation	of	the	results.

•	 Reproducibility:	A	measure	of	closeness-of-agreement	between	the	results	
of	measurements	of	the	same	property	on	identical	test	items,	when	carried	
out	under	changed	conditions	of	measurement	(e.g.,	by	a	different	opera-
tor	or	a	different	method,	or	at	a	different	time).	Reproducibility	is	usually	
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quantified	in	terms	of	the	standard	deviation	of	 the	mean	result	obtained	
from	each	of	the	independent	sets	of	measurements.

•	 Precision:	In	science	and	metrology	this	refers	to	the	closeness	of	agreement	
between	indications	or	measured	quantity	values	obtained	by	replicate	mea-
surements	on	the	same	or	similar	objects	under	specified	conditions.	It	can	
be	synonymous	with	repeatability	or	with	reproducibility	depending	on	the	
conditions	under	which	the	replicate	measurements	are	made.	Precision	is	
often	misused,	especially	in	colloquial	usage,	to	mean	“accuracy,”	“uncer-
tainty,”	“resolution,”	or	“fineness	of	discrimination,”	and	it	should	therefore	
be	used	with	caution.

•	 Measurement accuracy:	 An	 expression	 of	 the	 closeness-of-agreement	
between	 the	measured	value	and	 the	 true	value.	As	 the	 true	value	 is	not	
known,	accuracy	is	a	qualitative	term	only	and	cannot	be	given	a	numerical	
value.	A	measurement	is	said	to	be	more	accurate	when	it	offers	a	smaller	
measurement	error.

•	 Measurement error:	This	is	defined	as	the	measured	quantity	value	minus	a	
reference	quantity	value.	It	should	not	be	confused	with	a	production	error	
or	mistake.	Measurement	errors	can	take	two	forms:
•	 Systematic measurement error:	The	component	of	measurement	error	

that	in	replicate	measurements	remains	constant	or	varies	in	a	predict-
able	 manner.	 Systematic	 measurement	 error,	 and	 its	 causes,	 can	 be	
known	or	unknown.	A	correction	can	be	applied	to	compensate	for	a	
known	systematic	measurement	error.

•	 Random measurement error:	 The	 component	 of	 measurement	 error	
that	in	replicate	measurements	varies	in	an	unpredictable	manner.

3.4.2  Selection of measurement instruments, methods, and standards

A	number	of	factors	can	influence	the	accuracy	and	validity	of	a	measurement	result	
and	these	must	be	considered	when	deciding	on	the	suitability	of	the	selected	mea-
surement	instrument	for	the	intended	purpose,	the	reference	or	standard	to	be	used	
for	the	calibration	of	the	chosen	instrument,	the	calibration	and	measurement	proce-
dures	to	be	adopted,	and	the	confidence	that	can	be	placed	in	subsequent	measure-
ments	using	the	calibrated	instrument	(i.e.,	the	factors	that	must	be	considered	when	
developing	a	measurement	uncertainty	budget;	see	Section	3.5.4).	Some	of	the	most	
important	of	these	factors	can	be	summarized	as	follows.	(Note	this	is	not	an	exhaus-
tive	list	and	the	relative	importance	of	these,	and	other	factors,	will	depend	on	the	
actual	measurement	being	performed.)

	 1.	Each	step	in	the	traceability	chain	affects	the	accuracy	and	validity	of	the	
final	measurement	result.	Generally	the	more	steps	in	the	calibration	chain,	
the	higher	the	measurement	uncertainty	becomes,	and	it	is	therefore	often	
desirable	to	minimize	the	number	of	steps	between	the	national	measure-
ment	 standards	 and	 the	 reference	 used	 for	 the	 calibration.	 However,	 the	
uncertainty	associated	with	each	step	in	the	chain	must	also	be	considered:	
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a	small	number	of	steps	each	with	 relatively	 large	uncertainty	will	often	
result	in	a	higher	overall	uncertainty	than	a	longer	traceability	chain	with	
low	uncertainty	at	each	step	in	this	chain.

	 2.	The	most	accurate	results	for	any	calibration	are	obtained	when	comparing	
like	with	like.	Conversely,	every	difference	between	the	reference	and	test	
instruments,	or	between	 the	 reference	and	 test	artifacts,	 introduces	addi-
tional	uncertainty	into	the	results.	For	example,	fewer	potential	sources	of	
measurement	uncertainty	will	be	introduced	when	measuring	the	luminance	
of	a	visual	display	screen	if	the	measuring	instrument	has	been	calibrated	
by	reference	to	a	similar	type	of	display	rather	than,	say,	a	tungsten	filament	
lamp.	If	possible,	therefore,	it	is	generally	preferable	to	calibrate	a	measur-
ing	instrument	using	a	reference	instrument	that	has	similar	properties	to	
the	test	instrument.	But	in	any	case,	it	must	always	be	known	what	reference	
was	used	for	the	calibration,	because	without	this	information	it	is	not	pos-
sible	to	carry	out	a	proper	assessment	of	the	measurement	uncertainty.

	 3.	The	relationship	between	the	values	displayed	by	the	test	 instrument	and	
the	“correct”	values	may	vary	between	different	ranges	on	the	instrument	
(“range-change	errors”),	or	within	a	range	(“linearity	errors”).	It	is	there-
fore	important	to	calibrate	the	instrument	on	each	range	over	which	it	will	
be	used,	and	for	several	points	spanning	each	of	these	ranges.

	 4.	Strictly	 speaking,	 a	 calibration	 only	 applies	 at	 the	 time	 it	 is	 carried	 out.	
Instrument	performance	may	drift	with	time	or	with	use,	so	the	calibration	
must	be	repeated	at	regular	intervals	in	order	to	assess	and	allow	for	such	
drifts.	This	regular	recalibration	allows	a	“calibration	history”	to	be	estab-
lished,	which	gives	confidence	in	the	reliability	(or	otherwise)	of	the	results	
of	measurements	made	using	the	instrument.	A	suitable	recalibration	interval	
should	therefore	be	specified	in	the	calibration	procedure	for	the	instrument.

	 5.	The	results	of	a	calibration	depend	on	the	environmental	and	operational	
conditions	at	the	time	of	measurement	(ambient	temperature,	humidity,	sup-
plied	current	or	voltage,	etc.).	Changes	in	these	conditions	may	have	a	sig-
nificant	impact	on	the	results	of	measurements	made	using	the	instrument;	
the	most	accurate	results	will	be	obtained	only	if	the	calibration	conditions	
are	carefully	reproduced	during	use.

	 6.	Even	if	the	environmental	and	operational	conditions	are	well	controlled,	
repeated	 measurements	 may	 not	 agree	 with	 each	 other,	 due	 to	 random	
effects	associated	with	the	measuring	instrument	or	with	the	artifact	being	
measured.	For	example,	one	source	of	uncertainty	 in	electrical	measure-
ments	 is	 thermal	 noise,	 arising	 from	 the	 equilibrium	 fluctuations	 of	 the	
electric	current	 inside	an	electrical	conductor	due	 to	 the	random	thermal	
motion	of	the	charge	carriers.	It	is	not	possible	to	eliminate	such	random	
effects	 by	 the	 application	 of	 correction	 factors,	 but	 they	 can	 be	 allowed	
for	by	making	several	repeat	measurements	from	which	a	mean	value	and	
standard	deviation	can	be	calculated;	increasing	the	number	of	indications	
will	reduce	the	uncertainty	in	the	mean	value	due	to	their	effect.
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	 7.	 Instrument	resolution	can	have	a	significant	impact	on	the	results	of	a	calibra-
tion	and	must	be	considered	when	choosing	the	points	at	which	to	perform	
the	calibration.	For	example,	if	the	instrument	is	only	able	to	read	with	a	reso-
lution	of	1	unit,	performing	the	calibration	at	a	point	that	generates	a	reading	
of	10	units	will	mean	that	the	best	uncertainty	that	can	be	achieved	is	approx-
imately	 10%,	 even	 if	 all	 other	 sources	 of	 uncertainty	 are	 zero.	 Similarly	
resolution	 influences	 the	uncertainty	 in	 the	measurements	made	using	 the	
instrument;	it	is	generally	preferable	to	change	to	a	range	with	higher	sensi-
tivity	when	measuring	values	toward	the	lower	end	of	a	given	range.

3.5  Evaluating measurement uncertainty

This	section	describes	the	conventional	approach	to	evaluation	of	measurement	uncer-
tainty,	which	is	applicable	to	a	broad	spectrum	of	measurements	and	will	be	suitable	
for	most	measurements	in	the	field	of	measuring	the	impossible.	Other	approaches	
may	be	more	applicable	in	specific	cases,	for	example,	numerical	approaches	such	
as	a	Monte	Carlo	method	and	those	based	on	a	Bayesian	analysis.	It	is	only	possible	
here	to	give	a	brief	introduction	to	the	principles	of	uncertainty	evaluation;	further	
information	can	be	found	in	Joint	Committee	on	Guides	in	Metrology,	2008;	United	
Kingdom	Accreditation	Service,	2007;	Cox	and	Harris,	2006;	and	Bell,	2001.

3.5.1  Defining the measurement function

Before	carrying	out	any	measurement	 it	 is	necessary	 to	decide	what	quantity	Y	 is	
to	be	measured	and	to	select	an	appropriate	measurement	procedure	for	 this	mea-
surand.	Having	defined	 the	measurement	procedure,	 it	 is	 then	possible	 to	 identify	
what	aspects	of	this	procedure	may	influence	the	result	of	the	measurement:	that	is,	to	
determine	all	significant	input	quantities	Xi	that	may	affect	the	output	Y.	Based	on	this	
information	it	 is	possible	to	develop	a	model,	 the	so-called	measurement	function,	
that	describes	the	functional	relation	f	between	the	input	quantities	and	the	output:

 Y	=	f (X1,	X2,	…,	XN).	 (3.1)

Thus	the	function	f	of	Equation	(3.1)	expresses	not	simply	a	physical	law,	but	a	mea-
surement	process,	and	in	particular,	it	should	contain	all	quantities	that	can	contrib-
ute	a	significant	uncertainty	to	the	measurement	result.

The	value	of	Y	cannot	be	known	exactly;	instead	an	estimate	of	this	value,	denoted	
by	y,	is	obtained	from	Equation (3.1)	using	input	estimates	x1,	x2,	…,	xN	for	the	values	
of	the	N	input	quantities	X1,	X2,	…,	XN.	Thus,	the	output	estimate	y,	which	is	the	result	
of	the	measurement,	is	given	by

 y	=	f (x1,	x2,	…,	xN).	 (3.2)

3.5.2  Calculating the measurement uncertainty

The	uncertainty	of	the	measurement	result	y	can	be	evaluated	from	knowledge	of	
the	uncertainties	u(xi)	(sometimes	referred	to	as	ui	for	brevity)	of	the	input	estimates	
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xi	that	are	used	in	Equation (3.2).	These	uncertainties	for	the	input	quantities	can	be	
determined	in	two	different	ways:

•	 Type A uncertainties	are	evaluated	by	the	statistical	analysis	of	a	series	
of	indications.

•	 Type B uncertainties	are	evaluated	by	other	methods,	and	are	usually	based	
on	scientific	judgment	using	all	 the	relevant	information	available,	which	
may	include:
•	 Previous	measurement	data
•	 Experience	with,	or	general	knowledge	of,	the	behavior	of	the	materials	

or	instruments	used
•	 Manufacturer’s	specifications
•	 Data	provided	in	calibration	reports

Each	component	of	uncertainty,	however	it	is	evaluated,	is	represented	by	a	stan-
dard	deviation,	termed	the	standard	uncertainty	u(xi),	which	is	equal	to	the	positive	
square	root	of	the	variance	u2(xi).	For	a	Type	A	uncertainty	component	the	variance	
can	be	determined	directly	by	statistical	methods.	For	a	Type	B	uncertainty	compo-
nent	the	variance	(and	thus	the	standard	uncertainty)	is	obtained	from	an	assumed	
probability	distribution	function	(PDF),	which	describes	the	range	of	possible	values	
that	the	measured	variable	can	attain	and	the	probability	that	the	value	of	the	vari-
able	 is	within	any	subset	of	 that	 range.	 In	 the	majority	of	cases	one	of	 two	PDFs	
can	 be	 assigned	 (other	 PDFs	 may	 apply	 under	 special	 circumstances;	 see	 United	
Kingdom	Accreditation	Service,	2007;	and	Cox	&	Harris,	2006):

•	 A	normal	or	Gaussian	distribution	(see	Figure 3.1).	This	is	used,	for	exam-
ple,	when	allowing	for	the	uncertainty	associated	with	the	calibration	of	a	
measuring	 instrument.	 The	 calibration	 certificate	 for	 such	 an	 instrument	
will	typically	give	the	uncertainty	for	a	stated	level	of	confidence,	usually	

Measured Value, x

Pr
ob

ab
ili

ty
, p

Figure 3.1 The	normal,	or	Gaussian,	probability	distribution.	The	size	of	the	distribution	is	
described	in	terms	of	a	standard	deviation.	The	shaded	area	represents	±1	standard	deviation	
from	the	center	of	the	distribution.	This	corresponds	to	approximately	68%	of	the	area	under	
the	curve.
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95%,	and	the	standard	uncertainty	can	then	be	calculated	by	treating	the	
quoted	uncertainty	as	if	a	normal	distribution	had	been	used	to	calculate	it	
(unless	otherwise	indicated)	and	dividing	it	by	the	appropriate	factor	for	a	
normal	distribution	(1.96	for	a	95%	confidence	level).

•	 A	rectangular	distribution	(see	Figure 3.2).	This	is	used	in	situations	where	
there	is	no	specific	knowledge	about	the	possible	values	of	Xi	between	an	
estimated	upper	and	lower	limit	and	one	can	only	assume	that	it	is	equally	
probable	for	Xi	to	take	any	value	within	these	bounds,	with	zero	probability	
of	being	outside	them.	It	is	generally	a	reasonable	default	distribution	in	the	
absence	of	any	other	information.	In	this	case	the	standard	uncertainty	is	
given	by	the	half-width	of	the	rectangular	limits,	divided	by	√3.	Consider,	
for	example,	a	meter	indicating	a	displayed	reading	of	101;	here	the	value	
of	the	quantity	has	equal	probability	of	lying	anywhere	between	100.5	and	
101.5	and	the	standard	uncertainty	is	therefore	0.5/√3,	or	0.29.

The	estimated	standard	deviation	of	the	measurement	result	is	given	by	the	com-
bined	standard	uncertainty	uc(y),	which	is	obtained	by	combining	the	individual	stan-
dard	uncertainties	u(xi)	using	the	law	of	propagation	of	uncertainty.	This	is	commonly	
referred	to	as	the	root-sum-of-squares	or	RSS	method	of	combining	uncertainty	com-
ponents	estimated	as	standard	deviations,	and	is	given	by	Equation	(3.3)	below.	(Note	
Equation	(3.3)	gives	a	simplified	version	of	 the	 law	of	propagation	of	uncertainty,	
which	applies	when	the	input	quantities	are	uncorrelated.	For	more	detailed	informa-
tion	the	reader	is	referred	to:	Joint	Committee	on	Guides	in	Metrology,	2008;	United	
Kingdom	Accreditation	Service,	2007;	and	Cox	&	Harris,	2006.)
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Figure 3.2 The	rectangular	probability	distribution.	The	distribution	of	possible	values	has	
a	half-width,	or	semi-range,	of	a;	there	is	equal	probability	of	the	value	of	xi	being	anywhere	
within	the	range	xi	–	a	 to	xi	+	a,	and	zero	probability	of	 it	being	outside	these	limits.	The	
standard	deviation	is	given	by	a/√3.
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The	parameter	ci	is	termed	the	sensitivity	coefficient,	and	quantifies	how	changes	
in	the	input	quantity	Xi	affect	the	output	quantity	Y.	In	other	words,	it	describes	how	
the	output	estimate	y	varies	with	a	corresponding	small	change	in	an	input	estimate	
xi.	It	is	obtained	by	calculating	the	partial	derivative	of	the	function	f	with	respect	to	
Xi	and	determining	the	value	of	this	partial	derivative	using	the	estimated	values	of	
all	the	input	quantities.	However,	the	calculations	required	in	order	to	determine	sen-
sitivity	coefficients	by	partial	differentiation	can	be	a	lengthy	process,	particularly	
when	there	are	many	input	contributions	and	uncertainty	estimates	are	needed	for	a	
range	of	values.	It	is	often	beneficial,	therefore,	to	obtain	the	sensitivity	coefficients	
directly	through	the	practical	approach	of	changing	one	of	the	input	variables	by	a	
known	amount,	while	keeping	all	other	 inputs	constant,	and	noting	 the	change	 in	
the	measured	output	(the	sensitivity	coefficient	 is	 then	given	by	the	change	in	 the	
measured	output	divided	by	the	change	in	the	input	quantity).

It	should	also	be	noted	that	if	the	functional	relationship	between	the	input	and	
output	quantities	is	a	simple	addition	or	subtraction	of	the	input	quantities,	then	all	the	
input	quantities	are	directly	related	to	the	output	quantity	and	the	partial	derivatives	
will	all	be	unity.	If	the	functional	relationship	is	a	product	or	quotient	(i.e.,	the	output	
quantity	is	obtained	from	only	the	multiplication	or	division	of	the	input	quantities),	
this	can	be	simplified	by	the	use	of	relative	values,	for	example,	those	expressed	in	
percentage	terms	or	in	parts	per	million.	The	general	form	of	such	a	relationship	is:

	 Y X X Xp p
N
pN= …1 2

1 2 ,	 (3.4)

where	the	exponents	pi	are	known	positive	or	negative	numbers.	The	relative	stan-
dard	uncertainty	is	then	given	by
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The	use	of	relative	uncertainties	can	often	simplify	the	calculations	and	is	particu-
larly	helpful	 when	 the	 input	 quantities	 and	 the	uncertainties	 are	 already	given	 in	
relative	terms.	However,	sensitivity	coefficients	may	still	be	required	to	account	for	
known	 relationships,	 such	 as	 the	 influence	 of	 a	 temperature	 coefficient.	 Relative	
uncertainties	should	not	be	used	when	the	functional	relationship	is	already	an	addi-
tion	or	subtraction.

3.5.3  Reporting measurements and uncertainties

As	 explained	 in	 Section	 3.4,	 the	 result	 of	 a	 measurement	 is	 only	 complete	 when	
the	measured	value	(i.e.,	the	estimate	of	the	measurand)	is	accompanied	by	a	state-
ment	 of	 the	 associated	uncertainty.	Sometimes	 this	 is	 done	by	 simply	 stating	 the	
measured	value	together	with	the	combined	standard	uncertainty.	More	commonly,	
however,	what	is	required	is	a	measure	of	uncertainty	that	defines	an	interval	about	
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the	measured	value	y within	which	the	true	value	of	the	measurand	Y is	confidently	
believed	to	lie.	This	is	termed	the	expanded	uncertainty	U,	and	is	obtained	by	multi-
plying	uc(y)	by	a	coverage	factor	k.	In	other	words:

 U =	kuc(y)	 (3.6)

and	it	is	confidently	believed	that

 y – U	≤	Y	≤	y +	U	(usually	written	as	Y =	y ±	U).	 (3.7)

Most	 commonly	 a	 coverage	 factor	of	2	 is	 used,	which	 corresponds	 to	 a	 “level	
of	confidence”	or	“coverage	probability”	of	approximately	95% under	a	Gaussian	
assumption.	 In	other	words,	 the	 interval	y	±	U	 is	expected	 to	contain	95%	of	 the	
values	 that	 could	 be	 attributed	 to	 the	 output	 quantity	 on	 the	 assumption	 that	 the	
uncertainty	 distribution	 is	 Gaussian.	 Where	 a	 result	 is	 quoted	 with	 an	 expanded	
uncertainty	instead	of	a	standard	uncertainty,	the	coverage	factor	used	must	always	
be	stated.	An	example	is	given	in	Section	3.5.4	below.

3.5.4  Calculating uncertainty: An example

Consider	the	problem	of	measuring	the	current	flowing	through	an	electrical	circuit	
by	measuring	 the	voltage	drop	across	 a	 calibrated	 reference	 resistor	using	 a	 cali-
brated	digital	voltmeter	(DVM).	The	current	I	is	given	by	the	equation	I	=	V/R	where	
V	is	the	voltage	drop	measured	across	the	standard	resistor	R.	Suppose	that	the	fol-
lowing	conditions	apply:

	 1.	The	standard	resistor	was	calibrated	at	a	temperature	of	20	°C.
	 2.	The	 calibrated	 resistance	 for	 the	 standard	 resistor	 is	 1.060	 Ω	 with	 an	

expanded	uncertainty	of	0.001	Ω	for	a	coverage	factor	of	k	=	2.
	 3.	The	operating	temperature	of	the	resistor	at	the	time	of	measurement	is	30	°C	

and	the	temperature	coefficient	for	this	resistor	is	known	to	be	+0.001	Ω	per	
degree	Celsius	with	a	standard	uncertainty	of	0.0001	Ω	per	degree	Celsius.

	 4.	The	manufacturer’s	data	sheet	for	the	standard	resistor	states	a	maximum	
drift	in	resistance	of	±0.0005	Ω	per	year;	the	resistor	was	calibrated	within	
the	previous	year	and	no	correction	for	possible	drift	has	been	applied.

	 5.	The	DVM	has	been	calibrated	and	adjusted	so	that	it	needs	no	correction	to	
the	displayed	values	on	the	1	V	range	for	an	ambient	temperature	of	20	°C,	
with	a	stated	expanded	uncertainty	for	the	calibration	of	0.01%	for	a	cover-
age	factor	of	k	=	2.

	 6.	The	ambient	temperature	at	the	time	of	measurement	is	25	°C	and	the	manu-
facturer’s	data	sheet	for	the	DVM	states	that	the	temperature	coefficient	does	
not	exceed	±0.001%	per	degree	Celsius;	no	correction	is	applied	for	the	dif-
ference	in	temperature	between	the	ambient	conditions	and	the	calibration	
conditions	because	a	best	estimate	of	zero	is	implied	by	the	information.

	 7.	The	readout	resolution	of	the	DVM	is	0.1	mV.
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	 8.	The	manufacturer’s	data	sheet	for	the	DVM	states	a	maximum	drift	in	cali-
bration	of	+0.8	mV	per	year;	the	DVM	was	last	calibrated	nearly	one	year	
ago	and	it	has	therefore	been	decided	that	a	correction	for	possible	drift	of	
+0.4	mV	should	be	applied,	with	a	maximum	uncertainty	of	±0.4	mV.

	 9.	A	 total	of	10	 independent	 readings	are	 taken	 from	 the	DVM	on	 the	1	V	
range,	with	the	following	results:	0.8081,	0.8090,	0.8093,	0.8096,	0.8084,	
0.8098,	0.8083,	0.8086,	0.8092,	0.8099.

Based	on	this	information,	the	following	measurement	function	applies:

	 I
V V V T
R R R T
m d t V

c d t R

= + +
+ +

∆
∆

,	 (3.8)

where	the	input	quantities	are	as	follows:

Vm	 =		voltage	measured	using	 the	DVM,	which	has	associated	uncertainties	
arising	from:

DVM	calibration,	Vc

Voltage	measurement	repeatability,	u(V)	=	s(Vm)
DVM	resolution,	Vr

Vd	 =		drift	in	the	DVM	since	calibration.
Vt	 =		temperature	coefficient	of	the	DVM.
ΔTv	 =		temperature	difference	between	 the	ambient	 temperature	at	 the	 time	of	

measurement	and	the	temperature	at	the	time	of	calibration	of	the	DVM.
Rc	 =		calibrated	resistance	value	of	the	standard	resistor.
Rd	 =		drift	in	the	standard	resistor	since	calibration.
Rt	 =		temperature	coefficient	of	the	standard	resistor.
ΔTR	=		temperature	 difference	 between	 the	 operating	 temperature	 of	 the	 resis-

tor	 at	 the	 time	 of	 measurement	 and	 the	 temperature	 at	 the	 time	 of	 its	
calibration.

The	mean	of	the	measured	voltage	Vm,	and	the	experimental	standard	deviation	of	
the	mean	(also	known	as	the	standard	error	of	the	mean)	s(Vm),	are	obtained	by	statis-
tical	means	using	the	following	equations,	where n	is	the	number	of	indications:

	 V
n

Vm m j

j

n

=
=

∑1
1

, 	 (3.9)

	 s V
n n

V Vm m j m

j

n

( )
( )

( ),=
−

−
=

∑1
1

2

1

	 (3.10)

This	gives	Vm	=	0.80902	V	and	s(Vm)	=	0.20	mV.
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This	means	that	the	best	estimate	of	the	current	through	the	resistor	is:

	 I
V V V T
R R R T
m d t V

c d t R

= + +
+ +

= + +∆
∆

0 80902 0 0004 0
1

. .
.0060 0 0 001 10+ + ×( . )

	=	0.7565	A

This	value	on	 its	own	 is	not	 sufficient;	 the	 associated	uncertainty	must	be	calcu-
lated	by	establishing	the	uncertainty	budget	(see	Table 3.5).	This	uncertainty	budget	
includes	an	allowance	for	 the	uncertainty	associated	with	each	of	 the	 input	quan-
tities,	 and	 also	 states	 the	 form	 of	 the	 probability	 distribution,	 the	 divisor	 used	 to	
convert	from	the	stated	uncertainty	value	to	the	standard	uncertainty,	the	sensitivity	
coefficient,	and	the	degrees	of	freedom.	In	most	cases	the	degrees	of	freedom	is	infi-
nite,	but	for	Type	A	uncertainties	the	degrees	of	freedom	is	one	less	than	the	number	
of	indications	on	which	the	uncertainty	evaluation	is	based	(i.e.,	 it	 is	given	by	the	
value	of	n	–	1	in	Equation	(3.10)).	The	effective	degrees	of	freedom	for	the	combined	
standard	uncertainty	νeff	is	calculated	from	the	degrees	of	freedom	for	the	individual	
uncertainty	contributions	νi,	using	the	Welch–Satterthwaite	formula:

	 ν

ν

eff
c

i

ii

N

u y

u y
=

=
∑

4

4

1

( )

( )
,	 (3.11)

where

	 u y c u xi i i( ) ( )≡ .	 (3.12)

Knowledge	of	the	effective	degrees	of	freedom	allows	the	relationship	between	the	
coverage	factor	and	the	confidence	level	to	be	calculated,	using	the	Student’s	t	distri-
bution	(tabulated	in	UKAS	M3003,	2007).	For	νeff	greater	than	about	50,	a	coverage	
factor	of	2	corresponds	to	a	confidence	level	of	approximately	95%.

For	the	example	given	above	and	in	Table 3.5,	the	expanded	uncertainty	of	the	
calibration	is	calculated	to	be	0.23%,	or	0.0017	A,	for	a	coverage	factor	k = 2	and	with	
effective	degrees	of	freedom	greater	than	4000.	The	final	result	of	the	measurement	
would	be	quoted	in	one	of	the	following	forms:

The	current	flowing	through	the	circuit	is	0.7565	A	±	0.0017	A.
The	reported	expanded	uncertainty	is	based	on	a	standard	uncertainty	multi-

plied	by	a	coverage	factor	k	=	2,	providing	a	level	of	confidence	of	approxi-
mately	95%.

or

The	current	flowing	through	the	circuit	is	0.7565	A	±	0.23%.
The	reported	expanded	uncertainty	is	based	on	a	standard	uncertainty	multi-

plied	by	a	coverage	factor	k	=	2,	providing	a	level	of	confidence	of	approxi-
mately	95%.

3.6  Notation

Table 3.6	summarizes	the	meaning	of	the	notation	used	in	this	chapter.
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Table 3.6 Summary	of	notation	used

Symbol Meaning

ci Sensitivity	coefficient	used	to	multiply	the	value	of	an	input	quantity	Xi	to	express	
it	in	terms	of	the	measurand	Y;	quantifies	how	changes	in	the	input	quantity	Xi	
impact	on	the	output	quantity	Y.	Given	by:

c
f
x

i
i

≡ ∂
∂

f Functional	relationship	between	measurand	Y	and	input	quantities	Xi	on	which	Y	
depends,	and	between	output	estimate	y	and	input	estimates	xi	on	which	y	
depends

∂
∂
f
xi

Partial	derivative	with	respect	to	input	quantity	Xi	of	functional	relationship	f	
between	measurand	Y	and	input	quantities	Xi	on	which	Y	depends,	evaluated	at	
Xi	=	xi	where	i	=	1,	…	N:

∂
∂

= ∂
∂ …

f
x

f
Xi i x x xN1 2, , ,

k Coverage	factor	used	to	calculate	expanded	uncertainty	U	=	kuc(y)	of	output	
estimate	y	from	its	combined	standard	uncertainty	uc(y)

N Number	of	input	estimates	xi	on	which	the	value	of	the	measurand	depends
n Number	of	repeated	observations	
q Arithmetic	mean	or	average	of	n	independent	repeated	observations	qk	of	

randomly	varying	quantity	q
qj jth	independent	repeated	observation	of	randomly	varying	quantity	q
s(q) Experimental	standard	deviation	of	the	mean	q;	standard	uncertainty	obtained	

from	a	Type	A	evaluation:

s q
s q

n

j( ) =
( )

s(qj) Experimental	standard	deviation	determined	from	n	independent	repeated	
observations	qj	of	q:

s q
n

q qj j

j

n

( ) =
−

−( )
=

∑1
1

2

1

u2(xi) Estimated	variance	associated	with	input	estimate	xi	that	estimates	the	input	
quantity	Xi;	when	xi	is	determined	from	the	arithmetic	mean	or	average	of	n	
independent	repeated	observations,	u2(xi)	is	obtained	by	a	Type	A	evaluation:

u x s q
n n

q qi j

j

n

2 2 2

1

1
1

( ) = ( ) =
−( ) −( )

=
∑

u(xi) Standard	uncertainty	of	input	estimate	xi	that	estimates	the	input	quantity	Xi;	when	
xi	is	determined	from	the	arithmetic	mean	or	average	of	n	independent	repeated	
observations,	u(xi)	is	obtained	by	a	Type	A	evaluation:

u x s qi( ) = ( )
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4.1  Introduction

The	 theory	 of	 measurement	 is	 an	 interdisciplinary	 subject	 that	 grew	 out	 of	 the	
attempt	 to	 put	 the	 foundations	 of	 measurement	 on	 a	 firm	 mathematical	 founda-
tion.	 Building	 on	 classic	 examples	 of	 measurement	 in	 the	 physical	 sciences,	 the	
theory	was	motivated	by	the	attempt	to	make	measurement	in	economics,	psychol-
ogy,	 and	 other	 disciplines	 more	 precise.	 The	 theory	 traces	 its	 roots	 to	 the	 work	
of	Helmholtz	(1887/1930),	and	was	widely	formalized	in	 the	 twentieth	century	in	
such	books	as	Krantz,	Luce,	Suppes,	and	Tverksy	(1971),	Luce,	Krantz,	Suppes,	and	
Tversky	(1990),	Pfanzagl	(1968),	Roberts	(1979/2009),	and	Suppes,	Krantz,	Luce,	
and	Tversky	(1989).	Measurement	theory	is	now	beginning	to	be	applied	in	a	wide	
variety	of	new	areas.	Little	known	in	the	fields	of	epidemiology	and	public	health,	
the	 theory	 has	 the	 potential	 to	 make	 important	 contributions	 to	 epidemiological	
measurement.	 In	 turn,	 problems	 of	 epidemiology	 are	 posing	 new	 challenges	 for	
measurement	theory.

We	seek	to	answer	questions	such	as	the	following:

•	 Is	it	meaningful	to	say	that	the	malaria	parasite	load	has	doubled?
•	 Is	 the	average	cough	score	 for	one	set	of	TB	patients	higher	 than	 that	

for	another?
•	 For	controlling	the	spread	of	HIV,	which	of	abstinence	education,	universal	

screening,	and	condom	distribution	are	more	effective?

All	of	these	questions	have	something	to	do	with	measurement.	We	provide	a	brief	
introduction	to	the	theory	of	measurement,	with	an	emphasis	on	the	types	of	scales	
that	can	arise.

In	 almost	 every	practical	 application	 in	 epidemiology,	 something	 is	measured.	
Yet	in	many	cases,	little	attention	is	paid	to	the	limitations	that	the	scales	of	measure-
ment	being	used	might	place	on	the	conclusions	that	can	be	drawn	from	them.	Scales	

4
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may	to	some	degree	be	arbitrary,	involving	choices	about	zero	points	or	units	or	the	
like.	It	would	be	unwise	to	make	decisions	that	could	turn	out	differently	if	the	arbi-
trary	choice	of	zero	point	or	unit	is	changed	in	some	“admissible”	way.	We	are	inter-
ested	in	exploring	the	extent	to	which	this	can	happen,	and	in	laying	down	guidelines	
for	what	conclusions	based	on	scales	of	measurement	are	allowable.	We	make	these	
ideas	precise	by	introducing	a	key	measurement	theory	concept	of	meaningfulness.	
Using	examples	 from	 the	 study	of	diseases	 such	as	HIV,	malaria,	 and	 tuberculo-
sis,	we	give	a	variety	of	examples	of	meaningless	and	meaningful	statements.	More	
subtle	applications	include	averaging	judgments	of	cough	severity	or	judgments	of	
fatigue,	finding	measures	of	air	pollution	combining	different	pollutants,	and	evalu-
ating	alternative	HIV	treatments	using	“merging”	procedures	for	normalized	scores.	
We	also	discuss	the	meaningfulness	of	statistical	tests	and	of	answers	to	optimiza-
tion	questions	in	epidemiology	arising	from	problems	such	as	the	effect	of	climate	
change	on	health.	We	then	discuss	general	 results	about	how	to	average	scores	 to	
attain	measures	allowing	meaningful	comparisons	and	close	with	a	discussion	about	
measurement	issues	arising	in	the	study	of	behavioral	responses	to	health	events.

4.2  Scales of measurement

It	seems	clear	that	measurement	has	something	to	do	with	numbers.	In	this	chapter,	
it	suffices	to	think	of	assigning	real	numbers	to	objects.	Our	approach	to	scales	of	
measurement	 is	based	on	 the	notion,	going	back	 to	 the	psychologist	S.	S.	Stevens	
(1946,	1951,	1959),	that	the	properties	of	a	scale	are	captured	by	studying	admissible 
transformations,	transformations	that	lead	from	one	acceptable	scale	to	another.	For	
example,	we	transform	temperature	measurements	from	centigrade	into	Fahrenheit	
and	mass	measurements	from	kilograms	into	pounds.	Assuming	a	scale	assigns	a	
real	number	f(a)	to	each	object	a	being	measured,	an	admissible	transformation	of	
scale	can	be	thought	of	as	a	function	ϕ	that	takes	f (a)	into	(ϕ	∘	f)(a).

Our	approach	to	scales	of	measurement	is	based	on	ideas	introduced	by	Stevens.	
Assuming	 that	 a	 scale	 assigns	 a	 real	 number	 to	 each	 object	 being	 measured,	 we	
call	 a	 scale	 a	 ratio scale	 if	 the	 admissible	 transformations	 are	 of	 the	 form	 ϕ(x)	
=	 αx,	 α	 >	 0,	 an	 interval scale	 if	 the	 admissible	 transformations	 are	 of	 the	 form	
ϕ(x)	 =	 αx	 +	 β,	 α	 >	 0,	 an	 ordinal scale	 if	 the	 admissible	 transformations	 are	 the	
(strictly)	 monotone	 increasing	 transformations,	 and	 an	 absolute scale	 if	 the	 only	
admissible	 transformation	 is	 the	 identity.	For	definitions	of	other	 scale	 types,	 see	
Roberts	(1979/2009).	Thus,	in	the	case	of	ratio	scales,	the	scale	value	is	determined	
up	to	choice	of	a	unit;	in	the	case	of	interval	scales,	it	is	determined	up	to	choices	
of	unit	and	of	zero	point;	and	in	the	case	of	ordinal	scales,	it	is	determined	only	up	
to	order.	Mass	 is	an	example	of	a	ratio	scale.	The	 transformation	from	kilograms	
into	pounds,	for	example,	involves	the	admissible	transformation	ϕ(x)	=	2.2x.	Length	
(inches,	 centimeters)	 and	 time	 intervals	 (years,	 seconds)	 are	 two	 other	 examples	
of	ratio	scales.	It	is	sometimes	argued	that	scales	developed	for	loudness	(“sones”)	
define	a	ratio	scale,	but	this	is	not	universally	accepted.	Temperature	(except	where	
there	is	an	absolute	zero)	defines	an	interval	scale.	Thus,	transformation	from	cen-
tigrade	 into	Fahrenheit	 involves	 the	admissible	 transformation	ϕ(x)	=	 (9/5)x	+	32.	
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Time	 on	 the	 calendar	 is	 another	 example	 of	 an	 interval	 scale	 (to	 say	 that	 this	 is	
the	year	2011	involves	not	only	a	choice	of	unit	but	a	choice	of	the	zero	year).	An	
example	of	an	ordinal	scale	is	any	scale	in	which	we	give	grades	of	materials,	such	
as	leather,	lumber,	wool,	and	so	on.	Expressed	preferences	sometimes	lead	only	to	
ordinal	scales,	if	we	know	our	preferences	only	up	to	order.	Subjective	judgments	
in	epidemiology,	such	as	of	cough	or	fatigue,	often	define	ordinal	scales.	Counting	
gives	an	example	of	an	absolute	scale.

For	 many	 scales,	 the	 scale	 type	 can	 be	 determined	 by	 showing	 that	 the	 scale	
arises	from	a	(numerical)	representation.	In	the	rest	of	this	paragraph,	we	say	a	word	
or	two	about	how	this	is	done	in	the	theory	in	such	books	as	Krantz	et	al.	(1971),	
Pfanzagl	(1968),	and	Roberts	(1979/2009),	though	the	details	are	not	needed	for	what	
follows.	Specifically,	one	studies	certain	observed relations	on	a	set	of	objects	of	
interest,	relations	such	as	“a	is	longer	than	b,”	“a	is	louder	than	b,”	“I	think	the	value	
of	b	is	between	the	value	of	a	and	the	value	of	c,”	and	so	on.	One	identifies	corre-
sponding	numerical relations,	relations	on	a	set	of	real	numbers,	for	instance,	the	
“greater	 than”	 relation	or	 the	“betweenness”	 relation.	Then	one	 studies	mappings	
that	take	each	object	of	interest	into	a	number	so	that	objects	related	in	a	certain	way	
in	an	observed	relation	correspond	to	numbers	related	in	the	same	way	in	the	cor-
responding	numerical	relation.	For	example,	one	seeks	to	assign	numbers	to	objects	
so	that	a	is	judged	louder	than	b	if	and	only	if	the	number	assigned	to	a	is	greater	
than	the	number	assigned	to	b.	Such	a	mapping	from	objects	to	numbers	is	called	
a	homomorphism	from	the	observed	relation	to	the	numerical	relation.	In	measure-
ment	 theory,	 scales	 are	 identified	 with	 homomorphisms.	 Formally,	 an	 admissible 
transformation	of	a	scale	is	then	a	transformation	of	the	numbers	assigned	so	that	
one	gets	another	homomorphism.	In	some	cases,	one	can	derive	a	characterization	
of	the	class	of	admissible	transformations	by	working	from	a	(numerical)	representa-
tion.	For	details	on	how	to	formalize	these	ideas,	see	Roberts	(1979/2009).

It	 should	be	 remarked	 that	many	 scales	based	on	 subjective	 judgments	 cannot	
be	derived	from	a	(numerical)	representation.	Then,	we	must	use	the	principle	that	
the	admissible	transformations	are	those	that	preserve	the	information	carried	by	the	
scale.	Knapp	(1990)	and	Thomas	(1985)	emphasize	the	difficulties	involved	in	identi-
fying	scale	type.	As	Stevens	(1968)	argues,	it	is	often	a	matter	of	empirical	judgment	
to	determine	the	admissible	transformations	and	hence	the	scale	type.

4.3  Meaningful statements

In	measurement	theory,	we	speak	of	a	statement	as	being	meaningful	if	its	truth	or	
falsity	is	not	an	artifact	of	the	particular	scale	values	used.	The	following	definition	
is	due	to	Suppes	(1959)	and	Suppes	and	Zinnes	(1963).

Definition:	A statement involving numerical scales is meaningful if its truth 
or falsity is unchanged after any (or all) of the scales is transformed (inde-
pendently?) by an admissible transformation.

A	slightly	more	informal	definition	is	the	following:
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Alternate Definition:	A statement involving numerical scales is meaningful 
if its truth or falsity is unchanged after any (or all) of the scales is (indepen-
dently?) replaced by another acceptable scale.

In	 some	 practical	 examples,	 for	 example,	 those	 involving	 preference	 judgments	
or	 judgments	of	“louder	 than”	under	 the	“semiorder”	model	 (Roberts,	1979/2009,	
1994),	it	is	possible	to	have	scales	where	one	cannot	go	from	one	to	the	other	by	an	
admissible	transformation,	so	one	has	to	use	this	alternate	definition.

Here	we	avoid	the	long	literature	of	more	sophisticated	approaches	to	meaningful-
ness.	Situations	where	this	relatively	simple-minded	definition	may	run	into	trouble	
are	disregarded.	Emphasis	is	on	applications	of	the	invariance	motivation	behind	the	
theory	of	meaningfulness.	

Consider	the	following	statement:

Statement S:	“The	duration	of	symptoms	in	an	influenza	victim	not	treated	
with	Tamiflu	is	three	times	as	long	as	the	duration	of	symptoms	in	an	influ-
enza	victim	who	is	so	treated.”

Is	 this	 meaningful?	 We	 have	 a	 ratio	 scale	 (time	 intervals)	 and	 we	 consider	 the	
statement:

	 f a f b( ) ( )= 3 .	 (4.1)

This	is	meaningful	if	f	is	a	ratio	scale.	For,	an	admissible	transformation	is	ϕ(x)	=	αx,	
α	>	0.	We	want	Equation	(4.1)	to	hold	iff

	 ( )( ) ( )( )φ φ� �f a f b= 3 .	 (4.2)

But	Equation	(4.2)	becomes

	 α αf a f b( ) ( )= 3 	 (4.3)

and	(4.1)	iff	(4.3)	because	α	>	0.	Thus,	the	statement	S	is	meaningful.
Next	consider	the	statement:

Statement T:	“The	patient’s	temperature	at	9AM	today	is	2%	higher	than	it	
was	at	9	AM	yesterday.”

Is	this	meaningful?	This	is	the	statement

	 f a f b( ) . ( )= 1 02 .

This	is	meaningless.	It	could	be	true	with	Fahrenheit	and	false	with	centigrade,	or	
vice	versa.
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In	general,	for	ratio	scales,	it	is	meaningful	to	compare	ratios:

	 f a f b f c f d( ) ( ) ( ) ( )/ /> .

For	interval	scales,	it	is	meaningful	to	compare	intervals:

	 f a f b f c f d( ) ( ) ( ) ( )− > − .

For	ordinal	scales,	it	is	meaningful	to	compare	size:

	 f a f b( ) ( )> .

Let	us	consider	another	example.	Malaria	parasite	density	is	mainly	obtained	by	
reading	slides	under	microscopes.	Consider	the	statement:

Statement M:	“The	parasite	density	in	this	slide	is	double	the	parasite	density	
in	that	slide.”

Is	this	meaningful?	Density	is	measured	in	number	per	microliter.	So,	if	one	slide	has	
100,000	per	μL	and	another	50,000	per	μL,	is	it	meaningful	to	conclude	that	the	first	
slide	has	twice	the	density	of	the	second?	This	is	meaningful.	Volume	involves	ratio	
scales	and	counts	are	absolute	scales.	However,	this	disregards	errors	in	measure-
ment.	A	statement	can	be	meaningful	in	the	measurement	theory	sense	but	meaning-
less	in	a	practical	sense.

Here	is	still	another	example:

Statement W:	 “The	second	 tumor	weighs	20	million	 times	as	much	as	 the	
first	one.”

This	is	meaningful.	It	involves	ratio	scales.	It	is	surely	false	no	matter	what	the	unit.	
Note	 that	meaningfulness	 is	different	 from	 truth.	 It	has	 to	do	with	what	kinds	of	
assertions	it	makes	sense	to	make,	which	assertions	are	not	accidents	of	the	particu-
lar	choice	of	scale	(units,	zero	points)	in	use.

4.4  Averaging judgments of cough severity

Suppose	we	study	two	groups	of	patients	with	 tuberculosis.	Let	 f (a)	be	 the	cough	
severity	of	a	as	 judged	on	one	of	 the	subjective	cough	severity	scales	 in	use	(e.g.,	
rate	severity	as	1	to	5).	Suppose	that	data	suggest	that	the	average	cough	severity	for	
patients	in	the	first	group	is	higher	than	the	average	cough	severity	of	patients	in	the	
second	group.	Is	this	meaningful?

Let	a1,	a2,…,	an	be	patients	in	the	first	group	and	b1,	b2,	…,	bm	be	patients	in	the	
second	group.	Note	that	m	could	be	different	from	n.	Then	we	are	(probably)	assert-
ing	that
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We	are	comparing	arithmetic	means.	The	statement	(4.4)	is	meaningful	if	and	only	
if	under	admissible	transformation	ϕ,	(4.4)	holds	if	and	only	if
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holds.	If	cough	severity	defines	a	ratio	scale,	then	(4.5)	is	the	same	as
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∑∑ ,	 (4.6)

for	 some	 positive	 α.	 Certainly	 (4.4)	 holds	 if	 and	 only	 if	 (4.6)	 does,	 so	 (4.4)	 is	
meaningful.

Note	that	(4.4)	is	still	meaningful	if	f	is	an	interval	scale.	For	instance,	we	could	
be	comparing	temperatures.	It	is	meaningful	to	assert	that	the	average	temperature	
of	the	first	group	is	higher	than	the	average	temperature	of	the	second	group.	To	see	
why,	note	that	(4.4)	is	equivalent	to

	
1 1

1 1
n

f a
m

f bi

i

n

i

i

m

[ ( ) ] [ ( ) ]α β α β+ > +
= =

∑ ∑ ,

where	α	>	0.
However,	 (4.4)	 is	easily	seen	 to	be	meaningless	 if	 f	 is	 just	an	ordinal	scale.	To	

show	that	comparison	of	arithmetic	means	can	be	meaningless	for	ordinal	scales,	
note	that	we	are	asking	experts	for	a	subjective	judgment	of	cough	severity.	It	seems	
that	f (a)	is	measured	on	an	ordinal	scale,	for	example,	5-point	scale:	5	=	extremely	
severe,	4	=	very	severe,	3	=	severe,	2	=	slightly	severe,	and	1	=	no	cough.	In	such	a	
scale,	the	numbers	may	not	mean	anything;	only	their	order	matters.	Suppose	that	
group	1	has	three	members	with	scores	of	5,	3,	and	1,	for	an	average	of	3,	and	group	2	
has	three	members	with	scores	of	4,	4,	and	2	for	an	average	of	3.33.	Then	the	aver-
age	score	in	group	2	is	higher	than	the	average	score	in	group	1.	On	the	other	hand,	
suppose	we	consider	the	admissible	transformation	ϕ	defined	by	ϕ(5)	=	100,	ϕ(4)	=	
75,	ϕ(3)	=	65,	ϕ(2)	=	40,	ϕ(1)	=	30.	Then	after	transformation,	members	of	group	1	
have	scores	of	100,	65,	30,	with	an	average	of	65,	and	those	in	group	2	have	scores	of	
75,	75,	40,	with	an	average	of	63.33.	Now,	group	1	has	a	higher	average	score.	Which	
group	had	a	higher	average	score?	The	answer	clearly	depends	on	which	version	of	
the	scale	is	used.	Of	course,	one	can	argue	against	this	kind	of	example.	As	Suppes	
(1979)	remarks	in	the	case	of	a	similar	example	having	to	do	with	grading	apples	in	
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four	ordered	categories,	“Surely	there	is	something	quite	unnatural	about	this	trans-
formation”	ϕ.	He	suggests	that	“there	is	a	strong	natural	tendency	to	treat	the	ordered	
categories	as	being	equally	spaced.”	However,	if	we	require	this,	then	the	scale	is	not	
an	ordinal	scale	according	to	our	definition.	Not	every	strictly	monotone	increasing	
transformation	is	admissible.	Moreover,	there	is	no	reason,	given	the	nature	of	the	
categories,	to	feel	that	equal	spacing	is	demanded	in	our	example.	In	any	case,	the	
argument	is	not	with	the	precept	that	we	have	stated,	but	with	the	question	of	whether	
the	five-point	scale	we	have	given	is	indeed	an	ordinal	scale	as	we	have	defined	it.	To	
complete	this	example,	let	us	simply	remark	that	comparison	of	medians	rather	than	
arithmetic	means	is	meaningful	with	ordinal	scales:	the	statement	that	one	group	has	
a	higher	median	than	another	group	is	preserved	under	admissible	transformation.

Similar	considerations	apply	to	measuring	average	fatigue.	Fatigue	is	an	important	
variable	in	measuring	the	progress	of	patients	with	serious	diseases.	One	scale	widely	
used	in	measuring	fatigue	is	the	Piper	Fatigue	Scale.	It	asks	questions	such	as:	on	a	
scale	of	1	to	10,	to	what	degree	is	the	fatigue	you	are	feeling	now	interfering	with	your	
ability	to	complete	your	work	or	school	activities	(1	=	none,	10	=	a	great	deal)?	On	a	
scale	of	1	to	10,	how	would	you	describe	the	degree	of	intensity	or	severity	of	the	fatigue	
which	you	are	experiencing	now	(1	=	mild,	10	=	severe)?	A	similar	analysis	applies:	it	is	
meaningless	to	compare	arithmetic	means,	and	meaningful	to	compare	medians.

Let	us	return	to	cough	severity,	but	now	suppose	that	each	of	n	observers	is	asked	
to	rate	each	of	a	collection	of	patients	as	to	their	relative	cough	severity.	Alternatively,	
suppose	we	rate	patients	on	different	criteria	or	against	different	benchmarks.	(A	sim-
ilar	analysis	applies	with	performance	ratings,	importance	ratings,	etc.)	Let	fi(a)	be	
the	rating	of	patient	a	by	judge	i	(or	under	criterion	i).	Is	it	meaningful	to	assert	that	
the	average	rating	of	patient	a	is	higher	than	the	average	rating	of	patient	b?	A	similar	
question	arises	in	fatigue	ratings,	ratings	of	brightness	of	rash,	and	so	on.	We	are	now	
considering	the	statement
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Note	in	contrast	to	statement	(4.4)	that	we	have	the	same	number	of	terms	in	each	
sum	and	that	the	subscript	is	now	on	the	scale	value	f	rather	than	on	the	alternative	
a	or	b.	If	each	fi	is	a	ratio	scale,	we	then	ask	whether	(4.7)	is	equivalent	to
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α	>	0.	This	is	clearly	the	case.
However,	we	have	perhaps	gone	too	quickly.	What	if	f1,	f2,	…,	fn	have	independent	

units?	In	this	case,	we	want	to	allow	independent	admissible	transformations	of	the	
fi.	Thus,	we	must	consider
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all	αi	>	0.	 It	 is	easy	 to	find	α′is	 for	which	(4.7)	holds	but	(4.8)	fails.	Thus,	 (4.7)	 is	
meaningless.	Does	it	make	sense	to	consider	different	αis?	It	certainly	does	in	some	
contexts.	Consider	the	case	where	the	alternatives	are	animals	and	one	expert	mea-
sures	their	improved	health	in	terms	of	their	weight	gain	and	a	second	measures	it	in	
terms	of	their	height	gain.

The	conclusion	is	that	we	need	to	be	careful	when	comparing	arithmetic	mean	
ratings,	even	when	we	are	using	ratio	scales.	Norman	Dalkey	(personal	communica-
tion)	was	the	first	person	to	point	out	to	the	author	that,	in	many	cases,	it	is	safer	to	
use	geometric	means,	a	conclusion	which	by	now	is	“folklore.”

For,	consider	the	comparison
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If	all	αi	>	0,	then	(4.9)	holds	if	and	only	if

	 α αi i

i

n

n i i

i

n

nf a f b( ) ( )
= =

∏ ∏>
1 1

.

Thus,	if	each	fi	is	a	ratio	scale,	then	even	if	experts	change	the	units	of	their	rating	
scales	independently,	the	comparison	of	geometric	means	is	meaningful	even	though	
the	 comparison	 of	 arithmetic	 means	 is	 not.	 An	 example	 of	 an	 application	 of	 this	
observation	is	the	use	of	the	geometric	mean	by	Roberts	(1972,	1973).	The	problem	
arose	in	a	study	of	air	pollution	and	energy	use	in	commuter	transportation.	(Health	
effects	of	air	pollution	are	discussed	in	the	next	section.)	A	preliminary	step	in	the	
model	building	involved	the	choice	of	 the	most	 important	variables	to	consider	in	
the	model.	Each	member	of	a	panel	of	experts	estimated	the	relative	importance	of	
variables	using	a	procedure	called	magnitude	estimation.	(Here,	the	most	important	
variable	is	given	a	score	of	100,	a	variable	judged	half	as	important	is	given	a	score	
of	50,	and	so	on.)	There	is	a	strong	body	of	opinion	that	magnitude	estimation	leads	
to	 a	 ratio	 scale,	much	of	 it	 going	back	 to	Stevens.	 (See	 the	discussion	 in	Roberts	
(1979/2009,	pp.	179–180).)	How	then	should	we	choose	the	most	important	variables?	
By	the	discussion	above,	it	is	“safer”	to	combine	the	experts’	importance	ratings	by	
using	geometric	means	and	then	to	choose	the	most	important	variables	as	those	hav-
ing	the	highest	geometric	mean	relative	importance	ratings,	than	it	is	to	do	this	by	
using	arithmetic	means.	That	is	why	Roberts	(1972,	1973)	used	geometric	means.

Y116134.indb   82 10/10/11   2:11 PM



Meaningful and meaningless statements in epidemiology and public health 83

4.5  Measurement of air pollution

There	 is	a	close	 relationship	between	pollution	and	health.	Various	pollutants	are	
present	 in	 the	air.	Some	are	carbon	monoxide	(CO),	hydrocarbons	 (HC),	nitrogen	
oxides	 (NOX),	 sulfur	oxides	 (SOX),	and	particulate	matter	 (PM).	Also	damaging	
are	products	of	 chemical	 reactions	 among	pollutants.	For	 example,	oxidants	 such	
as	ozone	are	produced	by	HC	and	NOX	reacting	in	the	presence	of	sunlight.	Some	
pollutants	are	more	serious	in	the	presence	of	others:	for	example,	SOX	are	more	
harmful	in	the	presence	of	PM.	In	the	early	days	of	air	pollution	science,	there	was	
an	attempt	to	find	a	way	to	measure	pollution	with	one	overall	measure.	To	compare	
pollution	 control	policies,	we	need	 to	 compare	 effects	of	different	pollutants.	We	
might	allow	an	increase	of	some	pollutants	to	achieve	decrease	of	others.	One	single	
measure	could	give	an	indication	of	how	bad	the	pollution	level	is	and	might	help	us	
determine	if	we	have	made	progress.	A	simple	approach	is	to	combine	the	weight	of	
pollutants.	Let	us	measure	the	total	weight	of	emissions	of	pollutant	i	over	a	fixed	
period	of	time	and	sum	over	i.	Let	e(i, t, k)	be	the	total	weight	of	emissions	of	pollut-
ant	i	(per	cubic	meter)	over	the	tth	time	period	and	due	to	the	kth	source	or	measured	
in	the	kth	location.	Then	our	pollution	index	is	simply

	 A t k e i t k
i

n

( , ) ( , , )=
=

∑
1

,

if	there	are	n	pollutants	under	consideration.
Using	this	measure,	Walther	(1972)	reached	such	conclusions	as:	(i)	 the	 largest	

source	 of	 air	 pollution	 is	 transportation	 and	 the	 second	 largest	 is	 stationary	 fuel	
combustion	(especially	by	electric	power	plants);	(ii)	transportation	accounts	for	over	
50%	of	all	air	pollution;	(iii)	CO	accounts	for	over	50%	of	all	emitted	air	pollution.	
Statement	(i)	is	just

	 A t k A t k( , ) ( , )> ′ .

Statement	(ii)	is	just	the	statement	that

	 A t k A t kr

k kr

( , ) ( , )>
≠
∑ .

Statement	(iii)	is	just	the	statement	that

	 e i t k e j t k
t k j it k

( , , ) ( , , )
, ,

∑ ∑∑>
≠

.

All	these	conclusions	are	meaningful	if	we	measure	all	e(i, t, k)	in	the	same	units	
of	mass	(e.g.,	milligrams	per	cubic	meter)	and	so	admissible	transformation	means	
multiply	e(i, t, k)	by	the	same	constant.
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However,	although	these	statements	are	meaningful	in	the	technical	sense,	we	have	
to	ask	if	they	are	meaningful	comparisons	of	pollution	level	in	a	practical	sense.	A	
unit	of	mass	of	CO	is	far	less	harmful	than	a	unit	of	mass	of	NOX.	U.S.	Environmental	
Protection	Agency	standards	based	on	health	effects	for	a	24-hour	period	allow	many	
more	units	of	CO	than	units	of	NOX	because	a	unit	of	mass	of	CO	is	far	less	harmful	
than	a	unit	of	mass	of	NOX.	Thus,	we	might	wish	to	use	a	weighting	factor	λi	that	
measures	the	effect	of	the	ith	pollutant	and	then	use	a	weighted	sum

	 λi

i

n

e i t k( , , )
=

∑
1

.	 (4.10)

Such	a	weighted	sum,	sometimes	known	as	pindex,	has	been	used	as	a	combined	
pollution	index.	In	early	uses	of	this	measure	in	the	San	Francisco	Bay	Area	(Bay	
Area	Pollution	Control	District,	1968;	Sauter	and	Chilton,	1970;	and	elsewhere),	λi	is	
the	reciprocal	of	the	amount	τ(i)	of	emissions	of	pollutant	i	in	a	given	period	of	time	
needed	to	reach	a	certain	danger	 level,	otherwise	called	the	 tolerance factor.	The	
reciprocal	is	called	the	severity factor.	Using	this	version	of	pindex,	Walther	(1972)	
argues	that	transportation	is	still	the	largest	source	of	pollution,	but	now	accounting	
for	less	than	50%.	Stationary	sources	fall	to	fourth	place.	CO	drops	to	the	bottom	
of	the	list	of	pollutants,	accounting	for	just	over	2%	of	the	total.	Again,	these	con-
clusions	are	meaningful	if	we	use	the	same	units	of	mass	in	each	case.	With	these	
weighting	factors	λi	=	1/τ(i),	although	comparisons	using	pindex	are	meaningful	in	
our	technical	sense,	the	index	does	not	seem	to	give	meaningful	numbers	in	any	real	
sense,	because	reaching	100%	of	the	danger	level	in	one	pollutant	would	give	the	
same	pindex	value	as	reaching	20%	of	the	danger	level	on	each	of	five	pollutants.	In	
conclusion,	we	should	stress	again	that	there	is	a	distinction	between	meaningfulness	
in	the	technical	sense	and	meaningfulness	in	other	senses.

The	severity tonnage	of	pollutant	i	due	to	a	given	source	is	actual	tonnage	times	
the	severity	factor	1/τ(i).	In	early	air	pollution	measurement	literature,	severity	ton-
nage	was	considered	a	measure	of	how	severe	pollution	due	to	a	source	was.	Data	
from	 Walther	 (1972)	 suggest	 the	 following.	 It	 is	 an	 interesting	 exercise	 to	 decide	
which	of	these	conclusions	are	meaningful	in	either	the	technical	sense	or	the	prac-
tical	sense:	(i)	HC	emissions	are	more	severe	(have	greater	severity	tonnage)	than	
NOX	emissions;	 (ii)	effects	of	HC	emissions	 from	transportation	are	more	severe	
than	 those	 of	 HC	 emissions	 from	 industry	 (and	 the	 same	 for	 NOX);	 (iii)	 effects	
of	HC	emissions	from	transportation	are	more	severe	than	those	of	CO	emissions	
from	industry;	 (iv)	effects	of	HC	emissions	 from	transportation	are	more	 than	20	
times	as	severe	as	effects	of	CO	emissions	from	transportation;	(v)	the	total	effect	of	
HC	emissions	due	to	all	sources	is	more	than	8	times	as	severe	as	the	total	effect	of	
NOX	emissions	due	to	all	sources.

4.6  Evaluation of alternative HIV treatments

How	do	we	evaluate	alternative	possible	treatment	plans	or	interventions	for	a	given	
disease?	 One	 common	 procedure	 is	 the	 following.	 A	 number	 of	 treatments	 are	
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compared	on	different	 criteria	or	 benchmarks.	Their	 scores	on	 each	 criterion	 are	
normalized	relative	to	the	score	of	one	of	the	treatments.	The	normalized	scores	of	
a	treatment	are	combined	by	some	averaging	procedure	and	average	scores	are	com-
pared.	If	the	averaging	is	the	arithmetic	mean,	then	the	statement,	“One	treatment	
has	a	higher	arithmetic	mean	normalized	score	than	another	treatment,”	is	meaning-
less:	The	 treatment	 to	which	 scores	 are	normalized	can	determine	which	has	 the	
higher	arithmetic	mean.	Similar	methods	are	used	 in	comparing	performances	of	
alternative	computer	systems	or	other	types	of	machinery.

To	illustrate,	consider	a	number	of	treatments/interventions	in	the	case	of	HIV:	
universal	screening,	free	condom	distribution,	abstinence	education,	male	circumci-
sion,	and	the	like.	Consider	a	number	of	criteria/outcomes:	CD4	count	(a	measure	
of	how	well	the	body	is	fighting	off	HIV),	days	without	poor	appetite,	days	without	
profound	fatigue,	number	of	days	hospitalized,	and	so	on.

Table 4.1	shows	three	treatments	I,	II,	III,	and	five	criteria	A,	B,	C,	D,	E,	with	the	
i,	j	entry	giving	the	score	of	the	ith	treatment	on	the	jth	criterion.	Table 4.2	shows	
the	score	of	each	treatment	normalized	relative	to	treatment	I,	that	is,	by	dividing	by	
treatment	I’s	score.	Thus,	for	example,	the	1,2	entry	is	83/83	=	1,	and	the	2,2	entry	
is	70/83	=	.84.	The	arithmetic	means	of	the	normalized	scores	in	each	row	are	also	
shown	in	Table 4.2.	We	conclude	that	treatment	III	is	best.

However,	let	us	now	normalize	relative	to	treatment	II,	obtaining	the	normalized	
scores	of	Table 4.3.	Based	on	the	arithmetic	mean	normalized	scores	of	each	row	
shown	 in	Table 4.3,	we	now	conclude	 that	 treatment	 I	 is	 best.	So,	 the	 conclusion	

Table 4.1 Score	of	treatment	i	on	criterion	j

Treatment/criterion A B C D E

I 417 83 	 66 39,449 772
II 244 70 153 33,527 368
III 134 70 135 66,000 369

Table 4.2 Normalizing	relative	to	treatment	I

Treatment/criterion A B C D E
Arithmetic 

mean
Geometric 

mean

I 1.00 1.00 1.00 1.00 1.00 1.00 1.00
II 0.59 0.84 2.32 0.85 0.48 1.01 0.86
III 0.32 0.85 2.05 1.67 0.45 1.07 0.84

Table 4.3 Normalizing	relative	to	treatment	II

Treatment/criterion A B C D E
Arithmetic 

mean
Geometric 

mean

I 1.71 1.19 0.43 1.18 2.10 1.32 1.17
II 1.00 1.00 1.00 1.00 1.00 1.00 1.00
III 0.55 1.00 1.88 1.97 1.08 1.07 0.99
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that	a	given	treatment	is	best	by	taking	the	arithmetic	mean	of	normalized	scores	is	
meaningless	in	this	case.

The	numbers	in	this	example	are	taken	from	Fleming	and	Wallace	(1986),	with	
data	from	Heath	(1984),	and	represent	actual	scores	of	alternative	“treatments”	in	a	
computing	machine	application.

Sometimes,	geometric	mean	is	helpful.	The	geometric	mean	normalized	scores	
of	each	row	are	shown	in	Tables 4.2	and	4.3.	Note	that	in	each	case,	we	conclude	
that	treatment	I	is	best.	In	this	situation,	it	is	easy	to	show	that	the	conclusion	that	a	
given	treatment	has	the	highest	geometric	mean	normalized	score	is	a	meaningful	
conclusion.	It	is	even	meaningful	to	assert	something	such	as:	a	given	treatment	has	
a	geometric	mean	normalized	score	20%	higher	than	another	treatment.

Fleming	and	Wallace	give	general	conditions	under	which	comparing	geometric	
means	 of	 normalized	 scores	 is	 meaningful.	 It	 is	 a	 research	 area	 in	 measurement	
theory,	with	a	long	history	and	large	literature,	to	determine	what	averaging	proce-
dures	make	sense	in	what	situations.	We	return	to	this	topic,	and	in	particular	the	
Fleming–Wallace	conditions,	in	Section	4.9.

4.7  Meaningfulness of conclusions from statistical tests

Biostatistics	is	a	key	component	of	epidemiological	research.	However,	biostatisti-
cians	know	very	little	about	measurement	theory.	Most	have	never	heard	about	the	
theory	of	meaningfulness	or	limitations	that	meaningfulness	places	on	conclusions	
from	statistical	tests.	For	over	50	years,	there	has	been	considerable	disagreement	on	
the	limitations	that	scales	of	measurement	impose	on	statistical	procedures	we	may	
apply.	The	controversy	stems	from	foundational	work	of	Stevens	(1946,	1951,	1959,	
and	elsewhere),	who	developed	the	classification	of	scales	of	measurement	we	have	
described	here.	Stevens	provided	rules	for	the	use	of	statistical	procedures,	concluding	
that	certain	statistics	are	inappropriate	at	certain	levels	of	measurement.	The	appli-
cation	of	Stevens’	ideas	to	descriptive	statistics	has	been	widely	accepted.	However,	
their	application	to	inferential	statistics	has	been	labeled	by	some	a	misconception.

To	explore	these	ideas,	suppose	P	 is	a	population	whose	distribution	we	would	
like	to	describe.	We	capture	properties	of	P	by	finding	a	descriptive	statistic	for	P	or	
taking	a	sample	S	from	P	and	finding	a	descriptive	statistic	for	S.	Our	examples	sug-
gest	that	certain	descriptive	statistics	are	appropriate	only	for	certain	measurement	
situations.	This	 idea,	originally	due	 to	Stevens,	was	popularized	by	Siegel	 (1956)	
in	his	well-known	book	Nonparametric Statistics for the Behavioral Sciences.	Our	
examples	suggest	the	principle	that	arithmetic	means	are	“appropriate”	statistics	for	
interval	scales,	and	medians	for	ordinal	scales.	On	the	other	side	of	the	coin,	it	is	
argued	that	it	is	always	appropriate	to	calculate	means,	medians,	and	other	descrip-
tive	statistics,	no	matter	what	the	scale	of	measurement.	The	well-known	statistician	
Frederic	Lord	made	this	argument	with	a	famous	example	of	a	group	of	first-year	
college	 football	 players	 who	 were	 upset	 that	 the	 average	 (arithmetic	 mean)	 num-
ber	on	their	uniforms	was	less	than	that	of	the	more	advanced	players.	He	argued	
that	it	is	meaningful	for	the	first-year	players	to	average	uniform	numbers	because	
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“the	numbers	don’t	remember	where	they	came	from.”	Marcus-Roberts	and	Roberts	
(1987)	agree.	It	is	always	appropriate	to	calculate	means,	medians,	…	But,	they	ask:	
is	it	appropriate	to	make	certain	statements	using	these	descriptive	statistics?

The	 rest	 of	 this	 section	 summarizes	 the	 conclusions	 of	 Marcus-Roberts	 and	
Roberts.	They	argue	that	it	is	usually	appropriate	to	make	a	statement	using	descrip-
tive	statistics	if	and	only	if	the	statement	is	meaningful.	A	statement	that	is	true	but	
meaningless	gives	information	that	is	an	accident	of	the	scale	of	measurement	used,	
not	 information	 that	 describes	 the	 population	 in	 some	 fundamental	 way.	 So,	 it	 is	
appropriate	to	calculate	the	arithmetic	mean	of	ordinal	data.	It	is	just	not	appropriate	
to	say	that	the	mean	of	one	group	is	higher	than	the	mean	of	another	group.

Stevens’	ideas	have	come	to	be	applied	to	inferential	statistics,	inferences	about	
an	unknown	population	P.	They	have	led	to	such	principles	as	the	following:

•	 Classical	parametric	tests	(e.g.,	t-test,	Pearson	correlation,	analysis	of	vari-
ance)	are	inappropriate	for	ordinal	data.	They	should	be	applied	only	to	data	
that	define	an	interval	or	ratio	scale.

•	 For	ordinal	scales,	nonparametric	tests	(e.g.,	Mann–Whitney	U,	Kruskal–
Wallis,	Kendall’s	tau)	can	be	used.

Not	everyone	agrees.	Thus,	there	has	been	controversy.
Marcus-Roberts	and	Roberts	argue	that	the	validity	of	a	statistical	test	depends	

on	a	statistical	model.	This	includes	information	about	the	distribution	of	the	popula-
tion	and	about	the	sampling	procedure.	The	validity	of	the	test	does	not	depend	on	
a	measurement	model.	That	is	concerned	with	the	admissible	transformations	and	
scale	type.	The	scale	type	enters	in	deciding	whether	the	hypothesis	is	worth	testing	
at	all,	whether	it	is	a	meaningful	hypothesis.	The	issue	is:	if	we	perform	admissible	
transformations	of	scale,	is	the	truth	or	falsity	of	the	hypothesis	unchanged?

As	an	example,	suppose	we	have	data	on	an	ordinal	scale	and	we	consider	 the	
hypothesis	that	the	mean	is	0.	This	is	a	meaningless	hypothesis.	Can	we	test	mean-
ingless	hypotheses?	Marcus-Roberts	and	Roberts	say,	“Yes.”	But	they	question	what	
information	we	get	outside	of	information	about	the	population	as	measured.	To	be	
more	precise	about	 this,	 consider	how	we	 test	hypothesis	H0	 about	P.	We	do	 this	
through	the	following	steps:

•	 Draw	a	random	sample	S	from	P.
•	 Calculate	a	test	statistic	based	on	S.
•	 Calculate	the	probability	that	the	test	statistic	is	what	was	observed	given	

H0	is	true.
•	 Accept	or	reject	H0	on	the	basis	of	the	test.

Calculation	of	probability	depends	on	a	statistical	model,	which	includes	information	
about	the	distribution	of	P	and	about	the	sampling	procedure.	But,	validity	of	the	test	
depends	only	on	the	statistical	model,	not	on	the	measurement	model.	Thus,	you	can	
apply	parametric	tests	to	ordinal	data,	provided	the	statistical	model	is	satisfied.	The	
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model	is	satisfied	if	the	data	are	normally	distributed.	Where	does	the	scale	type	enter?	It	
enters	in	determining	if	the	hypothesis	is	worth	testing	at	all,	that	is,	if	it	is	meaningful.

For	instance,	consider	data	on	an	ordinal	scale	and	let	H0	be	the	hypothesis	that	
the	mean	is	0.	The	hypothesis	is	meaningless.	But,	if	the	data	meet	certain	distribu-
tional	requirements	such	as	normality,	we	can	apply	a	parametric	test,	such	as	the	
t-test,	to	check	if	the	mean	is	0.

Similar	analyses	can	be	developed	for	other	kinds	of	statistical	tests	for	data	on	
other	types	of	scales.

4.8  Optimization problems in epidemiology

The	impact	of	climate	change	includes	potential	effects	on	the	health	of	humans,	ani-
mals,	plants,	and	ecosystems.	Some	early	warning	signs	of	climate	change	include	
major	heat	events	such	as	 the	1995	extreme	heat	event	 in	Chicago	 that	 led	 to	514	
heat-related	deaths	and	3,300	excess	emergency	room	admissions	and	the	2003	heat	
wave	in	Europe	that	led	to	35,000	deaths.	With	anticipated	change	in	climate	could	
come	an	increase	in	the	number	and	severity	of	extreme	events,	including	more	heat	
waves,	floods,	hurricanes,	and	the	like.	One	response	to	extreme	heat	events	is	the	
evacuation	of	 the	most	vulnerable	individuals	to	climate-controlled	environments.	
Here,	there	are	modeling	challenges,	such	as:	where	to	locate	the	evacuation	centers,	
whom	to	send	where,	finding	ways	to	minimize	travel	times	from	home	to	evacuation	
center,	and	so	on.	Among	the	problems	arising	here	is	the	shortest	route	problem:	
find	the	shortest	route	from	home	to	evacuation	center.	This	is	an	example	of	an	opti-
mization	problem,	more	specifically	a	combinatorial	optimization	problem.	We	now	
consider	the	meaningfulness	of	conclusions	about	optimality	in	such	problems.

Consider	 a	 network	 with	 vertices	 and	 edges	 and	 numbers	 on	 the	 edges	 repre-
senting	 some	 sort	of	 strength	or	 level	or	weight	or	 length	of	 the	 connection.	The	
problem	is	to	find	the	shortest	path	in	the	network	from	vertex	x	to	vertex	z,	where	
the	strength	of	a	path	is	the	sum	of	the	weights	of	edges	in	it.	This	problem	occurs	
widely	in	practice.	In	the	United	States,	just	one	agency	of	the	U.S.	Department	of	
Transportation	in	the	federal	government	applies	algorithms	to	solve	this	problem	
literally	billions	of	times	a	year	(Goldman,	1981).	Consider	a	simple	network	with	
vertices	x,	y,	and	z	and	edges	from	x	to	y	with	strength	2,	y	to	z	with	strength	4,	and	
x	to	z	with	strength	15.	What	is	the	shortest	path	from	x	to	z	in	this	network?	The	
shortest	path	is	the	path	that	goes	from	x	to	y	to	z,	with	a	total	“length”	of	6.	The	
alternative	path	that	goes	directly	from	x	to	z	has	total	“length”	15.	Is	the	conclusion	
that	x	to	y	to	z	is	the	shortest	path	a	meaningful	conclusion?

The	conclusion	is	meaningful	if	the	strengths	define	a	ratio	scale,	as	they	do	if	
they	 are	 distances	 or	 times	 as	 in	 the	 evacuation	 problem.	 However,	 what	 if	 they	
define	an	 interval	 scale?	Consider	 the	admissible	 transformation	ϕ(x)	=	3x	+	100.	
Now	the	weights	change	to	106	on	the	edge	from	x	to	y,	112	on	the	edge	from	y	to	z,	
and	145	on	the	edge	from	x	to	z.	We	conclude	that	going	directly	from	x	to	z	is	the	
shortest	path.	The	original	conclusion	was	meaningless.

The	shortest	path	problem	can	be	formulated	as	a	linear	programming	problem.	
Thus,	the	conclusion	that	A	is	the	solution	to	a	linear	programming	problem	can	be	
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meaningless	if	cost	parameters	are	measured	on	an	interval	scale.	Note	that	linear	
programming	is	widely	used	in	public	health	as	well	as	in	other	areas	of	application.	
For	example,	it	is	used	to	determine	optimal	inventories	of	medicines,	assignments	
of	patients	or	doctors	to	clinics,	optimization	of	a	treatment	facility,	and	amount	to	
invest	in	preventive	treatments,	among	other	applications.

Another	very	important	practical	combinatorial	optimization	problem	is	the	min-
imum	spanning	 tree	problem.	Given	 a	 connected	weighted	graph	or	 network,	we	
ask	for	the	spanning	tree	with	total	sum	of	strengths	or	weights	as	small	as	possible.	
(A	spanning tree	is	a	tree	that	includes	all	the	vertices	of	the	network.)	This	problem	
has	applications	in	the	planning	of	large-scale	transportation,	communication,	and	
distribution	networks.	For	example,	given	a	network,	we	seek	to	find	usable	roads	that	
allow	one	to	go	from	any	vertex	to	any	other	vertex,	minimizing	the	lengths	of	the	
roads	used.	This	problem	arises	in	the	case	of	extreme	events	that	leave	some	roads	
flooded	and	when	we	require	routes	that	emergency	vehicles	can	take.	Again,	it	is	
natural	to	ask	if	the	conclusion	that	a	given	set	of	edges	defines	a	minimum	spanning	
tree	is	meaningful.	It	is	surprising	to	observe	that	even	if	the	weights	on	the	edges	
define	only	an	ordinal	scale,	then	the	conclusion	is	meaningful.	This	is	not	a	priori	
obvious.	However,	it	follows	from	the	fact	that	the	well-known	algorithm	known	as	
Kruskal’s	algorithm	or	the	greedy	algorithm	gives	a	solution.	In	Kruskal’s	algorithm	
(Kruskal,	 1956;	 Papadimitriou	 and	 Steiglitz,	 1982),	 we	 order	 edges	 in	 increasing	
order	of	weight	and	then	examine	edges	in	this	order,	including	an	edge	if	it	does	not	
form	a	cycle	with	edges	previously	included.	We	stop	when	all	vertices	are	included.	
Any	admissible	transformation	will	not	change	the	order	in	which	edges	are	exam-
ined	in	this	algorithm;	therefore,	the	same	solution	will	be	produced.

Many	practical	decision-making	problems	in	public	health	and	other	fields	involve	
the	search	for	an	optimal	solution	as	in	the	shortest	path	and	minimum	spanning	tree	
problems.	Little	 attention	 is	paid	 to	 the	possibility	 that	 the	 conclusion	 that	 a	par-
ticular	solution	is	optimal	may	be	an	accident	of	the	way	that	things	are	measured.	
For	the	beginnings	of	the	theory	of	meaningfulness	of	conclusions	in	combinatorial	
optimization,	see	Mahadev,	Pekeč,	and	Roberts	(1998),	Pekeč	(1996a,	1996b),	and	
Roberts	(1990,	1994,	1999).

4.9  How should we average scores?

We	have	seen	that	in	some	situations	comparing	arithmetic	means	is	not	a	good	idea	
and	comparing	geometric	means	is.	There	are	situations	where	the	reverse	is	true.	
Can	we	lay	down	some	guidelines	as	to	when	to	use	what	averaging	procedure?	A	
brief	discussion	follows.

Let	 a1,	 a2,	 …,	 an	 be	 n	 “scores”	 or	 ratings,	 for	 example,	 scores	 on	 criteria	 for	
evaluating	treatments.	Let	u	=	F(a1,	a2,	…,	an).	F	is	an	unknown	averaging	function,	
sometimes	called	a	merging function,	and	u	is	the	average	or	merged	score.

Fleming	and	Wallace	(1986)	take	an	axiomatic	approach	to	determining	appro-
priate	merging	functions.	They	take	the	case	where	the	domain	and	range	of	F	are	
the	positive	real	numbers	and	consider	the	following	axioms:
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•	 Reflexivity: F(a,	a,	…,	a)	=	a.
•	 Symmetry: F(a1,	a2,	…,	an)	=	F(aπ(1),	aπ(2),	…,	aπ(n))	for	all	permutations	π	of	

{1,	2,	…,	n}.
•	 Multiplicativity: F(a1b1,	a2b2,	…,	anbn)	=	F(a1,	a2,	…,	an)F(b1,	b2,	…,	bn).

They	show	that	if	F	satisfies	these	three	axioms,	then	F	is	the	geometric	mean,	
and	 conversely.	 It	 is	 fairly	 simple	 to	 understand	 the	 first	 two	 axioms.	 Reflexivity	
says	that	if	all	ratings	are	the	same,	then	their	average	is	the	same.	Symmetry	says	
that	 the	average	 is	 independent	of	 the	names	or	order	given	 to	 the	criteria	(which	
might	not	be	 true	 in	some	applications).	The	multiplicative	property	says	 that	 the	
average	of	the	products	of	the	ratings	is	the	same	as	the	product	of	the	averages	of	
the	ratings.	Fleming	and	Wallace	motivate	this	axiom	by	saying	that	if	ai	measures	
the	relative	strength	of	treatment	I	to	treatment	II	on	criterion	i,	and	bi	the	relative	
strength	of	treatment	II	to	treatment	III	on	criterion	i,	then	aibi	measures	the	rela-
tive	strength	of	treatment	I	to	treatment	III	on	criterion	i.	If	“strength”	is	speed,	as	in	
the	Fleming–Wallace	applications,	then	there	is	some	justification	for	this	conclusion	
and,	moreover,	to	the	conclusion	that	the	average	over	criteria	of	the	relative	strength	
of	treatment	I	to	treatment	III	is	the	product	of	the	average	of	the	relative	strength	over	
all	criteria	of	treatment	I	 to	treatment	II	times	the	average	of	the	relative	strength	
over	all	criteria	of	treatment	II	to	treatment	III.	However,	more	generally,	it	is	harder	
to	be	sure	that	Multiplicativity	is	a	desired	property	of	an	averaging	procedure.

An	alternative	approach	uses	functional	equations	and	is	based	on	either	assump-
tions	about	scale	type	of	some	of	the	scales	or	about	meaningfulness	of	some	state-
ments	using	the	scales.	Consider	an	unknown	function	u	=	F(a1,	a2,	…,	an).	We	use	
an	idea	due	to	Luce	(1959)	that	he	once	called	the	principle of theory construction:	
If	you	know	the	scale	types	of	the	ai	and	the	scale	type	of	u	and	you	assume	that	an	
admissible	transformation	of	each	of	the	ai	leads	to	an	admissible	transformation	of	
u,	you	can	derive	the	form	of	F.	(We	disregard	some	of	the	restrictions	on	applicabil-
ity	of	this	principle,	including	those	given	by	Luce	[1962,	1964,	1990].)

To	illustrate	the	ideas,	let	us	take	a	simple	case	where	n	=	1,	a	=	a1	is	a	ratio	scale,	and	
u	is	a	ratio	scale.	An	admissible	transformation	of	scale	in	both	cases	is	multiplication	
by	a	positive	constant.	By	the	principle	of	theory	construction,	multiplying	the	inde-
pendent	variable	a	by	a	positive	constant	α	leads	to	multiplying	the	dependent	variable	
by	a	positive	constant	A	that	depends	on	α.	This	leads	to	the	functional	equation

	 F A F a Aa( ) ( ) ( ), ( )α α α= > 0 .	 (4.11)

By	solving	this	equation,	Luce	(1959)	proves	that	if	the	averaging	function	F	is	con-
tinuous,	a	takes	on	all	positive	real	values,	and	F	takes	on	positive	real	values,	then

	 F a cak( ) = .

Thus,	if	the	independent	and	dependent	variables	are	ratio	scales,	the	only	possible	
way	to	relate	them	is	by	a	power	law.
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This	result	is	very	general.	In	early	writings	of	Luce,	it	was	interpreted	as	very	
strictly	limiting	the	“possible	scientific	laws”	in	all	disciplines.	For	example,	other	
examples	of	power	laws	are	given	as	follows.	One	is

	 V r= ( )4 3 3/ π ,

where	V	is	volume	and	r	is	radius	(both	ratio	scales).	A	second	is	Newton’s	law	
of	gravitation:

	 F G mm r= ∗( )/ 2 ,

where	 F	 is	 the	 force	 of	 attraction,	 G	 is	 a	 gravitational	 constant,	 m,	 m*	 are	 fixed	
masses	of	bodies	being	attracted,	and	r	 is	 the	distance	between	 them	(everything	
being	a	ratio	scale).	A	third	is	Ohm’s	law:	under	fixed	resistance,	voltage	is	propor-
tional	to	current	(voltage	and	current	being	ratio	scales).

To	illustrate	the	ideas	when	the	number	of	independent	variables	(ratings	being	
averaged)	is	larger	than	1,	suppose	that	a1,	a2,	…,	an	are	independent	ratio	scales	and	
u	is	a	ratio	scale.	Let	F	be	a	merging	function	defined	on	all	n-tuples	of	positive	real	
numbers	and	outputting	a	positive	real.	By	the	principle	of	theory	construction,

	 F a a a u F a a a un n n( , , , ) ( , , , )1 2 1 1 2 2… …= ↔ =α α α α ,

where	α1	>	0,	α2	>	0,	…,	αn	>	0,	α	>	0,	and	α	depends	on	α1,	α2,	…,	αn.	Thus	we	get	
the	functional	equation:

F a a a A F a an n n( , , , ) ( , , , ) ( , , ,α α α α α α1 1 2 2 1 2 1 2… … …= aa An n), ( , , , )α α α1 2 0… > .	 (4.12)

Luce	(1964)	shows	that	if	F	is	continuous	and	satisfies	Equation	(4.12),	then

	 F a a a a a an
c c

n
cn( , , , )1 2 1 2

1 2… …= λ 	 (4.13)

for	constants	λ	>	0,	c1,	c2,	…,	cn.	Aczél	and	Roberts	(1989)	show	that	if,	in	addition,	
F	satisfies	reflexivity	and	symmetry,	then	λ	=	1	and	c1	=	c2	=	⋯	=	cn	=	1/n,	so	F	is	
the	geometric	mean.

There	are	also	situations	where	one	can	show	that	the	merging	function	F	is	the	
arithmetic	mean.	Consider,	 for	example,	 the	case	where	a1,	a2,	…,	an	are	 interval	
scales	with	 the	 same	unit	 and	 independent	zero	points	and	u	 is	 an	 interval	 scale.	
Then	the	principle	of	theory	construction	gives	the	functional	equation:

	

F a a a

A

n n

n

( , , , )

   ( , , , , )

α β α β α β

α β β β

1 1 2 2

1 2

+ + + =…

… FF a a a Bn n( , , , ) ( , , , , )1 2 1 2… …+ α β β β ,
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where

	 A n( , , , , )α β β β1 2 0… > .

Even	without	 a	 continuity	 assumption,	Aczél,	Roberts,	 and	Rosenbaum	 (1986)	
show	that	in	this	case,

	 F a a a a bn i i

i

n

( , , , )1 2

1

… = +
=

∑λ ,

where	λ1,	λ2,	…,	λn,	b	are	arbitrary	constants.	Aczél	and	Roberts	(1989)	show	that	if,	
in	addition,	F	satisfies	reflexivity,	then

	 λi

i

n

b
=

∑ = =
1

1 0, .

If	in	addition	F	satisfies	reflexivity	and	symmetry,	then	they	show	that	λi	=	1/n	for	all	
i,	and	b	=	0;	that	is,	F	is	the	arithmetic	mean.

Still	another	approach	to	determining	the	form	of	an	appropriate	merging	func-
tion	is	to	replace	scale	type	assumptions	with	assumptions	that	certain	statements	
using	scales	are	meaningful.	Although	it	is	often	reasonable	to	assume	that	you	know	
the	scale	type	of	the	independent	variables	a1,	a2,	…,	an,	it	is	often	not	so	reasonable	
to	assume	that	you	know	the	scale	type	of	the	dependent	variable	u.	However,	it	turns	
out	that	one	can	replace	the	assumption	about	the	scale	type	of	u	with	an	assumption	
that	a	certain	statement	involving	u	is	meaningful.	To	return	to	the	case	where	the	ai	
are	independent	ratio	scales,	instead	of	assuming	that	u	is	a	ratio	scale,	let	us	assume	
that	the	statement

	 F a a a kF b b bn n( , , , ) ( , , )1 2 1 2… …=

is	meaningful	for	all	a1,	a2,	…,	an,	b1,	b2,	…,	bn	and	k	>	0.	Then	we	get	the	same	result	
as	before:	Roberts	 and	Rosenbaum	 (1986)	prove	 that	 under	 these	hypotheses	 and	
continuity,	F	satisfies	Equation	(4.13).	Moreover,	if	in	addition	F	satisfies	reflexivity	
and	symmetry,	 then	F	 is	 the	geometric	mean.	For	a	variety	of	related	results,	see	
Roberts	and	Rosenbaum	(1986).

4.10  Behavioral responses to health events

Governments	are	making	detailed	plans	for	how	to	respond	to	future	health	threats	
such	 as	 pandemic	 influenza,	 H1N1	 virus,	 a	 bioterrorist	 attack	 with	 the	 smallpox	
virus,	 and	 so	 on.	 A	 major	 unknown	 in	 planning	 for	 future	 disease	 outbreaks	 is	
how	people	will	respond.	Will	they	follow	instructions	to	stay	home?	Will	critical	
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personnel	report	to	work	or	take	care	of	their	families?	Will	instructions	for	immu-
nization	be	followed?	Mathematical	models	are	increasingly	used	to	help	plan	for	
health	events	or	to	develop	responses	to	them.	They	have	been	especially	important	
in	planning	responses	to	such	recent	events	as	foot	and	mouth	disease	in	Britain	and	
SARS.	Models	in	epidemiology	typically	omit	behavioral	responses.	These	are	hard	
to	quantify	and	hard	to	measure.	This	leads	to	challenges	for	behavioral	scientists	
and	for	epidemiological	modelers	who	want	to	work	with	them.

In	building	behavioral	responses	into	epidemiological	models,	we	can	learn	some	
things	 from	 the	 study	of	 responses	 to	various	disasters	 such	as	 earthquakes,	hur-
ricanes,	and	fires.	Many	behavioral	responses	need	to	be	addressed.	“Compliance”	
with	 things	 such	 as	 quarantine	 instructions	 is	 one	 example.	 How	 do	 we	 measure	
“compliance?”	 In	 particular,	 this	 includes	 such	 factors	 as	 “resistance”	 to	 instruc-
tions,	willingness	to	seek	or	receive	treatment,	credibility	of	government,	and	trust	
of	decision	makers.	Other	things	that	need	to	be	made	precise	and	measured	include	
movement,	 rumor,	 perception	 of	 risk,	 person-to-person	 interaction,	 motivation,	
social	 stigmata	 (such	 as	 discrimination	 against	 certain	 social	 groups),	 panic,	 and	
peer	pressure.	There	is	a	challenge	to	measurement	theory	here:	how	do	we	measure	
some	of	these	factors?	How	do	we	bring	them	into	mathematical	models?	What	state-
ments	using	the	new	scales	of	measurement	are	meaningful?	Some	of	the	issues	are	
discussed	in	McKenzie	and	Roberts	(2003),	which	summarizes	a	workshop	aimed	at	
modeling	social	responses	to	bioterrorism	involving	infectious	agents.

There	is	much	more	analysis	of	a	similar	nature	in	the	field	of	epidemiology	that	
can	be	done	with	the	principles	of	measurement	theory.	The	issues	involved	present	
challenges	both	for	theory	and	for	application.
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5.1  Basic questions

Measurement	plays	a	fundamental	role	in	both	physical	and	behavioral	sciences,	as	a	
link	between	abstract	models	and	empirical	reality.	So	a	challenge	arises,	concerning	
the	possibility	of	developing	a	unique	theory	of	measurement	for	the	different	domains	
of	science	in	which	it	is	involved.	What	would	we	expect	from	one	such	theory?

Perhaps	three	main	questions	should	be	addressed,	namely,

•	 What	is	the	meaning	of	measurement?
•	 How	do	we	measure?
•	 What	can	be	measured?

We	present	here	a	basic	kernel	 for	such	a	 theory,	organized	 in	 two	main	parts,	
the	measurement	scale	and	the	measurement	process,	dealing,	respectively,	with	the	
first	two	questions.	An	answer	to	the	third	question,	concerning	measurability,	comes	
from	a	combination	of	the	two	main	parts	of	the	theory,	rather	than	as	a	separate	issue.	
We	present	each	part	in	deterministic	terms	first,	then,	inasmuch	as	uncertainty	is	an	
inherent	feature	of	measurement,	we	reformulate	the	theory	in	probabilistic	terms.

Before	starting,	let	us	fix	some	language.	We	first	need	a	term	for	denoting	what 
we (want to) measure.	We	may	call	that	a	property,	characteristic,	attribute,	or	fea-
ture	of	something:	we	choose	characteristic.	Then	we	have	to	name	what carries	
(expresses,	 manifests)	 the characteristic under investigation:	 depending	 upon	 the	
discipline	 involved,	 it	may	be	an	object,	an	event,	or	even	a	person.	Here	 the	dif-
ferences	are	substantial,	yet	we	still	use	a	unique	term,	object,	but	make	clear	that	
this	is	just	a	conventional	term	for	denoting	what	carries	the	property.	Then	we	have	
to	distinguish	between	measurable	 and	nonmeasurable	properties:	 for	 the	 former	
we	use,	again	conventionally,	the	term	quantity.	Furthermore,	objects	manifest	the	
characteristic	of	interest	in	different	ways	(levels,	degrees)	and	we	call	state the	way	
in	which	an	object	manifests	a	property.
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We	are	now	ready	to	introduce	the	concept	of	measurement in	itself.	We	refer	to	
Finkelstein’s	definition	(1982):	“Measurement	is	the	process	of	empirical	objective	
assignment	of	numbers	to	properties	(characteristics)	of	objects	or	events	of	the	real	
world	in	such	a	way	as	to	describe	them.”	Other	key	terms,	such	as	measurement	
scale,	measuring	system,	and	measurement	process,	are	discussed	here,	and	at	the	
end	of	the	chapter	a	short	glossary	is	included	for	ease	of	reference	(BIPM,	2008b;	
Rossi,	2009b).

5.2  The measurement scale

5.2.1  The meaning of measurement and the notion of measurement scale

In	order	to	put	measurement	on	a	firm	foundation,	we	need	to	start	from	a	more	ele-
mentary	concept,	the	notion	of	empirical relation.	Let	us	demonstrate	this	through	a	
simple	example:	the	measurement	of	hardness	of	minerals	according	to	the	method	
proposed	by	Mohs	in	1812	(Finkelstein,	1982).	The	key	idea	of	his	method	was	that	
the	hardness	of	a	mineral	may	be	characterized	by	its	ability	to	scratch	other	miner-
als.	This	is	the	empirical	relation	in	this	case	and	(we	may	assume	that)	it	is	a	weak 
order.1	He	 then	 identified	a	 series	of	10	 reference	materials,	 collectively	 suited	 to	
express	the	different	degrees	of	hardness	we	may	encounter	in	nature.	They	were,	in	
increasing	hardness	order,	talc,	gypsum,	calcite,	fluorite,	apatite,	orthoclase,	quartz,	
topaz,	corundum,	and	diamond.	Then	he	assigned	the	numbers	from	1	to	10	to	them,	
thereby	fully	defining	a	reference scale.	We	call	a	standard	each	element	in	the	scale	
and	measure	the	corresponding	number.	Using	this	as	a	basis,	it	is	possible	to	deter-
mine	the	hardness	of	any	piece	of	mineral	a	by	comparing	it	to	the	scale	in	order	to	
identify	the	standard	s	to	which	it	is	equivalent,	in	the	sense	that	it	neither	scratches	
nor	is	scratched	by	it.

This	simple	example	is	good	for	showing	the	meaning	of	measurement:	the	number	
(measure)	so	assigned	will	really	represent	hardness,	in	that	we	expect	a	to	have	the	
same	hardness	of	any	other	object	that	obtains	the	same	measure,	to	be	harder	than	
any	object	obtaining	a	lesser	measure,	and	vice	versa.	In	other	words,	if	two	objects,	
a	and	b,	have	hardness	m(a)	and	m(b),	respectively,	the	order	that	holds	between	the	
measures	corresponds	to	the	order	that	holds	between	the	objects;	that	is,

	 a b m a m b� ⇔ ( ) ≥ ( ).	 (5.1)

An	 expression	 like	 (5.1),	 linking	 empirical	 relations	 to	 numerical	 relations,	 is	
called	a	representation theorem.	We	may	note	that	the	measure	of	an	object	reveals	
how	it	compares	with	all	the	other	objects	that	carry	the	same	characteristic:	in	our	
example,	how	a	mineral	compares	with	all	other	minerals,	in	respect	of	hardness.	
The	alternative	for	obtaining	the	same	information	would	be	to	actually	compare	the	
object	to	be	measured	with	all	the	others	in	the	class.	This	shows	how	valuable	the	
information	conveyed	by	measurement	is.	How	is	it	possible	to	obtain	such	a	remark-
able	saving	in	effort?	This	is	thanks	to	the	construction	of	the	reference	scale	(the	
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10	standards	object,	 in	 the	Mohs	case),	which	“materialises	our	knowledge	of	 the	
quantity	 under	 examination”	 (Mari,	 2000).	 Actually	 in	 constructing	 the	 scale	 we	
have	made	good	use	of	our	knowledge,	consisting	in	knowing	that	hardness	may	be	
characterized	by	the	ability	to	scratch	another	material	and	that	the	main	ways	in	
which	it	appears	in	nature	are	well	represented	by	the	ten-standards	series.

So	we	may	now	answer	the	question	about	the	meaning	of	measurement,	by	say-
ing	that	measurements	reproduce	empirical	relations	in	a	numerical	domain,	thanks	
to	the	existence	of	a	measurement	scale.	Note	that	a	scale	may	be	intended	in	two	
ways,	as	the	set	of	conditions	that	enable	measurement	(general	meaning)	or	a	series	
of	standard	objects	with	assigned	values	(specific	meaning).	To	avoid	confusion,	we	
use	the	term	reference	scale	in	the	latter	case.

In	general,	we	may	have	different	types	of	empirical	relations,	as	we	have	already	
discussed	in	Chapters	1	and	4,	corresponding	to	different	empirical	structures	and	
related	measurement	scales.	A	summary	of	the	most	common	and	useful	types	of	
scales	has	been	reported	in	Chapter	1,	Table 1.2.	As	we	have	discussed	in	Chapter	1,	
scales	 may	 be	 characterized	 from	 two	 different	 standpoints,	 either	 according	 to	
empirical	 properties	 that	 they	 are	 able	 to	 reproduce,	 expressed	 by	 representation	
theorems,	 or	 on	 the	 basis	 of	 the	 admissible	 transformations	 that	 they	 may	 safely	
undergo.	This	second	point	of	view	 is	 related	 to	meaningfulness,	which	has	been	
amply	discussed	in	Chapter	4.

These	 ideas	 are	 basic	 in	 the	 representational	 theory	 of	 measurement.	 For	 prob-
ing	this	subject	further,	we	recommend	Roberts	(1979/2009)	as	an	introduction,	then	
Krantz,	Luce,	Suppes,	and	Tversky	(1971),	Luce,	Krantz,	Suppes,	and	Tversky	(1990),	
and	Suppes,	Krantz,	Luce,	and	Tversky	(1989)	for	a	remarkable	presentation	of	key	
results.	A	concise	overview	is	provided	in	Finkelstein	and	Leaning	(1984),	and	a	recent	
survey	is	offered	by	Luce	and	Suppes	(2002).	We	also	recommend	reading	the	original	
essay	by	Helmholtz	(1971/1887),	for	understanding	how	these	ideas	originated.

Thus	far	we	have	presented	measurement	scales	in	a	“deterministic”	way,	that	is,	
by	assuming	that	all	the	relations	involved	are	either	“true”	or	“false.”	This	is	good	
for	clarifying	 the	meaning	of	measurement,	but	may	no	 longer	be	adequate	 if	we	
look	for	a	faithful	description	of	what	happens	in	reality.	We	now	discuss	when	this	
approach	is	no	longer	satisfactory.

5.2.2  On the need for a probabilistic approach

Consider	 again	 an	 empirical	 weak-order	 relation,	 as	 the	 relation	 “heavier	 than,”	
which	 occurs	 in	 mass	 measurement.	 We	 call	 a	 comparator any	 device	 that	 per-
forms	a	comparison	of	objects,	in	respect	of	some	characteristic	of	theirs.	Consider	
now	a	class	of	objects,	for	example,	books,	and	a	mass	comparator,	for	example,	an	
equal-arm	balance.	There	are	cases	in	which	the	result	of	the	comparison	may	be	
expressed	by	a	deterministic	statement,	such	as	a	≻	b,	where	“≻”	means	“(empiri-
cally)	greater	than,”	which	implies	that	whenever	we	compare	a	with	b,	we	observe	
that	a	is	heavier	than	b.	For	example,	if	a	and	b	are	two	different	books	in	the	same	
series,	 they	will	have	undergone	 the	same	publishing	standards,	 that	 is,	 the	 same	
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kind	of	paper,	same	cover,	and	so	on,	but	they	may	have	a	different	number	of	pages,	
for	example,	500	versus	400.	Then	a	 (the	book	with	500	pages)	will	be	definitely	
heavier	than	b	and	we	may	correctly	represent	the	real	situation	by	the	deterministic	
relation	a	≻	b.

But	suppose	now	that	a	and	b	are	two	distinct	copies	of	the	same	book	in	the	same	
series;	that	is,	they	have	the	same	kind	of	paper,	same	cover,	same	number	of	pages.	
Then	they	should	be	nominally	equivalent	and	we	should	observe	a	~	b,	where	“~”	
means	“empirically	equivalent	to.”	Yet	we	cannot	be	sure	of	this,	inasmuch	as	there	
may	be	small	differences,	due	to	the	production	process	(inhomogeneity	of	the	paper,	
small	differences	occurring	in	the	binding	process,	etc.)	or	to	the	usage	(aging,	wear-
ing,	dust,	etc.).	If	we	use	a	comparator	sensitive	enough	for	detecting	such	differences	
and	if	they	are	of	the	same	order	of	magnitude	of	the	“noise”	of	the	comparator	(due,	
e.g.,	 to	 internal	 friction,	 vibration,	 etc.),	 if	 we	 repeat	 the	 comparison	 more	 times	
we	may	sometimes	observe	a	≻	b,	some	others	a	~	b	and	some	others	even	a	≺	b.	
So	we	can	no	 longer	describe	 this	situation	by	a	single,	well-determined	 relation,	
rather	we	have	to	consider	the	probability	of	each	of	the	possible	relations;	that	is,	
ℙ(a	≻	b),	ℙ(a	~	b),	and	ℙ(a	≺	b),	where	the	symbol	“ℙ”	denotes	the	probability	of	a	
relation.	The	following	constraint	holds	true:

	 P P Pa b a b a b� ∼ ≺( )+ ( )+ ( ) = 1.	 (5.2)

This	is	why	the	necessity	of	a	probabilistic	representation	emerges:	when	we	com-
pare	 similar	 objects,	 the	 result	 of	 the	 comparison	 may	 become	 uncertain.	 If	 this	
holds	 true	for	 the	measurement	of	physical	quantities,	 it	 is	even	more	apparent	 in	
the	case	of	perception.	If	we	ask	a	single	person	or	a	jury	to	compare,	say,	the	loud-
ness	of	sounds	or	the	brightness	of	objects,	we	may	observe	some	intra-	and	inter-
individual	variability.	On	the	other	hand,	the	case	of	a	well-determined	order,	such	
as	the	one	occurring	between	the	two	different	books,	may	be	included,	by	assigning	
ℙ(a	≻	b)	=	1.	The	probabilistic	approach	may	thus	be	considered	as	a	generalization	
of	the	deterministic	one.	In	this	chapter	we	use	only	simple	probability	rules.	Good	
introductions	to	this	discipline	have	been	provided	in	Italian	by	Monti	and	Pierobon	
(2000)	and	in	English	by	Papoulis	(1984).

5.2.3  More on the interpretation of the probabilistic approach

Before	 proceeding,	 let	 us	 consider	 some	 additional	 points	 concerning	 the	 use	 of	
probability.	In	general,	if	we	have	two	objects	a	and	b,	and	a	comparator	C,	and	we	
observe	some	variability	in	the	results	of	the	comparison,	how	can	we	interpret	this	
variability?	Should	we	ascribe	this	variability	to	the	objects,	holding	that	the	char-
acteristic	they	manifest	actually	varies	at	random	from	one	comparison	to	another,	
or	 should	we	 instead	ascribe	 it	 to	 the	comparator,	 assuming	 that	 it	 is	 affected	by	
random	noise?

We	suggest	that,	in	general,	there	is	no	definite	answer	to	this	question:	if	the	only	
evidence	we	have	is	the	result	of	the	comparison,	we	cannot	separate	the	contribution	
of	the	objects	from	that	of	the	comparator,	or	more	generally,	the	contribution	of	the	
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observer	from	the	contribution	of	the	observed	system.	This	is	a	kind	of	uncertainty	
principle	that,	it	is	noteworthy,	already	emerges	from	this	very	simple	model.

Second	point:	 someone	could	argue	 that	 the	use	of	a	 less-sensitive	comparator	
would	lead	to	a	determined	result	of	the	comparison.	Unfortunately	this	is	only	an	
apparent	solution.	In	fact,	suppose	that	the	comparator	has	a	limited	resolution:	it	is	
unable	to	detect	differences	in	the	objects	that	are	less	than	a	threshold,	say	δ.	Now	
suppose	that	objects	a	and	b	differ	by	less	than	the	threshold;	then	the	result	will	be	
a	~δ	b,	where	the	symbol	“~δ”	denotes	the	indifference	condition	expressed	by	the	
comparator.	Suppose	now	that	b	and	c	also	differ	by	less	than	the	threshold;	then	we	
obtain	b	~δ	c.	Yet	there	is	no	guarantee	that	a	and	c	are	also	within	the	threshold,	so	
the	relation	“~δ”	is	not	transitive;	that	is,	it	is	no	longer	an	equivalence	relation.	So	the	
apparent	benefit	of	having	a	better	repeatability	(i.e.,	a	propensity	to	obtain	the	same	
result	or	 the	same	set	of	 results	when	repeating	 the	same	experiment	 in	 the	same	
conditions)	is	balanced	by	a	severe	drawback,	the	loss	of	the	equivalence	relation.	
Remedy	would	be	worse	than	malady!

Another	 possible	 question	 is	 whether	 the	 limited	 repeatability	 of	 comparisons	
is	 the	only	 reason	 for	 looking	 for	 a	 probabilistic	 representation.	 We	 suggest	 that,	
although	this	could	be	a	good	reason	in	itself,	it	is	not	the	only	one.

Suppose	we	have	two	(and	only	two)	comparators,	C	and	D,	and	that	we	have	the	
same	confidence	in	both	of	them.	Suppose	that	we	compare	a	and	b	with	comparator	
C	and	that	we	always	obtain,	for	example,	a	≻C	b;	instead	let	a	~D	b	be	the	result,	also	
confirmed	through	repetitions,	of	the	comparison	through	D.	So	we	have	a	system-
atic	disagreement	between	the	two	comparators,	and	no	way	for	deciding	between	
them.	What	can	we	do?	Again	we	can	treat	this	case	in	probabilistic	terms,	consider-
ing	the	results	of	the	comparisons	as	conditioned by	C	and	D,	respectively,	and	by	
applying	the	rules	of	probability	accordingly.

In	probabilistic	terms,	the	above	result	may	be	expressed	as	follows:

	 P a b C� |( ) = 1,	 P a b C∼ |( ) = 0 ,	 P a b C≺ |( ) = 0 ,

	 P a b D� |( ) = 0 ,	 P a b D∼ |( ) = 1 ,	 P a b D≺ |( ) = 0 ,

	 P C( ) = 0 5. ,	 P D( ) = 0 5. ,

and	we	obtain

	 P P P P Pa b a b C C a b D D� � �( ) = ( ) ( )+ ( ) ( ) =| | .0 5,

	 P P P P Pa b a b C C a b D D∼ ∼ ∼( ) = ( ) ( )+ ( ) ( ) =| | .0 5 ,	 (5.3)

	 P P P P Pa b a b C C a b D D≺ ≺ ≺( ) = ( ) ( )+ ( ) ( ) =| | .0 0 .

Last,	let	us	discuss	the	interpretation	of	the	above.
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We	may	think	that	either	a	≻	b	or	a	~	b	is	true	and	one	of	the	two	comparators	
is	wrong,	but	we	do	not	know	which	one,	and	so	the	only	logically	consistent	way	
of	expressing	what	we	know	is	what	we	have	done.	Yet	we	can	also	consider,	as	an	
alternative	explanation,	the	possibility	that	the	objects	interact	with	the	comparators	
in	such	a	way	 that	 their	 state	changes	 in	 the	 two	comparisons,	but	we	are	unable	
to	define	 their	 state	outside	 these	comparisons,	 if	 these	comparisons	are	 the	only	
evidence	that	we	have.	This	is	another	kind	of	the	uncertainty,	or	rather	of	the	inde-
terminacy,	condition.	In	general	we	may	see	that	we	are	using	probability	as	a	logic,	
for	expressing	different	uncertainty	situations.

5.2.4  Probabilistic relations

We	should	now	be	motivated	enough	to	search	for	a	probabilistic	representation.	This	
approach	is	based	on	the	notion	of	a	probabilistic relation,	which	is	not	common	
in	the	theory	of	probability,	and,	as	far	as	we	know,	only	recently	has	been	investi-
gated,	so	we	discuss	it	in	some	detail.

Consider	a	deterministic	relation	first,	for	example,	a	weak	order,	⋟.	Such	a	rela-
tion	may	be	understood	in	two	ways:

•	 In	a	specific	meaning:	when	we	write	a	⋟	b,	we	intend	that	the	relation	⋟	
holds	for	the	pair	(a,b)	∈	A.

•	 In	a	general	meaning:	when	we	consider	the	relation	⋟	on	A,	we	refer	to	the	
set	of	all	the	pairs	of	elements	of	A	for	which	it	holds.

Consider,	for	example,	the	set	A	=	{a,b,c}	and	the	numerical	example	displayed	in	
Table 5.1.	The	possible	weak-order	relations	that	may	hold	on	A,	that	is,	the	possible	
weak	orderings	of	its	elements,	are	listed	in	column	1	of	the	table.	In	the	determin-
istic	case,	one	and	only	one	of	such	orderings	holds	true.	In	the	probabilistic	case,	
instead,	more	orderings	are	possible	and	a	probability	is	assigned	to	each	of	them,	
with	the	obvious	constraint	that	the	sum	of	all	such	probabilities	must	be	equal	to	
one.	This	is	what	we	call	a	probabilistic weak order	because	weak-order	relations	
only	have	nonnull	probabilities.	Example	probability	values	are	provided	in	the	last	
column	of	the	table.	In	order	to	understand	how	these	probabilities	may	be	assigned,	
suppose	that	a,	b,	and	c	are	sounds	and	we	ask	a	group	of,	say,	100	persons	to	com-
pare	them	with	respect	to	their	loudness	(or	sharpness,	pleasantness,	etc.).	Then,	each	
line	in	the	table	represents	one	possible	response	from	one	person.	If	response	⋟1,	
for	example,	a	≻	b	≻	c,	is	provided	by	20	persons	out	of	100,	we	assign	probability	
0.2	to	it,	and	so	on.

With	 the	 numbers	 provided	 in	 this	 example,	 qualitatively,	 a	 is	 in	 the	 average	
greater	than	both	b	and	c,	and	b	and	c	are	equivalent.	From	this	overall	probabilistic	
relation	on	A,	 it	 is	possible	to	derive	the	probabilities	of	the	specific	relations	that	
hold	for	each	pair	of	elements.	For	example,

	 P P P P P� � � �a b�( ) = ( )+ ( )+ ( )+ ( )1 2 8 10 ;
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that	is,	the	probability	of	the	(specific)	relation	a	≻	b	is	the	sum	of	the	probabilities	
of	the	orderings	in	which	it	holds	true.	With	these	premises,	we	are	now	in	a	position	
to	formulate	and	prove	a	probabilistic	representation	theorem.

5.2.5  Probabilistic representations

Consider	again	the	deterministic	representation	for	weak	order,

	 a b m a m b� ⇔ ≥( ) ( ).

As	we	have	just	seen,	a	⋟	b	is	now	no	longer	a	statement	that	must	be	either	true	or	
false;	rather	it	expresses	a	possibility	that	has	a	degree	of	probability	ℙ(a	⋟	b).	As	a	
consequence	of	this,	the	assignment	of	numbers	to	objects	will	no	longer	be	unique.	
Rather	we	associate	with	each	element,	say	a,	a	random	variable	xa.	What	we	can	
require	now	is	that	this	probability	of	observing	a	relation	between	two	objects	is	the	
same	as	the	probability	of	obtaining	the	same	kind	of	relation	between	the	associated	
random	variables.	So,	in	the	case	of	order,	the	representation	theorem	becomes,	for	
each	a,	b	in	A,

	 P �a b P x xa b( ) = ≥( ) ,	 (5.4)

or,	equivalently,

	 P a b P x xa b�( ) = >( )

Table 5.1 An	illustrative	example	of	a	probabilistic	order	
structure	on	A	=	{a,	b,	c}

Weak orders
⋟i

Orderings corresponding 
to weak orders ⋟i xa xb xc ℙ(⋟i)

⋟1 a	≻	b	≻	c 3 2 1 0.2

⋟2 a	≻	c	≻	b 3 1 2 0.2

⋟3 b	≻	a	≻	c 2 3 1 0.0

⋟4 b	≻	c	≻	a 1 3 2 0.0

⋟5 c	≻	a	≻	b 2 1 3 0.0

⋟6 c	≻	b	≻	a 1 2 3 0.0

⋟7 a	~	b	≻	c 2 2 1 0.1

⋟8 a	~	c	≻	b 2 1 2 0.1

⋟9 b	~	c	≻	a 1 2 2 0.0

⋟10 a	≻	b	~	c 2 1 1 0.3

⋟11 b	≻	a	~	c 1 2 1 0.0

⋟12 c	≻	a	~	b 1 1 2 0.0

⋟13 a	~	b	~	c 1 1 1 0.1
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and

	 P a b P x xa b∼( ) = =( ).

We	now	show,	in	an	informal	way,	how	this	can	work.	Look	again	at	Table 5.1;	sup-
pose	that	we	have	first	assigned	the	probabilities	to	each	of	the	possible	orderings	via	
the	sound	evaluation	experiment,	as	we	have	explained	in	the	previous	subsection.

Now,	for	each	of	the	possible	orders,	it	is	possible	to	find	a	number	assignment	to	
the	random	variables	xa,	xb,	and	xc,	compatible	with	that	order.	For	example,	for	order	
⋟1,	which	implies	a	≻	b	≻	c,	a	very	natural	assignment	is	xa	=	3,	xb	=	2,	and	xc	=	1.	
Actually	there	are	many	other	possible	assignments	that	satisfy	empirical	relations,	
but	suppose	that	we	adopt	some	conventional	rules	and	make	this	assignment	always	
unique.	For	example,	we	could	agree	to	always	use	the	first	natural	numbers,	1,	2,	…	
and	in	this	way	we	get	the	number	assignments	shown	in	columns	2–4	of	Table 5.1.	
Each	number	assignment	corresponds	to	an	order	and	then	it	obtains	the	same	prob-
ability	of	 the	associated	order.	 In	 this	way	it	 is	possible	 to	associate	a	probability	
distribution	with	the	random	variables	xa,	xb,	and	xc.	Consider,	for	example,	P(xa	=	
1).	The	assignment	xa	=	1	occurs	in	association	with	orders	⋟4,	⋟6,	⋟9,	⋟11,	⋟12,	and	
⋟13.	Consequently,	because	such	orderings	are	mutually	exclusive,	the	probability	of	
that	assignment	will	be	equal	to	the	sum	of	the	probabilities	of	the	orders	in	which	
it	is	true:

	
P xa =( ) = ( )+ ( )+ ( )+ ( )+ ( )+1 4 6 9 11 12 1P P P P P P� � � � � � 33

0 0 0 0 0 0 0 0 0 0 0 1 0 1

( )
= + + + + + =. . . . . . .

Similarly,	we	may	calculate	the	probabilities	of	xa	=	2	and	xa	=	3,	and	the	probability	
distributions	of	the	random	variables	xb	and	xc.	The	results	are	shown	in	Figure 5.1.

In	a	similar	way	we	may	also	check,	in	the	same	example,	that	the	representation	
theorem	(5.4)	holds	true,	without	providing	a	formal	proof,	which	may	be	found	in	
Rossi	(2006).

Consider,	for	example,	the	relation	a	≻	b:	in	our	example	it	is	satisfied	in	orders	
⋟1,	⋟2,	⋟5,	⋟8,	and	⋟10	and,	consequently,

	
P P P P P P� � � � �a b�( ) = ( )+ ( )+ ( )+ ( )+ ( )

= +

1 2 5 8 10

0 2 0. .. . . . . .2 0 0 0 1 0 3 0 8+ + + =

On	the	other	hand,	the	numerical	relation	xa	>	xb	is	verified	in	correspondence	with	
the	same	orders	(this	is	quite	obvious	for	the	very	way	in	which	we	have	assigned	
the	values	to	the	variables	xa,	xb,	and	xc!)	and	so	we	also	obtain	P(xa	>	xb)	=	0.8,	as	
predicted	by	(5.4).

It	is	important	to	note	that	the	measure	value,	which	in	the	deterministic	case	was	
a	function	of	the	object,	is	now	a	random	variable.	This	is	a	big	change	in	perspec-
tive	 and	 merits	 some	 discussion.	 In	 the	 deterministic	 case	 each	 object	 manifests	
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the	characteristic	under	investigation	in	one	(and	only	one)	way.	We	call	 the	state	
(of	 the	object)	 the	way	in	which	an	object	manifests	a	characteristic.	In	the	deter-
ministic	case	there	is	a	one-to-one	correspondence	between	objects	and	states	and	
between	states	and	(measure)	values.	In	the	probabilistic	representation,	due	to	the	
uncertainty	of	empirical	relations,	there	is	a	one-to-many	correspondence	between	
objects	and	states,	whereas	there	still	is	a	one-to-one	correspondence	between	states	
and	values.

What	we	have	so	far	discussed	for	order	structures	may	be	extended,	in	a	similar	
way,	 to	 other	 important	 structures	 occurring	 in	 measurement,	 such	 as	 difference	
and	extension.	A	summary	of	results	is	presented	in	Table 5.2.	The	table	presents	an	
overview	of	the	overall	theory	that	is	progressively	presented,	with	the	related	nota-
tion,	in	the	rest	of	the	chapter.

The	probabilistic	approach	to	representations	in	measurement	is	much	less	devel-
oped	then	the	deterministic	algebraic	one.	Introductory	presentations	may	be	found	
in	Roberts	(1979/2009,	Chapter	6)	and	in	Suppes	et	al.	(1989,	Chapter	17).	An	early	
work	by	Leaning	and	Finkelstein	(1980)	merits	mention,	as	well	as	a	conspicuous	
contribution	by	Falmagne	(1980).	The	subject	has	received	a	decisive	contribution	in	
Regenwetter	(1996),	where	the	notion	of	a	probabilistic	(there	called	random)	rela-
tion	is	investigated	in	depth.	Additional	treatment	is	presented	in	Regenwetter	and	
Marley	(2001).	The	theory	sketched	here	is	presented	in	detail	in	Rossi	(2006),	where	
proof	is	provided	for	all	the	results	in	Table 5.2.
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Figure 5.1 Probability	distributions	for	the	random	variables	xa,	xb,	and	xc,	associated	with	
objects	a,	b,	and	c,	respectively,	in	the	example	reported	in	Table 5.1.	All	these	variables	may	
take	the	values	1,	2,	or	3.	Note	that	for	the	variable	xa	higher	values	[2,3]	have	higher	prob-
abilities,	whereas	for	variables	xb	and	xc	the	converse	holds	true	and	they	also	have	the	same	
distribution.
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5.2.6  The construction of the reference scale

We	have	 considered	 the	notion	of	 scale	mainly	 in	 its	 general	meaning,	 as	 a	 set	 of	
conditions	 necessary	 for	 measurement	 to	 be	 possible.	 Yet	 we	 have	 also	 mentioned	
another,	more	specific,	meaning	of	the	scale,	that	we	now	have	to	discuss.	Once	we	
have	assessed,	or	even	simply	assumed,	the	existence	of	the	conditions	for	measurabil-
ity,	in	order	to	make	measurement	possible	we	have	to	actually	construct	a	reference	
scale.	Let	us	see	what	this	means,	both	in	abstract	terms	and	through	some	examples.

We	 have	 already	 encountered	 an	 example	 of	 a	 reference	 scale,	 the	 Mohs	 scale	
for	hardness,	consisting	of	ten	reference	minerals,	with	assigned	values.	What	is	the	
criterion	for	choosing	such	standards?	In	abstract	terms,	in	the	deterministic	case,	for	
a	finite	set	A	with,	say,	N	elements	under	an	equivalence	relation,	we	partition	A	into	
its	equivalence	classes,2	and	then	select	one	element	in	each	class	to	form	the	series	of	
standards.	This	series	has	to	represent	the	possible	manifestations	of	the	characteristic	
or,	equivalently,	the	possible	states	in	which	each	object	may	be.	Remember	that	in	the	
deterministic	case,	each	object	will	be	in	one	(and	only	one)	state.

Let	us	now	discuss	the	hypothesis	of	finiteness,	which	is	very	useful	for	simpli-
fying	the	mathematics.	The	rationale	for	 this	assumption	is	 that	we	cannot	attain,	
experimentally,	an	infinite	resolution,	that	is,	the	ability	of	detecting	infinitely	small	
variations.	Whatever	the	sensitivity	of	the	comparator,	there	will	always	be	a	lower	
limit	to	the	variations	that	it	is	able	to	detect	and	so	it	is	reasonable	to	assume	a	finite	

Table 5.2 Synopsis	of	the	theory	considered,	including	both	the	deterministic	
and	the	probabilistic	approach

The measurement scale

Scale type Deterministic approach Probabilistic approach

Order a	⋟	b	⇔	m(a)	≥	m(b) ℙ(a	⋟	b)	=	P(xa	≥	xb)

Interval ∆ ∆ab cd

m a m b m c m d

� ⇔

( )− ( ) ≥ ( )− ( )

P ∆ ∆ab cd

a b c dP x x x x

�( ) =

= − ≥ −( )
Ratio a	~	b	°	c	⇔	m(a)	=	m(b)	+	m(c) ℙ(a	~	b	°	c)	=	P(xa	=	xb	+	xc)

The measurement process

Process Deterministic approach Probabilistic approach

Observation y	=	f(x) P(y∙x)

Restitution x̂	=	f –1	(y) P y P x P y xx y
x X

( ) = ( ) ( )









∈

−

∑
1

;	

x̂	=	μ(x∙y)

Measurement x̂	=	h(x)	=	x P x x x x y P y x
y Y

ˆ ˆ( ) = − ( )  ( )
∈

∑δ µ
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resolution	for	the	scale.	On	the	other	hand,	for	any	fixed	class	of	measurement	prob-
lems,	it	will	also	be	possible	to	assume	a	maximum	value	for	the	characteristic.	Now,	
a	finite	resolution	plus	a	finite	maximum	value	makes	a finite set of possible states.	
So	the	hypothesis	of	finiteness	for	the	class	of	the	possible	states	may	be	maintained	
in	full	generality.

Some	examples	may	now	be	useful.	Prior	to	examining	them,	in	this	regard	we	
also	 have	 to	 remember	 that	 what	 we	 have	 called	 an	 object	 (something	 that	 has	 a	
stable	existence),	may	also	be	an	event	 instead	 (something	 that	may	be	generated	
when	needed,	but	 that	does	not	persist).	As	a	first	 example,	we	consider	 the	case	
of	 mass	 measurement:	 here	 the	 reference	 scale	 is	 a	 set	 of	 standard	 masses,	 with	
assigned	values.	How	many	masses	may	be	needed	in	a	practical	case?	If	we	want	
to	realize,	for	example,	the	mass	values	from,	say,	1	g	to	1	kg,	with	resolution	of	1	g,	
which	makes	1,000	values,	we	do	not	need	to	have	1,000	distinct	masses,	but	rather	
the	following	series:

	

m m m m

m m m

1 2

10 20

g 2 g g
*

5 g

g 20 g g

, , , ,

, , **
50 g

g 200 g g
*

500 g

, ,

, , , ,

m

m m m m100 200

where	 the	 subscript	 denotes	 the	 value	 of	 the	 standard	 and	 the	 asterisk	 denotes	 a	
second	copy	of	an	already	available	standard.	It	is	easy	to	check	that,	thanks	to	the	
addition	property,	it	is	possible	to	generate	all	the	values	required,	with	only	12	mate-
rial	standards!	For	example,	we	get	m8 g	as	the	sum	of	three	standards	in	the	series;	
that	is,	m8 g	=	m1 g	°	m2 g	°	m5 g,	where	“°”	denotes	physical	addition.	Note	also	that	we	
need	two	copies	of	m20 g,	even	though	we	could	get	m20 g	from	other	terms,	because	
otherwise	we	could	not	get	m41 g.	This	simple	example	demonstrates	how	additivity	
helps	and	that	we	do	not	need	to	have	all	 the	standards	to	exist	at	 the	same	time,	
but	rather	we	have	to	be	able	to	generate	them,	by	addition	in	this	case,	when	they	
are	needed.

Another	example	is	the	primary	scale	for	length.	This	is	obtained	by	a	sophisti-
cated	laser	system:	here	the	scale	is	an	electromagnetic	field	that	propagates	in	the	
space	through	parallel	planes.	The	distance	between	such	planes,	which	is	one	wave-
length,	is	the	basic	reference	item	for	such	a	scale,	because	it	is	possible	to	realize	
movements	parallel	to	the	propagation	direction	corresponding	to	a	certain	number	
of	wavelengths	(or	of	fractions	of	a	wavelength).	In	a	sense,	 the	reference	scale	 is	
materialized	by	movements	of	a	slide	on	a	guide,	so	it	is	a	collection	of	“events,”	the	
positions	of	the	slides	along	the	reference	axis,	which	in	turn	are	obtained	as	sums	
of	elementary	events,	that	is,	small	movements	of	the	slide,	of	one	wavelength	or	one	
fraction	of	wavelength	each.	Examples	may	be	considered	in	the	perceptual	domain	
also.	 In	 the	 case	 of	 sound	 perception	 the	 reference	 items	 are	 carefully	 generated	
synthetic	sounds	having	a	well-defined	physical	 intensity,	spectrum,	and	duration.	
For	vision,	they	may	be	reference	colors,	and	for	smell,	reference	odors	obtained	by	
carefully	prepared	solutions.
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Thus	far	we	have	discussed	the	reference	elements.	We	now	discuss	the	assign-
ment	 of	 numerical	 values	 to	 them.	 In	 the	 deterministic	 case	 we	 assign	 a	 single	
value	to	each	element.	In	the	case	of	a	probabilistic	representation,	each	object	is	
characterized,	at	least	in	principle,	by	a	probability	distribution	over	a	set	of	pos-
sible	values,	rather	than	by	a	single	value.	In	practice,	reference	scales	are	accom-
panied	by	some	statement	about	the	uncertainty	of	the	samples:	the	point	is	that	
such	a	statement	has	a	foundation	in	the	probabilistic	representation	that	we	have	
proposed.	Let	us	consider	again	the	example	of	the	mass	scale.	One	could	argue	
that	if	we	had	a	good	comparator,	there	would	be	no	uncertainty	in	distinguish-
ing	between	two	masses	having	a	different	value,	for	example,	m10 g	and	m20 g,	so	
where	is	the	uncertainty?	Actually	there	are	many	causes	of	uncertainty,	but	just	
to	have	an	immediate	answer	consider	that	in	the	scale	there	may	be	different	ways	
of	obtaining	a	same	value,	for	example,	a	=	m20 g	is	equivalent	to	b	=	m10 g	°	m5 g	°	
m2 g	°	m2

*
 g °	m1 g.

Now,	elements	a	and	b	will	be	very	close	to	each	other	and	then	it	is	reasonable	
that	the	comparator	may	compare	them	only	in	a	probabilistic	sense.	Finally,	for	those	
samples	that	may	be	realized	only	in	one	way,	for	example	m1 g,	one	should	consider	
the	possibility	of	having	another	 independent	realization	of	 the	reference	scale	and	
then,	there,	an	element,	m1 g′,	that	may	be	compared	only	probabilistically	with	m1 g.	
We	hope	that	this	oversimplified	example	may	give	a	feeling	of	the	uncertainty	of	a	
reference	scale	and	how	it	may	be	characterized	in	terms	of	empirical	relations.

5.3  The measurement process

5.3.1  The measuring system

Once	we	have	constructed	a	 reference	scale,	we	have	 to	consider	how	to	measure	
objects	not	included	in	the	scale.	First	we	introduce	some	additional	language.	For	
any	object	a,	we	consider	its	(measure) value,	x	=	m(a),	as	the	number	that	properly	
describes	 a,	 with	 respect	 to	 the	 characteristic	 under	 consideration,	 that	 is,	 as	 the	
value	satisfying	the	representation	theorem	(5.1	or	5.4).	A	direct	determination	of	x	
would	imply	actually	comparing	a	with	a	representative	set	of	elements	of	A:	this	is	
what	needs	doing,	at	least	in	principle,	for	the	elements	of	the	series	of	standards	S.	
So	for	each	element	s	∈	S,	we	obtain	a	(measure)	value	m(s)	associated	with	it.	For	
an	object	a	not	belonging	to	S,	we	may	still	consider	its	measure	value	x	=	m(a),	as	
the	value	virtually	obtainable	by	comparing	a	with	a	representative	set	of	elements	
of	A,	but	in	general	we	proceed,	for	convenience,	in	a	different	way,	that	is,	through	a	
measurement process,	usually	carried	out	by	a	measuring	system.	By	doing	this,	we	
obtain,	for	a,	a	measurement value,	denoted	by	̂x.	So,	to	sum	up,	we	call	the	“measure	
value,”	or	simply	“value,”	of	an	object	the	number	that	we	would	obtain	by	compar-
ing	it	with	(actually	or	virtually)	all	the	other	elements	in	the	set	A,	and	we	call	the	
“measurement	value”	the	number	that	we	obtain	by	measuring	it	through	a	proper	
mea	surement	process.	Let	us	then	discuss	how	to	obtain	the	measurement	value	x̂.

There	are	two	main	ways	of	doing	that,	direct	and	indirect,	illustrated,	in	the	case	
of	mass	measurement,	in	Figure 5.2.	We	first	discuss	them	in	a	deterministic	context,	
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where	we	assume	that	all	the	devices	involved	behave	in	a	perfectly	repeatable	and	
reproducible	way,	then	we	introduce	a	more	realistic	probabilistic	model,	capable	of	
accounting	for	the	behavior	of	real-world	devices	that	may	present	random	variation	
or	may	be	affected	by	systematic	deviations.

The	first	simply	consists	in	comparing	the	unknown	object	a	with	the	series	of	
standard	S	to	find	an	element	s	∈	S	equivalent	to	a,	s	~	a.	This	is	shown	in	Figure 5.2a,	
for	the	mass	example.	Let	x	=	m(a)	be	the	unknown	(measure)	value	of	a.	On	the	basis	
of	the	result	of	the	comparison,	inasmuch	as	we	have	found	a	~	s,	we	assign	to	a	the	
measurement	value	x̂	=	m(s).

Note	that	x	is	unknown,	whereas	m(s)	is	known,	because	s	is	an	element	of	the	
reference	scale,	so	we	estimate	x	by	x̂	=	m(s).	In	the	ideal	case	we	obtain

	 x̂ x= ,

that	is,	the	measurement	value	equals	the	measure	value,	which	in	turn	satisfies	the	
deterministic	representation	theorem.

The	second	way	to	measure	is	to	use	a	measuring	system,	or	instrument,	that	has	
been	calibrated	with	respect	to	the	reference	scale.	In	our	example,	Figure 5.2b,	the	
measuring	system	consists	of	a	linear	spring,	oriented	according	to	the	gravity	field.	
This	device	may	be	calibrated	by	applying	a	standard	s0,	whose	value	is	x0	=	m(s0),	
and	recording	the	corresponding	displacement	of	the	free	end	of	the	spring,	y0.	Then,	
by	proportionality,	 the	object	a	 such	 that	m(a)	=	x	will	produce	a	displacement	y	
such	that

	 y
y
x
x kx= =0

0

,

where	k	is	the	sensitivity	of	the	instrument,	which	must	be	estimated	by	calibration.3	
We	call	this	function,	that	in	general	reads

(a) (b)

a s s0

OO

y0

y

y

a

Figure 5.2 Direct	(a)	versus	indirect	(b)	measurement	method.
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	 y f x= ( ),

the calibration	or	observation function	and	we	assume,	by	now,	that	it	is	a	one-to-
one	function	and	consequently	that	it	is	invertible	(we	remove	this	hypothesis	later	
on,	in	the	probabilistic	model).	We	know	the	calibration	function	because	we	have	
previously	calibrated	the	spring	device,	therefore	after	observing	the	displacement	y,	
we	may	assign	the	measurement	value

	 x̂ k y f y= = ( )− −1 1 .

It	is	easy	to	check	that	also	in	this	case

	 x̂ x= ,

and	the	two	measurements,	the	direct	and	the	indirect	one,	are	conceptually	equiva-
lent.	We	thus	look	for	a	common	description	of	these	two	methods.

5.3.2  Observation and restitution

We	first	define	a	measuring	system	(MS)	as	an	empirical	system	able	to	interact	with	
the	objects	that	carry	the	characteristic	under	investigation	and	to	produce,	as	a	result	
of	 such	 interaction,	 signs,	 that	we	eventually	call	 (instrument)	 indications,	on	 the	
basis	of	which	it	is	possible	to	assign	a	measurement	value	to	the	characteristic	to	be	
measured,	in	agreement	with	a	previously	defined	reference	scale.	The	characteristic	
to	be	measured	in	a	given	situation	is	usually	called	the	“measurand”	(see	the	glos-
sary	at	the	end	of	the	chapter)	and	we	also	use	this	term	in	the	following.

In	the	first	example	of	the	previous	subsection,	the	MS	is	made	by	the	reference	scale	
itself	plus	the	comparator,	and	in	the	second	by	the	calibrated	spring.	We	propose	to	
parse	the	measurement	process	in	two	subprocesses, observation	and	restitution.

In	 the	 observation	phase	 the	 measurand	 is	 input	 to	 the	 measuring	 system	 that	
in	turn	produces	an	indication.	In	the	restitution	phase	the	indication	of	the	MS	is	
interpreted	on	 the	basis	of	 the	 calibration	 function	and	 the	measurement	value	 is	
obtained.	Measurement	is	the	concatenation	of	the	observation	and	restitution.	Note	
that	 the	 two	phases	are	conceptually	distinct,	because	observation	 is	where	 infor-
mation	 is	produced,	 thanks	 to	 the	 interaction	between	the	object	and	the	MS	that	
produces	relevant	physical	or	psychological	transformations,	whereas	restitution	is	
an	information-processing	phase.	Restitution	may	be	very	simple,	as	in	the	case	of	
direct	measurement,	where	it	just	consists	in	assigning	to	the	measurand	the	same	
known	 value	 of	 the	 standard	 that	 has	 been	 selected,	 in	 the	 observation	 phase,	 as	
equivalent	to	the	measurand,	or	it	may	be	very	complicated	and	challenging,	as	in	
the	case	of	 image-based	measurement,	where	 it	may	 involve	sophisticated	 image-
processing	procedures.	Nonetheless	it	is	conceptually	always	present,	inasmuch	as	
the	measurand	is,	by	assumption,	not	directly	observable	(otherwise	we	would	not	
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need	to	measure),	whereas	the	indication	is,	in	the	most	general	case,	a	sign,	that	is,	
something	observable.	So	the	measurand	and	the	indication	are	two	inherently	dif-
ferent	entities	and	in	order	to	make	a	statement	about	the	measurand,	based	on	the	
observation	of	the	indication,	an	interpretation	process	is	required,	which	we	have	
called	restitution.

Let	us	now	consider	a	deterministic	model	of	the	measurement	process.	As	we	
have	seen	in	the	examples	above,	observation	may	be	described	by	the	calibration	or	
observation	function,

	 y f x= ( ),	 (5.5)

restitution	by	its	inversion,

	 x̂ f y= ( )−1 ,	 (5.6)

and	measurement	by	the	concatenation	of	the	two,

	 x̂ h x f f x x= ( ) = ( )[ ] =−1 ,	 (5.7)

where	the	measurement	function,	denoted	by	h,	in	this	ideal	case	reduces	to	an	iden-
tity.	 It	 is	 easy	 to	 check	 that	 this	 framework	holds	 in	both	 the	 cases	 that	we	have	
considered	in	the	previous	section.	Indeed,	in	the	case	of	direct	comparison,	if	we	
measure	 the	 object	 a,	 whose	 (unknown)	 value	 is	 x	 =	 m(a),	 and	 we	 find	 that	 it	 is	
equivalent	to	s,	we	obtain

	 y f x m s m a x= ( ) = ( ) = ( ) = ,

	 ˆ .x f y x= ( ) =−1

In	the	indirect	measurement	example,	instead,	we	have

	 y f x kx= ( ) = ,

	 ˆ .x f y k y k kx x= ( ) = = =− − −1 1 1

Let	us	now	illustrate	graphically	the	general	idea	of	observation/restitution	in	a	
simple	numerical	example,	in	which	y	=	f(x)	=	kx	=	2x,	illustrated	in	Figure 5.3.	This	
example	is	very	simple,	even	trivial,	but	it	is	instrumental	in	introducing	the	proba-
bilistic	case,	which	is	illustrated	similarly	at	a	later	stage.

The	structure	of	the	measurement	process	is	illustrated	in	Figure 5.4.	It	is	inter-
esting	to	compare	 this	general	scheme	to	 those	we	have	presented	in	Chapter	1,	
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Figures 1.1–1.5.	 In	 the	 case	of	direct	measurement	 (Figure 1.1),	 the	observation	
phase	constitutes	the	comparison	of	the	object	with	the	reference	scale	and	restitu-
tion	is	simply	the	attribution	of	the	value	of	the	selected	standard	to	the	measurand.	
Magnitude	estimation	(Figure 1.5)	may	be	seen	as	a	kind	of	direct	measurement,	
with	 an	 internal	 reference	 scale.	 Indirect	 measurement	 occurs	 both	 in	 physics	
(Figure 1.2)	and	in	psychophysics	(Figure 1.3).	Here	observation	includes	the	direct	
measurement	of	the	input	measured	quantity(ies)	or	of	the	input	stimulus	and	resti-
tution	is	a	reinterpretation	of	the	input	on	the	basis	of	the	physical	or	psychophysi-
cal	 law.	 Lastly,	 in	 measurement	 in	 psychometrics	 (Figure  1.4),	 and	 probably	 in	
many	applications	of	measurement	 in	 the	behavioral	 sciences	 that	use	question-
naires,	 test	 items	play	 the	 role	of	 the	MS,	 the	process	of	administering	 them	 to	
subjects	and	collecting	answers	is	analogous	to	observation,	and	the	interpretation	
of	the	responses,	in	order	to	obtain	a	measurement	value,	is	similar	to	restitution.

So	 for	 the	 above	 considerations	 we	 may	 perhaps	 conclude	 that	 the	 proposed	
scheme	of	observation/restitution	is	quite	general	and	may	serve	as	reference	model.	
Useful	 references	 for	 a	 formal	 theory	 of	 the	 MS	 have	 been	 provided	 by	 Gonella	
(1988),	Mari	(2000),	Morawski	(1994),	and	Rossi	(2003).
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Figure 5.3 The	phases	of	the	measurement	process:	(a)	observation;	(b)	restitution:	in	contrast	with	
(a)	note	that	here	the	input	is	y	and	the	output	is	x,	as	indicated	by	the	arrows;	(c)	measurement.
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Figure 5.4 Scheme	of	the	measurement	process.
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5.3.3  The probabilistic model

The	deterministic	model	describes	an	ideal	environment.	If	we	look	for	a	more	real-
istic	account	of	what	happens	in	reality,	we	may	turn	to	a	probabilistic	one.

Let	us	 reconsider	observation	first.	 In	 contrast	with	 the	 ideal	model,	when	we	
input	a	measurand	whose	value	is	x,	and	we	repeat	the	experiment	more	times,	in	
general	we	do	not	always	obtain	the	same	indication	y	but	rather	a	cluster	of	indica-
tions.	An	appropriate	way	to	describe	this	behavior	is	to	assign	a	probability	distribu-
tion	to	the	indications,	conditioned	on	the	value	of	the	measurand	P(y∙x),	as	shown	
in	Figure 5.5a.	In	the	abscissas	we	have	the	possible	values	x	of	the	quantity	under	
consideration;	in	the	ordinates	the	instrument	indications	and	the	corresponding	con-
ditional	probability	P(y∙x)	are	represented	by	circles:	the	large	circles	indicate	a	prob-
ability	equal	to	0.6,	the	small	ones	correspond	to	0.2.	For	example,	if	the	input	value	
is	x	=	6,	we	may	obtain	three	indications,	whose	probabilities	are

	 P y x= =( ) =10 6 0 2. ,

	 P y x= =( ) =12 6 0 6. ,

	 P y x= =( ) =14 6 0 2. .
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Figure 5.5 A	probabilistic	model	of	the	measurement	process.	The	circles	represent	prob-
ability	values:	 the	 large	circle	corresponds	 to	0.6,	 the	small	 to	0.2.	Phases	of	 the	process:	
(a)	observation:	note	that	here	the	input	is	any	fixed	value	of	x and	the	output	is	a	correspond-
ing	probability	distribution	for	y:	the	example	of	x =	6	is	outlined;	(b)	restitution:	in	contrast	
with	(a),	note	that	here	the	input	is	a	fixed	value	of	y	and	the	output	is	a	corresponding	prob-
ability	distribution	for	x:	the	example	of	y =	12	is	outlined;	(c)	measurement:	here	the	input	is	
a	fixed	value	for	x	and	the	output	a	probability	distribution	for	x̂.
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This	conditional	distribution	may	still	be	obtained,	at	 least	 in	principle,	by	a	calibra-
tion	experiment	and	it	replaces	the	former	calibration	or	observation	function	y	=	f(x).

How	can	we	do	restitution	now?	The	idea,	mutatis mutandis,	is	very	similar	to	
the	deterministic	case.	Suppose	that	we	observe	y	=	12:	from	Figure 5.5b	we	see	
that	such	an	indication	may	have	been	caused	by	three	values	of	x,	namely	5,	6,	and	
7,	and	from	the	same	graph	we	may	obtain	the	probabilities	of	these	three	causes,	
namely

	 P x y= =( ) =5 12 0 2. ,

	 P x y= =( ) =6 12 0 6. ,

	 P x y= =( ) =7 12 0 2. .

What	we	have	just	done	is	a	probabilistic inversion	of	the	observation	transforma-
tion.	Analytically	this	may	be	obtained	by	applying	the	well-known	Bayes–Laplace	
rule,	as	we	show	in	a	moment.	Again,	as	in	the	deterministic	case,	we	may	combine	
observation	and	restitution	for	obtaining	a	description	of	the	overall	measurement	
process,	provided	by	the	distribution	P(̂x∙x).	For	example,	we	see	in	Figure 5.5c	that,	
if	x	=	6,	the	measurement	value	x̂	provided	by	the	measurement	process	is	character-
ized	by	the	distribution

	 P x xˆ .= =( ) =5 6 0 2 ,

	 P x xˆ .= =( ) =6 6 0 6 ,

	 P x xˆ .= =( ) =7 6 0 2.

We	discuss	how	this	distribution	may	be	obtained	in	a	moment.	Let	us	now	formalize	
the	above	consideration.

Observation	may	be	modeled	by	 the	conditional	probability	distribution	of	 the	
indications,	given	the	value	of	the	measurand;	that	is,

	 P y x( ) .	 (5.8)

Restitution	is	the	probabilistic	inversion	of	observation	and	it	can	be	obtained	by	the	
Bayes–Laplace	rule,	as

	 P x y
P y x P x

P y

P y x P x

P y x P x
x

( ) = ( ) ( )
( ) = ( ) ( )

( ) ( )∑
.
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If	the	probability	distribution	for x	is	assumed	to	be	uniform,	then	the	above	expres-
sion	simplifies	as

	 P x y
P y x

P y x
P y x

x

( ) = ( )
( )

∝ ( )
∑

.	 (5.9)

This	expression	may	be	explained	as	follows,	having	in	mind	the	previous	example.	
Our	goal	distribution	P(x∙y)	is	the	distribution	assigned	to	the	measurand	x,	once	the	
indication	y	has	been	observed.	So	P(x∙y)	is	a	function	of	the	variable	x,	with	y	being	
a	fixed	value,	and	it	may	be	obtained	by	interpreting	P(y∙x)	as	a	function	of	x,	instead	
of	as	a	function	of	y.	This	corresponds	to	what	we	have	done	in	Figure 5.5b,	where	
we	have	read	the	graph	starting	from	the	ordinates.	In	doing	so,	it	may	be	that	the	
values	we	select	in	this	way	do	not	sum	to	one;	in	that	case	we	have	to	rescale	them	
to	ensure	that	the	final	distribution	sums	to	one:

	 P x y
x

( ) =∑ 1.

So	for	each	indication	y	we	may	assign	a	probability	distribution	to	the	measurand	x.	
To	describe	the	measurand,	as	usual,	by	a	single	value—the	measurement	value—we	
take	a	proper	position	parameter	for	the	random	variable	x,	conditioned	by	y,	that	we	
denote	by

	 x̂ x y= ( )µ .

Usually,	for	an	interval	or	ratio	scale,	this	parameter	is	the	expected value

	 µ x y x y xP x y
x

( ) = ( ) = ( )∑E ,

whereas	 for	 an	 ordinal	 scale	 the median	 should	 be	 used	 instead	 (Stevens,	 1959).	
Uncertainty	figures	 can	also	be	obtained	 from	 the	final	distribution	P(x|y)	 (BIPM,	
2008a).	Finally,	we	have	to	combine	observation	and	restitution	to	obtain	a	description	
of	the	overall	measurement	process.	This	operation	may	be	understood	by	looking	at	
Figure 5.6.

Suppose	that	x	=	6;	then	we	may	obtain	y	=	10,	12,	14,	with	probabilities	0.2,	0.6,	
0.2,	respectively.	If,	for	example,	y	=	10,	the	resulting	probability	distribution	for	x	
will	be	centered	in	x	=	5	and	thus	the	measurement	value	(the	expected	value	of	the	
distribution)	will	be	x̂	=	6.	This	will	happen	with	the	same	probability	of	observing	
y	=	10,	that	is,	0.2.	Analogously,	if	y	=	12,	we	obtain	x̂	=	6,	which	will	happen	with	
probability	0.6,	and	if	y	=	14,	we	will	obtain	̂x	=	7,	which	will	happen	with	probability	
0.2.	Summarizing,	we	have

	 P x xˆ .= =( ) =5 6 0 2,

	 P x xˆ .= =( ) =6 6 0 6,
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	 P x xˆ .= =( ) =7 6 0 2.

This	is	the	way	the	graph	of	Figure 5.5c	has	been	obtained.	This	procedure	may	be	
expressed	in	a	formula,

	 P x x x x y P y x
y Y

ˆ ˆ( ) ( )[ ] ( )= −
∈

∑δ µ ,	 (5.10)

where	δ	here	denotes	a	unitary	discrete	impulse	function;	that	is,	for	any	integer	i,	
δ(i)	=	1	for	i	=	0,	and	δ(i)	=	1,	for	i	≠	0.	Let	us	practice	applying	formula	(5.10)	to	
calculate,	for	example,	P(̂x	=	6∙x	=	6).	We	obtain

	

P x P xx yˆ =( ) −[ ] =( )= = =6 6 7 146 6δ

    + −[ ] =( )=δ 6 6 12 6P xy

    + −[ ] =( )=δ 6 5 10 6P xy

= =( ) ==P xy 12 0 66 . .

The	probabilistic	description	of	the	measurement	process	is	summarized	in	the	
lower	part	of	Table 5.2.	For	an	introduction	to	Bayesian	inference	we	recommend	
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Figure 5.6 How	to	obtain	a	description	of	the	overall	measurement	process:	see	explanation	
in	the	text.	The	circles	represent	probability	values:	the	large	circle	corresponds	to	0.6,	the	
small	to	0.2.
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Press	(1989).	Additional	information	on	the	model	presented	here	may	be	found	in	
Cox,	Rossi,	Harris,	and	Forbes	(2008)	and	in	Rossi	(2003,	2006,	2009a),	including	
possible	generalizations	concerning	how	to	account	 for	systematic	effects	and	 the	
extension	to	vector	and	dynamic	measurements.

5.4  Measurability

Once	the	meaning	of	measurement	has	been	clarified	by	the	notion	of	measurement	
scale	and	the	way	we	measure	by	the	concepts	of	measuring	system	and	measure-
ment	 process,	 we	 may	 discuss	 a	 crucial	 point	 that	 has	 been,	 as	 we	 have	 seen	 in	
Chapter	1,	 a	matter	of	 strong	controversy,	 the	 issue	of	measurability.	There	 is	no	
room	here	for	a	thorough	discussion	of	this	topic,	and	we	just	propose,	on	the	basis	
of	what	we	have	thus	far	discussed,	a	criterion	for	measurability.	We	suggest	that	a	
characteristic x of	a	class	of	objects	is	measurable	if	the	following	four-step	proce-
dure	may	be	successfully	applied:

	 1.	Define	the	class of objects	that	manifest	the	characteristic.
	 2.	 Identify	the	empirical properties	that	define	the	characteristic.
	 3.	Construct	a	reference measurement scale.
	 4.	Devise	at	least	one	measuring system	based	on	that	reference	scale.

Simple	as	it	may	seem,	this	procedure	involves	very	demanding	steps	to	be	taken;	
see	Rossi	(2007)	for	a	discussion.	Here	we	simply	note	that,	at	first	glance,	it	may	
seem	 that	 this	 procedure	 applies	 to	 fundamental	measurement	 only,	 according	 to	
Campbell’s	classification	(Campbell,	1957/1920).	As	we	have	seen	in	Chapter	1,	for	
Campbell	fundamental	quantities	are	only	those	for	which	it	is	possible	to	construct	
a	reference	scale,	thanks	to	the	“physical	addition”	operation,	and	that	may	be	mea-
sured	by	direct	comparison	with	that	scale.	On	the	other	hand,	derived	quantities	are	
those	that	may	be	measured	indirectly,	thanks	to	some	physical	law	that	relates	them	
to	other,	independently	measurable,	quantities.

We	may	retain	this	classification	to	some	extent,	provided	that	we	generalize	and	
update	it	on	the	basis	of	recent	irreversible	results	of	the	representational	theory.	So	
we	call	 fundamental a	scale	that	may	be	constructed	on	the	basis	of	 the	 internal 
properties	 (relations	and	operations)	of	 the	quantity	under	consideration.	We	call	
derived	a	 scale	obtained	on	 the	basis	of	 interrelations	 linking	 the	quantity	under	
consideration	with	other	quantities.	For	example,	a	scale	for	mass,	constructed	by	
generating	the	multiples	and	submultiples	of	an	initial,	arbitrary,	unitary	element,	
by	an	equal-arm	balance,	and	by	assigning	values	to	them	in	accordance	with	the	
additivity	property,	may	be	considered	a	fundamental	scale.	Instead,	a	temperature	
scale	based	on	a	graduated	mercury-in-glass	thermometer	may	be	considered	derived	
from	length	measurement,	through	the	property	of	thermal	dilatation	of	fluids.	In	
fact,	this	property	is	not	“internal”	to	temperature	(as	would	be	the	“warmer	than”	
order	relation)	but	rather	relates	two	distinct	quantities,	temperature	and	length.

So,	what	can	we	say,	in	a	few	words,	about	the	measurability	of	derived	quantities?
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Basically,	in	the	case	of	a	derived	quantity	z,	the	empirical	properties	required	for	
constructing	the	scale	are	derived	from	the	properties	of	another	quantity	x	to	which	
z	is	linked	through	a	scientific	law.	But	what	is	a	scientific	law?

We	may	perhaps	define	it,	for	the	scope	of	this	discussion,	as	a	functional	relation	
between	variables,	say,	in	our	case,	z	=	g(x),	 that	 is	accepted	as	holding	true,	 in	a	
given	domain	of	knowledge	and	in	a	given	historic	moment.

Now,	it	may	happen	that	the	law	g	has	been	determined,	or,	at	least,	verified,	after	
measuring	independently	x	and	z.	In	this	case,	we	may	still	wish	to	measure	x indi-
rectly	through	g,	for	practical	convenience,	but	the	functional	relation	does	not	have,	
in	this	case,	a	foundational	role.	For	example,	having	previously	defined	temperature	
through	thermodynamic	principles	(as	happens	now	for	the	so-called	thermodynamic	
temperature),	we	may	determine	the	law	that	links	temperature	to	the	height	of	the	
mercury	column	in	a	liquid-in-glass	mercury	thermometer,	realize	that	it	 is	highly	
linear,	and	decide	to	make	temperature	measurement	by	that	type	of	thermometer.	
Completely	different	is	the	case	in	which	we	define	temperature	by	assuming	a	lin-
ear	relation	between	it	and	the	height	of	the	mercury	column.	In	this	second	case,	
temperature	is	intended,	by	definition,	as	that	property	of	a	body	giving	rise	to	linear	
variations	of	height	in	the	column	of	a	mercury	thermometer,	when	properly	coupled	
with	it	(details	are	inessential	here).	Now,	in	a	certain	stage	of	scientific	development,	
one	of	these	two	solutions	may	be	preferred,	in	consideration	of	the	overall	body	of	
knowledge	involved	(physics,	 in	 this	case),	but	both	are,	 in	our	opinion,	conceptu-
ally	correct.

Thus—and	this	is	a	key	point—a	functional	relation	may	be	used	to	found	the	
measurability	of	some	quantity,	by	defining	it,	provided	that	there	are	good	reasons	
for	accepting	that	relation.

At	this	stage,	a	second	problem	emerges:	what	about	the	meaning	of	the	number	
we	associate	with	z,	 if	empirical	properties	have	not	been	directly	involved	in	the	
definition	of	the	scale	of	z?	For	example,	in	the	case	of	temperature	being	defined	
through	the	mercury	thermometer,	what	meaning	would	we	associate	with	the	result-
ing	numbers?

The	representational	theory	for	derived	measurement	is	not	so	advanced	as	the	
one	concerning	fundamental	measurement,	yet	useful	results	are	available.	Basically,	
empirical	relations	involving	both	quantities	come	into	play.	Intuitively,	in	our	exam-
ple,	we	require	first	that	there	is	an	order	both	on	temperature	and	on	height,	and	
then	 that	 such	 orders	 are	 in	 concordance.	 That	 is	 to	 say	 that	 if,	 for	 example,	 the	
temperature	of	a	is	greater	than	that	of	b,	then	the	height	of	the	mercury	column	of	
the	thermometer	increases	accordingly.	If	this	happens,	we	may	derive	an	order	scale	
for	temperature.	If	we	look	for	an	interval	scale,	we	should	also	require	that	equiva-
lent	temperature	intervals	correspond	to	equivalent	height	intervals	and	that	adjacent	
temperature	intervals	correspond	to	adjacent	height	intervals.

Therefore	as	a	 tentative	conclusion,	we	may	say	 that	 in	 the	case	of	 fundamen-
tal	scales	we	construct	the	scale	on	the	basis	of	empirical	relations	internal	to	the	
characteristic	 under	 consideration,	 whereas	 in	 the	 case	 of	 derived	 scales	 we	 take	
advantage	of	 cross-relations	with	other	 characteristics.	This	may	be	more	 critical	
because	the	empirical	structure	involved	is	more	complex,	but	the	basic	ideas	remain	
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the	same.	So	the	measurability	criterion	that	we	have	proposed	may	still	be	applied,	
with	proper	adaptation.

Measurability	 has	 been	 recently	 discussed	 by	 Finkelstein	 (2003,	 2005,	 2008)	
and	by	Rossi	(2007).	Measurability	issues	are	also	treated	by	Ellis	(1966),	who	also	
provides	an	interesting	discussion	of	temperature	measurement.	An	introduction	to	
derived	measurements	may	be	found	in	Roberts	(1979/2009);	an	important	applica-
tion	of	these	ideas	concerns	magnitude	estimation,	on	which	Narens	has	published	a	
thorough	study	(1996).

5.5  Final remarks

We	have	presented	a	basic	kernel	for	a	probabilistic	theory	of	measurement,	address-
ing	three	key	questions,	namely	what	is	the	meaning	of	measurement,	how	do	we	
measure,	and	what	can	be	measured?

We	suggest	that	the	response	to	the	first	question	may	be	found	in	a	theory	of	the	
measurement	scale,	to	the	second	in	a	general	model	of	the	measurement	process,	
and	to	the	third	in	a	conceptually	simple	measurability	criterion.	Further	studies	are	
required	in	many	regards,	including	the	problem	of	derived	scales,	a	deeper	charac-
terization	of	the	measurement	process,	and	the	extension	to	multidimensional	mea-
surement,	to	name	just	a	few.

In	developing	this	theory	we	have	carefully	avoided	linking	it	to	special	classes	
of	measurements	or	to	specific	measuring	techniques	or	technologies.	Thus	we	hope	
that	it	may	constitute	a	good	starting	point	for	achieving	a	common	view	of	measure-
ment	among	different	scientific	disciplines.

Glossary

Some	 terms	 in	 this	 glossary	 are	 also	 defined	 in	 the	 International	 Vocabulary	 of	
Metrology	(VIM;	BIPM,	2008b).	In	 those	cases,	 the	definitions	provided	here	are	
in	essential	agreement	with	those	in	the	VIM,	but	they	are	differently	phrased,	in	
order	to	make	them	more	suited	for	a	foundational	discussion	and,	it	is	hoped,	more	
understandable	to	a	multidisciplinary	readership.

Object:	the	carrier	of	the	characteristic	to	be	measured;	it	may	be	a	physical	object,	
an	event,	or	a	person	

Characteristic or property (of an object):	what	we	want	to	measure
Measurable characteristic (or quantity):	a	characteristic	that	may	be	measured
State (of an object, with respect to a given characteristic):	particular	way	in	which	

an	object	manifests	a	characteristic
Empirical relation:	a	relation	that	may	be	observed	between	two	or	more	objects,	

with	reference	to	the	characteristic	of	interest
Comparator:	 a	 device	 (or	 a	 person)	 that	 performs	 the	 comparison	 of	 objects,	 in	

respect	of	some	characteristic	of	theirs	
Empirical structure (or empirical relational system):	a	set	of	objects	and	a	set	of	

empirical	relations	on	it
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Nominal, difference, interval, extensive:	different	types	of	empirical	structures
Numerical structure (or numerical relational system):	a	set	of	numbers	and	a	set	

of	numerical	relations	on	it
Scale:	(general	meaning)	the	set	of	formal	conditions	for	measurement	(an	empiri-

cal	structure,	a	numerical	structure	and	a	measure	function	constituting	an	
homomorphism	between	them)

(Reference) scale:	(specific	meaning)	a	series	of	standard	objects	with	correspond-
ing	numerical	values	properly	assigned

Nominal, ordinal, interval, ratio:	different	types	of	scales
Measurand:	a	characteristic	of	a	specific	object	to	be	measured,	in	a	specific	situation
Measuring system (or instrument):	 an	 empirical	 system	 capable	 of	 interacting	

with	objects	carrying	the	characteristic	under	investigation	and,	as	a	result	
of	such	interaction,	of	producing	an	observable	output	according	to	which	it	
is	possible	to	assign	a	value	to	the	object	to	be	measured

Calibration:	the	operation	by	which	the	characteristics	of	the	measuring	system	are	
assessed

Measurement process:	the	process	by	which	a	value	is	assigned	to	a	measurand,	
normally	based	on	the	use	of	a	measuring	system

(Measure) value:	a	number	that	may	be	actually	or	virtually	assigned	to	an	object	in	
order	to	express	how	the	object	compares,	with	respect	to	some	characteris-
tic,	to	all	the	other	objects	that	carry	the	same	characteristic

Measurement value:	the	value	that	is	assigned	to	an	object	as	the	result	of	a	mea-
surement	process

Model:	an	abstract	system	that,	to	some	extent	and	from	a	certain	standpoint,	rep-
resents	a	real	system	(or	a	class	of	real	systems);	a	scientific	theory	may	be	
sometimes	viewed	as	a	very	general	model

(Natural) law:	a	functional	relation	(or	a	model)	linking	one	or	more	characteristics	
of	real	objects	

Measurement model:	a	model	used	to	found	the	measurability	of	certain	character-
istics	or	to	perform	measurements

Notation

x = characteristic	(quantity)	to	be	measured,	measurand,	unknown	
(measure)	value	of	the	measurand

A = set	of	objects	manifesting	the	characteristic	x

a, b, c, d = objects,	elements	of	A

m = measure	function,	m :	A	→	ℝ
Δab = interval	between	elements	a	and	b	of	A;	it	is	“positive”	if	a	≻	b

⋟ = empirical	relation	of	“greater	than	or	equivalent	to;”	it	is	a	
weak-order	relation;	for	simplicity,	we	use	the	same	symbol	for	
denoting	an	order	between	objects,	e.g.,	a	⋟	b,	or	between	
intervals,	e.g.,	Δab	⋟	Δcd

⋟i = ith	weak-order	relation	defined	on	A
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~ = “equivalent	to,”	empirical	equivalence	relation	on	A defined,	for	
a,b	∈	A	by	a	~	b	⇔	a	⋟	b	and	b	⋟	a

≻ = “greater	than,”	empirical	relation	of	strict	order

° = binary	empirical	operation	of	addition	of	elements	of	A;	it	may	
also	be	considered	a	ternary	relation	on	A	defined,	for	a,b,c	∈	A	
by	°(a,b,c)	⇔	a	°	b	=	c

δ = threshold	of	a	comparator	(see	below	for	another	meaning	of	the	
same	symbol)

~δ = indifference	relation	associated	to	a	comparator	with	a	threshold;	
it	differs	from	an	equivalence	relation	in	that	it	is	not	transitive

S	=	{s1,	s2,	…	sn} = series	of	standards

ℙ = probability	of	a	relation

P = probability	function,	probability	distribution

xa,	xb,	xc = random	variables	associated	to	elements	a,	b,	c,	expressing	their	
measure	values

P(x),	P(x	=	xi),	P(x	≤	y) = probability	distribution	for	the	random	variable	x,	probability	
that	the	random	variable	x	takes	the	specific	value	xi	probability	
that	the	random	variable	x	is	less	than	or	equal	to	random	
variable	y

y = instrument	indication,	output	of	the	measuring	system

P(y/x),	P(y	=	yj /x	=	xi) = probability	distribution	of	y,	conditioned	by	x;	probability	that	y	
takes	the	value	yj,	given	that	x	has	taken	the	value	xi

f = calibration	or	observation	function	of	a	measuring	system

x̂ = measurement	value	for	x

δ = discrete	unitary	impulse	function:	for	any	integer	i,	δ(i)	=	1	for	
i	=	0,	whereas	δ(i)	=	0,	for	i	≠	0.

g = function	linking	two	quantities,	z	=	g(x),	and	expressing	a	
scientific	law
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Notes

	 1.	 A	weak-order	relation,	a	⋟	b,	on	a	set	A,	is	such	that	it	is	defined	for	each	pair	of	ele-
ments	of	A	and	it	is	transitive;	that	is,	if	a	⋟	b	and	b	⋟	c,	then	also	a	⋟	c.	For	the	mean-
ing	of	the	mathematical	symbols,	see	the	Glossary	and	Notation	sections	at	the	end	of	
the	chapter.

	 2.	 	An	equivalence class	is	a	set	of	elements	all	equivalent	to	one	another.	The	collection	of	
the	equivalence	classes	of	a	set	A	forms	a	partition	for	A:	this	means	that	any	such	class	
shares	no	element	with	the	others	and	that	these	classes,	all	together,	cover	A;	that	is,	
they	include	all	the	elements	of	A.

	 3.	 Calibration	is	the	process	of	experimentally	characterizing	the	behavior	of	a	measuring	
system.	It	is	usually	done	by	inputting	the	instrument	with	reference	standards,	whose	
values	are	known,	and	by	recording	the	resulting	instrument	indications.	The	instrument	
behavior	may	 thus	be	characterized	by	 the	calibration	curve,	 that	 is,	 the	graph	of	 the	
indications	versus	the	input	values	of	the	standards,	or	by	some	analytical	curve	fitted	
to	them.
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6.1  Introduction

Measurements	with	persons	often	involve	a	large	number	of	variables	that	have	to	
be	analyzed	with	statistical	methods.	This	chapter	gives	a	short	overview	of	vari-
ous	 methods	 that	 can	 be	 used.	 The	 aim	 is	 to	 give	 readers	 a	 basic	 understanding	
of	 the	 usefulness	 of	 and	 relations	 between	 the	 different	 methods	 in	 a	 condensed	
and	accessible	form.	We	refer	interested	readers	to	numerous	multivariate	statistical	
handbooks	for	a	more	extensive	and	in-depth	treatment	of	the	several	methods	(e.g.,	
Mardia,	Kent,	&	Bibby,	1979;	Johnson	&	Wichern,	2002;	Härdle	&	Simar,	2007;	
Tabachnick	&	Fidell,	2007).

6.1.1  Dataset

In	this	chapter	we	use	one	example	dataset	of	the	EU-project	MONAT	(Measure-
ment	 of	 Naturalness).	 The	 aim	 of	 the	 MONAT	 project	 is	 to	 establish	 a	 relation-
ship	between	 the	physical	 attributes	of	 an	object	 and	 its	perceived	naturalness	 as	
assessed	by	humans.	The	dataset	we	use	consists	of	a	limited	set	of	30	samples	of	
panels,	 representing	 wood	 in	 various	 degrees	 of	 naturalness.	 An	 overview	 of	 the	
samples	 is	 given	 in	 Figure  6.1.	 The	 samples	 are	 scored	 by	 human	 observers	 and	
after	some	processing	these	scores	are	translated	to	a	probability	score	(0–1	range)	
for	a	(possibly	fake)	wooden	panel	being	perceived	as	natural.	This	is	done	for	three	
different	 perceptual	 modalities:	 (1)	 only	 by	 vision	 (VO),	 (2)	 only	 by	 touching	 it	
with	a	finger	 (TO),	and	 (3)	by	both	vision	and	 touch	 (VT).	For	 further	details	on	
the	psychophysical	aspects	of	 the	study,	see,	 for	example,	Overvliet,	Soto-Faraco,	
Whitaker,	Johnstone	Sorensen,	McGlone,	and	van	der	Heijden	(2008).	Furthermore,	
physical	 attributes	 were	 measured	 for	 all	 the	 samples	 using	 different	 instruments	
(Goodman,	Montgomery,	Bialek,	Forbes,	Rides,	Whitaker	et	al.,	2008).	With	these	
instruments,	vision-related	attributes	 such	as	 features	 for	 texture,	color,	 and	gloss	

6

Y116134.indb   125 10/10/11   2:11 PM



126 Measurement with persons: Theory, methods, and implementation areas

and	 	touch-related	 attributes	 such	 as	 features	 for	 roughness,	 friction,	 and	 thermal	
effusivity	were	measured.	The	30	samples	are	shown	in	Figure 6.1.

6.1.2  Correlation and causality

In	many	cases	an	apparent	correlation	between	two	variables	may	be	the	result	of	
a	relationship	between	both	of	these	two	variables	and	a	(possibly	unknown)	third	
variable.	For	example,	in	most	European	countries	there	is	a	correlation	over	time	
between	female	salaries	and	male	average	height.	This	does	not	imply	that	the	taller	
the	men	get,	the	more	the	women	are	paid	or	vice	versa.	In	this	case	both	parameters	
have	increased	with	time	and	thus	a	correlation	is	found	between	them.	Hence,	even	
if	a	statistical	correlation	is	found	between	two	variables,	it	does	not	always	imply	
that	 there	 is	 a	 (direct)	 causal	 relationship	between	 them.	Furthermore	 even	 if	 the	
variables	A	and	B	are	related	it	is	not	possible	from	a	correlation	analysis	to	deter-
mine	if	A	causes	B	or	if	B	causes	A.

In	controlled	experiments,	a	limited	number	of	factors	are	systematically	varied	
and	other	factors	are	kept	constant	as	far	as	possible	or	otherwise	randomized.	It	is	

Figure 6.1 (See color insert.) An	overview	of	the	30	wood	samples	used	in	the	MONAT	
study.	The	first	 two	 rows	are	 real	wood.	Row	one	contains	 tiger	oak	panels,	of	which	 the	
three	left	panels	are	untreated	(raw,	weathered,	and	sanded,	respectively)	and	the	other	four	
are	waxed,	oiled,	varnished,	and	manufactured,	respectively.	The	second	row	is	the	same	for	
cognac	oak.	The	bottom	 three	 rows	contain	artificial	wood	panels	 (3	 laminates,	1	veneer,	
9	vinyl,	3	paper	copy,	respectively).
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then	possible	to	study	the	effect	directly	of	a	certain	factor	on	the	variable	of	inter-
est	and	causality	can	often	be	inferred	from	such	an	experiment.	However,	in	many	
studies,	we	cannot	simply	change	a	factor	and	keep	all	other	factors	constant.	In	the	
MONAT	wood	sample	set,	for	example,	a	variety	of	wooden	panels	was	chosen,	but	
these	panels	did	not	systematically	vary	for	a	single	attribute	such	as	 for	color	or	
roughness.	Such	a	study	is	often	referred	to	as	an	observational	study.	In	observa-
tional	studies,	we	need	to	be	much	more	careful	about	conclusions	we	can	draw,	as	
effects	could	be	caused	by	other	unknown	correlated	factors.

In	 this	 chapter,	we	present	 some	 tools	 and	methods	 for	 analyzing	multivariate	
data	sets.	An	assumption	often	made	in	the	analysis	of	data	is	 that	 the	data	come	
from	 a	 (multivariate)	 normal	 distribution.	 Therefore	 we	 first	 introduce	 the	 multi-
variate	normal	distribution	as	it	is	needed	in	several	of	the	techniques	applied	later.	
This	is	followed	by	principal	component	analysis	which	is	often	used	as	a	first	tool	
to	find	systematic	patterns	among	observations.	The	later	sections	describe	several	
methods,	including	multivariate	linear	regression,	discriminant	analysis,	and	cluster-
ing	methods.

6.1.3  Multivariate normal distribution

A	random	variable	can	be	described	using	different	properties.	Generally,	the	most	
important	properties	for	a	random	variable	are	its	expectation	value	and	variance.	
Given	measurements	of	a	random	variable	it	is	possible	to	form	estimators	of	these	
properties.	These	estimators	can	be	of	different	quality.

In	determining	a	good	estimator,	it	is	normally	helpful	to	mathematically	model	
the	data.	One	common	approach	is	to	specify	a	probability	density	function	(PDF)	of	
a	random	variable.	The	PDF	is	a	function	which,	for	each	point	in	the	sample	space,	
describes	 the	 density	 of	 probability	 that	 the	 random	 variable	 attains	 that	 specific	
value.	The	probability	of	a	random	variable	falling	within	a	given	set	is	given	by	the	
integral	of	its	PDF	over	the	set.

In	this	chapter,	we	focus	primarily	on	random	variables	with	PDFs	corresponding	
to	a	normal	distribution.	Because	of	its	many	convenient	properties,	random	vari-
ables	with	unknown	distributions	are	often	assumed	to	be	normal.	Although	poten-
tially	wrong,	this	is	in	many	cases	a	good	assumption	because	any	variable	that	is	
the	sum	of	a	large	number	of	independent	factors	is	likely	to	be	normally	distributed.	
The	probability	density	function	for	a	random	vector	variable	x	that	has	a	(multivari-
ate)	normal	distribution	can	be	written	as

	 f x ep
x xT

( ) / /=
( ) ∑

− −( ) ∑ −( )−1

2 2 1 2
21

π
µ µ ,

where	 p	 is	 the	 number	 of	 variables	 (dimensionality),	 μ	 is	 the	 expectation	 vector,	
and	Σ	is	the	covariance	matrix	of	x.	For	a	scalar	variable	(p	=	1)	this	reduces	to	the	
familiar	expression:
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	 f x e x( ) = − −( ) 1
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2
2

πσ
µ σ .

An	example	of	the	two-dimensional	(bivariate)	normal	PDF	is	shown	in	Figure 6.2.
For	a	random	variable	x	with	a	normal	distribution,	the	probability	that	the	dis-

tance	between	a	vector	sample	xs	and	its	expectation	value	μ	is	smaller	than	or	equal	
to	a	specific	value	χ2

p(α)	is	1	–	α;	that	is,

	 P x xs
T

s p−( ) ∑ −( ) ≤ ( )  = −−µ µ χ α α1 2 1 ,

where	 χ2
p(α)	 is	 the	 upper	 (100α)th	 percentile	 of	 a	 chi-square	 distribution	 with	 p	

degrees	of	freedom	(see,	e.g.,	Johnson	&	Wichern,	2002).
In	a	strict	sense,	we	should	distinguish	between	the	random	variable,	say	x,	and	its	

realization,	say	the	sample	vector	xs.	However,	for	readability	we	drop	the	subscript	
s	and	refer	to	x	both	for	the	random	vector	and	its	realization.

Generally,	we	do	not	know	the	expectation	μ	and	the	covariance	Σ	and	we	esti-
mate	these	from	the	data.	Given	a	specific	PDF	for	a	random	vector	variable,	we	can,	
for	example,	find	a	maximum	likelihood	estimator	(MLE),	which	is	 the	estimator	
of	 the	property	of	 the	random	variable	with	 the	highest	probability	given	a	set	of	
measurements.	This	is	not	necessarily	the	best	unbiased	estimator	for	that	property,	
but	when	the	dataset	is	large	enough	it	tends	to	the	true	value	(it	is	an	asymptotically	
unbiased	estimator).

When	we	have	n	number	of	observations,	we	can	estimate	μ	as	x,	the	vector	of	
mean	values	of	the	p	variables	where

	 x
n

xk ki

i

n

=
=

∑1

1

for	k	=	1,	…,	p.

We	can	find	an	unbiased	estimator	of	Σ	by	the	sample	covariance	matrix	S	with	each	
element	skl	in	S	as

Y-variate

X-variate

Bivariate Normal Distribution

Figure 6.2 An	example	of	a	bivariate	normal	distribution.
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	 s
n

x x x xkl ki k li l

i

n

=
−

− −
=

∑1
1

1

( )( ) .

Given	 the	 data,	 we	 can	 construct	 the	 multidimensional	 confidence	 interval	 for	 μ		
using	the	following	probability.

	 P n x S x
p n
n p

F
T

p n p−( ) −( ) ≤ −
−

( )





 =−

−µ µ α1 1
1

( )
, −− α ,

where	Fp,n-p(α)	is	the	upper	(100α)th	percentile	of	the	F-distribution	with	p	and	n – p	
degrees	of	freedom.	The	region	defined	by	the	above	equation	is	a	100(1	–	α)%	con-
fidence	region	for	μ.

Using	the	MONAT	dataset	described	above,	x	can,	for	example,	be	the	scores	of	
human	observers	on	 the	 three	different	perceptual	modalities,	 vision	only,	 tactile	
only,	and	by	both	vision	and	touch	for	one	specific	wood	sample.	Hence,	in	that	case	
p	equals	three	and	μ	is	the	expected	score	that	any	observer	from	a	population	would	
produce	for	the	three	modalities.

6.1.4  Principal component analysis

Principal	component	analysis	(PCA)	is	a	useful	 tool	 for	extracting	and	displaying	
systematic	variations	in	a	data	matrix	X.	The	main	idea	behind	PCA	is	to	project	the	
data	matrix	X,	containing	n	measurements	of	p	variables,	onto	a	new	space	with	usu-
ally	a	lower	dimension,	n	×	k.	This	is	achieved	by	rewriting	X	as

	 X TA ET= + ,

where	the	matrix	E	is	the	model	misfit.	The	matrices	T	and	A	are	found	by	deter-
mining	the	eigenvalues	of	X.	Hence,	the	matrix	A	is	chosen	as	the	eigenvectors	of	
S,	the	sample	covariance	matrix	of	X.	That	is,	A	consists	of	the	vectors	a1,	a2,	…,	ak	
satisfying	the	equations

	 Sa an n n= λ ,

and	T	is	found	from

	 T X A= ⋅ .

In	order	 to	 reduce	 the	number	of	variables,	we	can	choose	 to	 form	A	 of	 the	k	
first	eigenvectors	corresponding	to	the	k	largest	eigenvalues.	Studying	the	MONAT	
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dataset,	we	can	use	PCA	to	reduce	the	dimensions	of	the	measured	parameters.	The	
measurements	 of	 the	 physical	 attributes	 corresponding	 to	 visual	 features	 contain	
58	different	variables.	From	a	PCA,	we	find	that	approximately	70%	of	the	variations	
can	be	found	in	the	first	three	principal	components	corresponding	to	the	three	larg-
est	eigenvalues.	We	can	thus	reduce	the	matrix	from	58	to	3	dimensions	and	illustrate	
the	measurements	for	the	30	different	objects	in	a	3-dimensional	space	instead	of	in	
58	dimensions	(see	Figure 6.3).

PCA	is	a	very	useful	tool	in	many	multivariate	applications,	which	we	show	later.	
It	helps	in	dealing	with	collinearity	and	helps	separate	the	regularities	from	the	noise.	
These	features	are	useful	both	in	classification	and	in	multivariate	regression.

6.2  Regression

6.2.1  Linear regression

In	many	cases	we	want	to	predict	or	explain	a	response	variable	y	from	a	set	of	predictor	
(or	regressor)	variables	x1,	x2,	…,	xp.	Usually	the	goal	is	to	find	a	relationship	between	
a	response	variable	that	is	very	time	consuming	to	obtain	and	predictor	variables	that	
are	relatively	easy	to	measure.	Often	we	can	assume	that	the	relation	between	y	and	x1,	
x2,	…, xP	is	linear.	Then	we	can	formulate	the	following	linear	regression	model:

	 y x xp p= + + + +β β β ε0 1 1 � ,

where	the	vector	ε	is	the	random	error	component.	Generally	the	errors	are	assumed	
to	have	mean	zero	and	unknown	variance	σ2.	Furthermore	the	errors	are	assumed	to	
be	uncorrelated.
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Figure 6.3 MONAT	visual	features	reduced	from	58	to	3	dimensions.
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More	conveniently	such	a	model	can	be	written	in	matrix	notation	as

	 y X= +β ε ,

where	the	matrix	X	is	the	combination	of	the	vectors	1,	x1,	x2,	…,	xp	and	where	β	=	
(β0,	β1,	…,	βp)T	is	the	vector	of	coefficients	and	1	indicates	a	vector	of	ones.

If	we	have	a	set	of	n	observations	y	=	(y1,	y2,	…,	yi,	…,	yn)T	and	corresponding	X,	
we	can	estimate	the	coefficients	β	using	the	least	squares	method,	that	is,	by	trying	
to	minimize	the	sum	of	squared	residuals

	 RSS y Xi i

i

n

= −[ ]
=

∑ β 2

1

.

The	solution	is

	 ˆ ( )β = −X X X yT T1 .

We	can	further	generalize	 this	 linear	 regression	by	considering	multiple	 response	
variables	simultaneously	and	write	the	relation	as

	 Y XB E= + ,

where	Y	and	E	are	matrices.	In	analogy	with	a	single	response	variable,	we	can	find	
an	estimator	for	B	using	general	linear	regression	as

	 B̂ X X X YT T= ( )−1
.

If	the	error	matrix	E	is	multivariate	normal	distributed	with	a	vector	of	variances	
σ2

E	and	uncorrelated	between	the	variables,	the	least	squares	estimator	of	B	is	also	
normally	distributed	and	it	is	also	the	MLE	of	B.	Using	B̂,	it	is	now	possible	to	predict	
new	sets	of	observations.	Choosing	new	arbitrary	sets	of	measurements	X0	we	can	
predict	the	response	variables:

	 Y X Bpred = 0
ˆ .

The	error	of	 the	prediction	is	 then	the	difference	between	the	prediction,	Ypred,	
and	the	true	value	Y0;	that	is, Ypred	– Y0.	Normally,	we	do	not	know	the	size	of	the	
error	because	Y0	is	not	known	to	us.	We	can,	however,	calculate	the	variance	of	this	
error	as

	 Var Y Y X X X Xpred E
T T−  = + ( )( )−

0
2

0
1

01σ ,

which	we	can	use	to	evaluate	the	measurement	uncertainty	of	Ypred.
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Using	the	example	with	 the	MONAT	dataset,	we	want	 to	establish	 the	relation	
between	physical	attributes	of	an	object	and	its	perceived	naturalness.	Hence	Y	con-
tains	 the	values	of	 the	perceived	naturalness	and	X	contains	 the	measurements	of	
the	physical	attributes.	Finding	a	relation	between	these	X	and	Y	(i.e.,	an	estimate	
of	B)	is	then	useful	for	predicting	perceived	naturalness	of	objects	based	on	physical	
measurement	only.

6.2.2  Prediction and validation

If	we	want	to	fit	a	(possibly	nonlinear)	regression	model	to	a	single	response	variable	
y	we	can	write	the	model:	yi	=	f(Xi,β)	+	εi,	for	i	=	1,	…,	n	observations,	where	f(X,β)	
indicates	any	function	of	regressor	matrix	X	and	coefficients	β.	In	analogy	with	the	
linear	 regression	 case,	 we	 can	 estimate	 the	 coefficients	 β	 as	β̂	 by	 using	 the	 least	
squares	method,	that	is,	minimize	the	sum	of	squared	residuals:	

	 RSS y f Xi i

i

n

= −[ ]
=

∑ ( , )β 2

1

.

The	mean	squared	error	(MSE)	of	the	model	can	be	calculated	as

	 MSE y f X ni i

i

n

= − ( )





=
∑ ,β̂

2

1

and	can	be	seen	as	an	estimate	of	the	error	rate	of	the	model.
Often	we	are	interested	in	the	general	applicability	of	the	model	and	we	would	

like	to	know	how	well	the	model	will	perform	with	other	data;	that	is,	we	are	inter-
ested	in	the	error	rate	of	the	model	in	a	more	general	sense.

If	we	had	access	to	an	unlimited	number	of	observations,	we	could	fit	the	model	
on	the	entire	population	and,	of	course,	the	MSE	would	then	be	the	true	error	rate.	In	
real	applications	we	only	have	access	to	a	finite	set	of	observations.	One	approach	to	
obtain	an	estimate	of	the	error	rate	of	the	model	is	to	use	the	entire	dataset	to	fit	the	
model	and	estimate	the	error	rate	as	MSE.	However,	this	error	rate	estimate	will	be	
overly	optimistic	(lower	than	the	true	error	rate).

A	way	to	solve	this	problem	is	to	split	the	dataset	in	two	parts:	one	for	training	
the	model	and	one	 for	 testing	 it.	The	 testing	of	 the	model	 is	often	 referred	 to	as	
model	validation.	If	we	have	an	observation	yj	at	Xj,	we	can	get	an	impression	of	
the	lack	of	fit	of	the	model	for	observation	j	by	looking	at	the	residual,	that	is,	the	
difference	between	the	true	observation	and	its	predicted	value:	rj	=	yj	–	ŷj,	where	
ŷj	=	f(Xj,β̂).

In	analogy	with	the	above,	we	can	now	calculate	a	mean	squared	error	of	predic-
tion	(MSEP)	for	m	test	observations	as
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	 MSEP y y mj j

j

m

= − 
=

∑ ˆ
2

1

.

If	the	dataset	is	large	enough,	we	can,	for	example,	split	the	dataset	50%	for	training	
and	50%	for	testing	and	hence	estimate	the	error	rate	on	the	testing	set	as	MSEP.

In	many	cases,	we	cannot	afford	 to	discard	data	for	 the	model	fitting:	we	may	
need	more	samples	 to	fit	 the	model	properly	as	well	as	 to	estimate	 the	MSEP.	 In	
such	a	case,	we	can	use	cross-validation	by	repeatedly	dividing	the	data	in	a	disjoint	
training	set	and	test	set.	One	popular	approach	is	K-fold	cross-validation.	For	this,	we	
divide	the	dataset	in	K	disjoint	parts.	We	start	with	using	k =	2,	…,	K	for	training	the	
model	and	part	k	=	1	for	testing	the	model.	Then	we	repeat	this	procedure	by	using	
part	k	=	2	for	testing	and	the	others	for	training,	and	so	on	for	all	K	parts.	Each	time	
the	squared	residuals	are	calculated	and	in	this	way	the	MSEP	is	calculated.

The	most	extreme	case	of	K-fold	cross-validation	is	when	K	is	equal	to	N;	that	is,	
the	test	set	has	a	size	of	1.	This	is	also	called	leave-one-out	cross-validation.	Several	
other	approaches	exist	for	performing	model	validation,	including	bootstrapping,	but	
these	fall	outside	the	scope	of	this	book.

The	MSEP	is	a	much	more	reliable	estimate	of	the	error	rate	of	the	model	than	the	
MSE	of	the	training	set	and	is	a	useful	measure	in	order	to	evaluate	the	measurement	
uncertainty	which	 is	an	 important	quantity	 in,	 for	example,	decision	making	 (see	
also	Chapter	16).	Note	that	validation	does	not	only	apply	to	linear	models,	but	to	any	
kind	of	model,	such	as	neural	networks,	which	are	described	in	Chapter	10.

6.2.3  Curse of dimensionality: Small n, large p

When	we	have	a	large	number	of	regressor	variables	(p)	and	only	a	small	number	of	
observations	n,	it	is	often	easy	to	obtain	an	apparently	good	fit	of	the	model.	A	com-
monly	used	indicator	of	model	fit	is

	 R
y y

y y

i i

i

2

2

2
=

−[ ]
−[ ]

∑
∑

ˆ
,

where	y	 is	 the	overall	mean	of	 the	observations.	Note	 that	R2	is	closely	 related	 to	
MSE,	but	it	is	normalized	by	dividing	it	by	the	sum	of	squared	differences	from	the	
overall	mean.	The	value	of	R2	is	between	0	and	1,	where	a	higher	value	indicates	a	
better	fit	(R2	=	1	indicates	perfect	fit).

In	Figure 6.4	 (left)	 it	 can	be	 seen	 that	R2	 is	 rather	 high	 for	 perceived	natural-
ness	VO	(n	=	30)	using	20	arbitrary	regressor	variables	from	the	MONAT	dataset.	
However,	 in	Figure 6.4	(right)	we	can	see	what	happens	if	we	estimate	 the	model	
coefficients	using	29	of	 the	30	observations	and	predict	 the	other	one	with	 it	and	
repeat	this	for	all	30	points	(30-fold	or	leave-one-out	cross-validation).	In	this	case	
the	goodness-of-fit	is	called	Q2	and	is	similar	to	R2.	The	main	difference	is	that	the	
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observation	i	was	not	used	in	the	model	estimation	(similar	to	the	difference	between	
MSE	and	MSEP).	If	the	model	fits	the	data	used	in	the	training	well,	but	is	too	spe-
cific	for	the	data,	the	predicted	value	ŷi	can	be	far	from	the	observed	value	yi	if	the	
ith	observation	was	not	in	the	model	fit.	This	can	clearly	be	seen	in	Figure 6.4	(right),	
where	some	predictions	have	several	negative	values	and	one	value	is	really	very	far	
off	(–2).	Hence	Q2	can	take	negative	values	(this	is	impossible	for	R2),	which	indi-
cates	that	this	model	is	even	worse	than	the	overall	mean.	It	is	clear	that	the	model	
was	fitted	“to	the	noise”	of	the	data.

If	we	have	a	large	number	of	regressors	and	only	a	limited	number	of	observations,	
it	is	always	possible	to	obtain	a	good	fit	(R2),	because	we	have	so	many	possibilities	
to	fit	the	data	in	the	high-dimensional	space.	However,	the	model	thus	obtained	can	
be	totally	useless.	So	a	high-dimensional	space	generally	also	requires	a	very	high	
number	of	observations	for	a	reliable	fit,	because	the	high-dimensional	space	is	so	
empty.	This	is	often	referred	to	as	the	“curse	of	dimensionality.”

A	high	number	of	observations	is	often	not	possible	and	procedures	have	been	
developed	to	cope	with	a	large	number	of	regressor	variables	and	a	limited	number	
of	observations.	Particularly	worth	mentioning	are	partial	least	squares	(PLS)	and	
least	absolute	shrinkage	and	selection	operator	(LASSO;	see,	e.g.,	Hastie,	Tibshirani,	
&	Friedman,	2009).	With	PLS,	all	regressor	variables	are	taken	into	account	in	the	
model,	and	this	method	is	often	used	in	highly	correlated	X-data,	for	example,	as	
obtained	from	a	spectrometer.	With	LASSO,	the	criterion	is	to	minimize	a	penalized	
residual	sum	of	squares:

	 ˆ argminβ β λ β
β

LASSO
i i j

j

P

y= −[ ] +
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Figure 6.4 Using	20	arbitrary	variables	of	 the	vision-related	X-features	 and	 the	visually	
perceived	naturalness	(VO),	a	model	can	be	built	that	describes	the	data	well	(left),	but	which	
is	a	very	poor	predictor	(right)	when	tested	on	data	that	were	not	used	for	fitting	the	model.
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where	the	RSS	of	the	linear	model	gets	a	penalty	equal	to	the	sum	of	the	absolute	
values	of	β1,	…,	βP,	multiplied	with	a	shrinkage	parameter	λ.	If	λ	is	zero,	this	is	the	
normal	linear	regression;	if	λ	is	infinite,	all	coefficients	except	the	overall	mean	(β0)	
become	zero.	This	slight	modification	has	a	considerable	 impact,	as	 it	effectively	
functions	 as	 a	 variable	 selection	 procedure.	 In	 the	 MONAT	 project,	 the	 LASSO	
has	been	used	to	establish	the	relation	between	the	response	variable	and	the	most	
relevant	regressor	variables.

6.2.4  Canonical correlation

Given	a	set	(matrix)	X	and	Y	consisting	of	p	and	q	variables,	respectively,	canonical	
correlation	tries	to	find	the	linear	relations	within	X	and	within	Y,	which	give	maxi-
mum	correlation	between	them.	The	objective	is	to	find	a	linear	combination	of	the	
x-variables,	say	u1,	and	a	(different)	linear	combination	of	the	y-variables,	say	v1,	so	
that	the	correlation	between	u1	and	v1	is	the	highest	attainable	correlation	of	all	pos-
sible	linear	combinations	u	of	X	and	v	of	Y.	In	the	next	step,	we	try	to	find	a	second	
pair	of	linear	combinations	(u2,v2),	uncorrelated	with	the	first	pair,	such	that	the	cor-
relation	of	this	second	pair	is	(conditionally)	maximal,	and	so	on,	but	of	course	no	
more	than	min(p,q)	pairs	can	be	found.	An	example	of	canonical	correlation	is	given	
in	Figure 6.5,	where	the	three	y-variables	(VO,	TO,	and	VT)	were	correlated	with	the	
touch-related	variables	of	the	X-matrix.

The	figure	shows	the	relation	between	the	first	canonical	pair	(left)	and	second	
canonical	pair	(right),	with	the	linear	combination	of	X	on	the	X-axis	and	the	lin-
ear	combination	of	Y	on	 the	Y-axis.	 In	Table 6.1	 the	correlation	between	 the	pair	
(CA_Corrs)	and	the	%	correlation	(%Corrs),	respectively,	the	cumulative	percentage	
correlation	(Cum%Corrs)	is	shown.	Obviously,	because	Y	has	only	three	variables	in	
this	example,	there	can	be	no	more	than	three	pairs	of	canonical	variables.
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Figure 6.5 The	 relation	of	 the	first	 (left)	 and	 second	 (right)	 canonical	 correlation	pair	 is	
shown	 for	 the	 perceived	 naturalness	 Y	 (vision-only,	 touch	 only,	 and	 visiotactile)	 and	 the	
touch-related	features	XT	are	shown	for	30	samples	of	the	MONAT	wood	dataset.
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Canonical	 correlation	 produces	 maximally	 correlated	 linear	 combinations	 of	
X	 and	 Y,	 but	 we	 should	 note	 these	 can	 be	 poor	 representations	 of	 the	 true	 struc-
ture	of	X	and	Y.	Furthermore,	canonical	correlation	involves	linear	combinations	of	
y-variables,	but	often	you	are	interested	in	the	variables	themselves	and	in	that	case,	
you	can	better	use	linear	regression.

6.3  Classification and clustering

6.3.1  Supervised classification—Linear discriminant analysis

In	many	 cases	 the	 response	 variable	 is	 not	 a	 continuous	variable,	 but	 a	 grouping	
variable.	For	example,	we	can	classify	the	MONAT	wood	samples	in	three	groups:	
untreated	wood,	treated	wood,	and	artificial	products	(imitation	wood).	For	the	anal-
ysis	of	data	in	groups,	classification	methods	can	be	applied.	The	most	often	used	
classification	method	is	linear	discriminant	analysis	(LDA).

In	LDA	we	assume	that	the	different	groups	have	different	means/centroids	for	
the	X-variables,	but	the	groups	share	a	common	covariance	matrix	S.	The	aim	is	to	
maximize	the	between-groups	to	within-groups	variation.	The	covariance	matrix	S	
is	calculated	by	pooling	the	individual	covariance	matrices	within	each	group	g,	that	
is,	by	forming	a	p	×	p	matrix	Sg	per	group	and	pooling	these	covariance	matrices	Sg	
over	all	groups	(taking	account	of	differences	in	ng,	the	number	of	samples	within	
each	group	g).	The	between-groups	covariance	matrix	G	is	calculated,	using	only	the	
means	for	each	group	as	data.

Next	 we	 try	 to	 maximize	 the	 ratio	 of	 the	 between-groups	 over	 the	 within-
groups	covariance:

	 max
a

T

T

a Ga
a Sa

.

Put	differently,	try	to	find	the	largest	eigenvectors	for	the	nonsymmetric	matrix	S–1G	
using	generalized	eigenvector	decomposition,	taking	into	account	the	special	struc-
ture	of	this	matrix.	The	eigenvalues	and	eigenvectors	can	now	be	used	to	rotate	and	
scale	 the	 original	 data	 to	 a	 space	 that	 maximizes	 the	 between-groups	 to	 within-
groups	variation.	This	can	be	referred	to	as	canonical	variate	analysis	as	compared	
to	principal	component	analysis.	In	this	transformed	space	we	can	now	calculate	the	
distance	of	each	observation	 to	 the	group	mean	and	classify	 the	data	point	 to	 the	
group	that	has	the	smallest	distance	to	this	point.

In	Figure 6.6,	a	plot	is	shown	for	the	wood	sample	data	divided	in	three	groups	
(untreated	wood,	treated	wood,	and	artificial	wood),	with	the	scores	for	the	first	two	

Table 6.1 Coronical	correlation	of	MONAT	
dataset.	(See	also	Figure	6.1.)

Pair CA_Corrs  %Corrs  Cum%Corrs

1 	0.9910 	33.67 	 33.67
2 	0.9893 	33.61 	 67.28
3 	0.9629 	32.72 	100.00
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canonical	variates	of	the	vision-related	features	of	the	X-dataset.	The	plot	also	shows	
the	corresponding	group	means	and	their	95%	confidence	intervals.

If	we	have	many,	often	correlated,	variables	(p	is	large),	the	matrix	S	might	not	be	
of	full	rank.	This	means	that	its	inverse	is	not	defined.	A	solution	to	this	is	to	regular-
ize	the	matrix	S	with	the	regularization	parameter	γ	as	S(γ)	=	γS	+	(1	–	γ)σ̂2I,	where	
σ̂2I	indicates	the	elements	on	the	main	diagonal	of	the	matrix	S,	that	is,	the	variances	
of	the	p	variables.

Many	other	classification	methods	exists,	including

•	 Quadratic discriminant analysis,	 which	 allows	 for	 different	 covariance	
matrices	 per	 group	 instead	 of	 a	 common	 pooled	 covariance	 matrix	 W.	
Because	the	number	of	parameters	is	very	large,	p(p	–	1)/2	for	each	class	or	
group,	regularization	is	often	needed,	for	example,	as:	Sg(α)	=	αSg	+	(1	–	α)
S	with	Sg	the	previously	mentioned	covariance	matrix	within	group	g.

•	 k-Nearest-neighbor classifier,	which	classifies	an	object	to	the	same	class	
as	 the	majority	of	closest	points	of	group-size	k.	Note	 that	 the	definition	
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Figure 6.6 In	discriminant	analysis	we	transform	the	data	so	 that	 the	between-groups	 to	
within-groups	variation	is	maximized.	The	30	samples	of	the	MONAT	wood	dataset	were	
divided	into	three	classes:	class	1	includes	untreated	wood	panels	(3	×	2	top	left	panels	in	
Figure	6.1),	class	2	includes	the	treated	wood	panels	(4	×	2	top	right	panels),	and	the	artificial	
woods	on	the	bottom	three	rows	are	group	3.	The	scores	for	the	first	two	canonical	variates	
are	shown	for	the	vision-related	physical	features.
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of	distance	(closest)	is	not	straightforward.	See	also	the	next	paragraph	on	
clustering	and	dissimilarity.

•	 Artificial neural networks,	which	 allow	 for	nonlinearity	of	 the	 classifier.	
See	also	Chapter	10	in	this	book.

Most	classification	methods	with	a	large	number	of	variables	(high	p)	are	rather	sen-
sitive	to	noise,	therefore	it	is	strongly	advised	to	always	use	(cross-)validation.

6.3.2  Unsupervised classification—Clustering

In	supervised	classification	such	as	LDA,	prior	information	on	the	class	labels	of	the	
objects	is	needed.	Sometimes,	such	information	is	not	available	and	class	labels	need	
to	be	assigned	to	the	objects	without	prior	information;	that	is,	we	want	to	infer	the	
class	labels	from	the	data	themselves.	A	logical	approach	is	to	form	clusters	of	data	
points	that	are	considered	to	be	close	together.	The	clusters	can	then	be	regarded	as	
classes	formed	by	the	data,	hence	the	term	unsupervised	classification.

Different	clustering	approaches	exist,	but	in	this	paragraph	we	only	consider	hier-
archical	clustering.	In	hierarchical	cluster	analysis	we	wish	to	perform	the	clustering	
in	such	a	way	that	objects	in	the	same	cluster	are	more	like	each	other	(i.e.,	more	
similar)	 than	 they	 are	 to	 other	 objects	 in	 other	 clusters.	 The	 notion	 of	 similarity	
or	dissimilarity	is	crucial	in	this	context.	The	method	forms	clusters	consisting	of	
subclusters	in	a	hierarchical	way,	with	the	individual	objects	as	the	lowest	level	of	
clusters	of	size	1.

6.3.3  Dissimilarity measure

Hierarchical	clustering	starts	with	a	measure	of	dissimilarity	d	between	the	objects	
or	clusters.	If	we	have	measured	attributes	of	objects,	we	can	calculate	dissimilarities	
between	objects,	taking	into	account	the	scale	of	the	variables.	Many	different	mea-
sures	of	(dis)similarity	exist	(Gower,	1985).	For	interval	and	ordinal	scale	variables,	
common	measures	are	the	Cityblock	(L1)	or	Euclidean	(L2)	distance,	divided	by	the	
range	(difference	between	largest	and	smallest	object)	to	obtain	a	value	between	0	
and	1.	For	binary	variables,	the	Jaccard	dissimilarity	is	often	used:	if	both	objects	
have	a	score	1,	the	dissimilarity	is	0;	when	the	scores	are	opposite,	the	dissimilarity	
is	1	and	if	both	scores	are	0,	the	entry	is	ignored.	For	nominal	variables,	the	most	
common	dissimilarity	measure	 is	simple	matching:	 if	both	objects	have	 the	same	
score,	the	dissimilarity	is	0,	else	it	is	1.

In	some	cases,	we	do	not	obtain	measurements	of	attributes	of	the	objects,	but	we	
directly	assess	distances	between	objects.	This	gives	rise	to	the	direct	construction	
of	a	dissimilarity	or	distance	matrix.	In	Chapter	9,	a	special	method	dealing	with	
subjective	(Fechnarian)	distances	is	described.

After	having	obtained	a	dissimilarity	matrix	between	all	pairs	of	objects,	we	can	
group	 (clusters	of)	objects	 together	based	on	 their	dissimilarity.	Different	 criteria	
exist	for	merging	clusters,	such	as
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•	 Single linkage:	Minimum	distance	between	any	two	objects	in	the	clusters.
•	 Complete linkage:	Maximum	distance	between	any	two	objects	in	the	clusters.
•	 Group average linkage:	Average	distance	is	taken	over	all	the	objects	in	the	

two	merging	clusters.

In	Figure 6.7	the	result	of	hierarchical	clustering	is	shown	for	the	MONAT	dataset.	
Setting	a	certain	threshold	(vertical	line	in	the	dendrogram)	can	give	an	objective	crite-
rion	for	grouping,	but	this	is	not	always	straightforward.	Another	disadvantage	of	den-
drograms	is	that	the	positions	of	clusters	and	objects	within	clusters	are	not	unique.

Other	popular	clustering	approaches	include	K-means,	fuzzy	C-means	and	neu-
ral	network	approaches	as	self-organizing	maps.	If	the	data	within	a	cluster	can	be	
assumed	to	follow	a	normal	distribution,	powerful	methods	exist	to	deal	with	such	
mixtures	of	normal	distributions,	such	as	the	expectation-maximization	algorithm.
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Figure 6.7 From	 the	 MONAT	 wood	 samples,	 the	 vision-related	 physical	 variables	 have	
been	selected	to	calculate	a	Euclidean	distance	matrix	among	the	30	objects.	The	distance	
matrix	is	used	for	hierarchical	single-linkage	clustering,	which	means	that	clusters	are	based	
on	the	minimum	distance	between	any	two	objects	in	the	clusters.	The	integral	part	of	the	
numbers	(e.g.,	1	in	1.01)	refers	to	(1)	untreated	wood,	(2)	treated	wood,	and	(3)	artificial	wood.	
The	decimal	part	refers	to	the	panel	number	(1,	…,	30)	in	Figure	6.1.
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6.3.4  Principal coordinates analysis

The	dissimilarity	matrix	that	was	calculated	in	the	previous	paragraph	can	be	visual-
ized	in	a	dendrogram.	Another	approach	is	to	map	the	matrix	into	a	lower-	dimensional	
space,	much	 like	 trying	 to	 reconstruct	 a	2-D	 roadmap	 from	a	 city-distance	 table.	
This	is	the	topic	of	multidimensional	scaling,	where	the	objective	is	to	find	a	set	of	
coordinates	whose	interpoint	distances	match,	as	closely	as	possible,	those	of	the	dis-
similarity	matrix.	The	coordinate	system	can	be	interpreted	in	much	the	same	way	as	
a	map:	for	example,	if	the	distance	between	objects	in	the	data	matrix	is	small,	their	
points	will	appear	close	together	in	a	graph	using	these	coordinates.

In	Figure 6.8	a	metric	scaling	method	is	shown	for	 the	wood	samples	dissimi-
larity	matrix:	principal	 coordinates	 analysis.	The	 class	1	wood	 samples	 are	 close	
together	in	this	map,	although	this	information	is,	of	course,	not	used	in	the	construc-
tion	of	the	map.	The	calculation	of	principal	coordinates	does	not	require	an	iterative	
approach	and	is	therefore	fast	and	unique.	It	can	be	used	as	a	starting	point	for	many	
other	(nonmetric)	multidimensional	scaling	methods.

In	the	same	graph,	the	minimum	spanning	tree	is	shown	connecting	the	n	objects,	
where	every	object	 is	 linked	 to	 the	same	 tree	 (connected	network).	The	 tree	does	
not	contain	closed	loops	and,	of	all	trees	with	one	object	at	every	node,	it	is	the	one	
whose	links	have	minimum	total	length.	The	links	include	all	those	that	join	nearest	
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Figure 6.8 The	distance	matrix	used	for	clustering	is	shown	here	in	a	principal	coordinate	
system.	Also	shown	is	the	minimum	spanning	tree,	connecting	close	neighbors.	The	tree	can	
reveal	regions	 in	 the	coordinate	system	in	which	distance	is	badly	distorted	and	is	closely	
related	to	the	single	linkage	dendrogram	of	Figure	6.7.

Y116134.indb   140 10/10/11   2:11 PM



Multivariate measurements 141

neighbors	and	 the	minimum	spanning	 tree	 is	closely	 related	 to	 the	single	 linkage	
dendrogram.	Minimum	spanning	trees	are	useful	to	reveal	regions	in	the	coordinate	
system	in	which	distance	is	badly	distorted.

6.4  Conclusions

In	the	previous	sections	we	have	given	an	overview	and	application	of	several	com-
mon	multivariate	data	analysis	methods.	Some	methods	are	predominantly	aimed	
at	gaining	insight	to	the	data	at	hand,	for	example,	by	reducing	the	dimensionality	
of	the	data.	PCA	is	very	popular	for	this.	Other	methods	are	aimed	at	relating	one	
set	of	 features	 to	another.	One	approach	 is	 to	 relate	a	single	continuous	y-variate	
with	 many	 X-measurements,	 which	 is	 the	 case	 in	 linear	 regression.	 This	 can	 be	
extended	to	model	multiple	y-variates	simultaneously.	If	we	have	a	large	number	of	
(possibly	highly	correlated)	regressor	variables	and	a	small	number	of	objects,	it	is	
better	to	refer	to	methods	such	as	LASSO	or	PLS.	If	the	objects	form	groups	and	
we	have	that	information	available,	we	can	use	classification	methods,	such	as	linear	
discriminant	analysis.

In	canonical	correlation	the	aim	is	to	find	pairs	of	linear	relations	in	a	multivariate	
X-	and	Y-dataset,	instead	of	trying	to	predict	one	or	more	y-variates	from	the	X-data.

If	 no	prior	 information	 is	present	 and	 the	 aim	 is	 to	 classify	or	 cluster	 objects,	
cluster	methods	such	as	hierarchical	clustering	can	be	used.	For	hierarchical	cluster-
ing	a	dissimilarity	matrix	is	needed.	Such	a	matrix	can	be	constructed	directly	in	
the	experiment	 (e.g.,	using	pairwise	comparisons)	or	can	be	formed	from	a	set	of	
measurement	data.	Dissimilarity	matrices	can	be	visualized	and	interpreted	using	
multidimensional	scaling	methods.

When	dealing	with	multivariate	data,	it	is	important	to	realize	that	high-dimen-
sional	 spaces	 are	 generally	 very	 sparse	 and	 special	 care	 needs	 to	 be	 taken	 when	
interpreting	the	results.	Methods	specifically	developed	for	use	in	high-dimensional	
data,	such	as	PLS	and	LASSO,	are	to	be	preferred	and	(cross-)validation	has	to	be	
used	at	all	times	if	possible.
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7.1  Introduction 

This	chapter	is	about	certain	spatial	types	of	measurement	of	people,	as	carried	out	
in	the	social	and	biological	sciences.	The	global	issue	for	us	is	perceptual	classifica-
tion	and	we	specialize	on	spatial,	for	instance,	geometric	or	topological,	aspects.	We	
offer	more	detail	below,	but	for	now,	we	simply	note	that	classification	is	the	assign-
ment	of	an	object,	typically	presented	to	one	or	more	of	our	sensory	modalities,	to	
one	of	some	number	(perhaps	infinite!)	of	classes	or	designated	sets,	often	names.	
Because	in	general	terms,	this	is	neither	more	nor	less	than	a	function	or	mapping	
of	a	set	of	things	(stimuli,	memories,	etc.)	into	another	(the	names	or	classifications),	
this	makes	this	concept	extremely	broad.	Thus,	classification	covers	many	specific	
activities	of	psychological	interest.	Some	important	ones	are	the	following:	

	 1.	A	famous	form	of	classification	is	that	of	categorization,	where	a	bunch	of	
objects	is	partitioned	so	that	each	object	is	separately	assigned	to	a	single	
(typically)	unique	category.	There	are	many	kinds	of	categorization	but	one	
of	special	importance	is	usually	given	its	own	title.	

	 2.	 Identification	 is	 where	 each	 category	 has	 exactly	 one	 member	 (this	 may	
be	rare	in	the	real	life).	We	can	perform	an	experiment	where	each	person	
has	exactly	one	name	and	each	name	 is	given	 to	exactly	one	person,	but	
of	course,	 in	the	real	world,	 the	name	of	“John”	is	given	to	thousands	of	
people.	In	most	of	the	interesting	psychological	situations,	classification	is	

7
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made	difficult	by	any	number	of	 factors.	This	could	be	because	 learning	
of	the	assignments	is	incomplete,	such	as	in	a	recognition	memory	experi-
ment.	In	this	case	the	presented	stimulus	may	be	very	easy	to	perceive,	but	
the	learned	patterns	may	have	become	quite	noisy,	making	the	recognition	
task	challenging.	Other	situations	include	some	kind	of	added	noise,	ran-
domness,	or	even	very	brief	exposure	periods.

	 3.	Yes–no signal detection	 is	 the	 specification	by	an	observer	of	whether	 a	
signal	has	been	presented.	There	are	only	two	responses:	“YES”	versus	“NO”	
could	be	used	either	with	faulty	memory	(the	celebrated	“Old”	versus	“New”	
memory-recognition	experiment)	or	with	simply	“hard-to-detect”	physical	
stimuli.	

	 4.	Typically	with	psychological scaling,	the	observer	gives	ratings	on	one	or	
more	 aspects	 of	 the	 stimuli.	For	 instance,	 one	might	 simply	be	 asked	 to	
report	 a	 number	 that	 seems	 to	 represent	 the	 psychological	 magnitude	 of	
an	 aspect	 of	 a	 stimulus,	 such	 as	 how	 happy	 a	 particular	 face	 looks	 (see	
below	for	more	on	this).	Or,	as	is	often	the	case	in	multidimensional	scaling	
(explained	a	bit	later),	the	observer	might	be	asked	about	the	psychological	
similarity	of	 two	or	more	objects.	An	old	anthology,	but	one	still	held	in	
high	esteem,	with	several	chapters	that	are	relevant	to	our	present	enterprise	
is	Volume	I	of	the	Handbook of Mathematical Psychology	(Luce,	Bush,	&	
Galanter,	1963).	The	philosophy	of	science	of	the	present	authors	regarding	
measurement	and	modeling	of	people	and	an	expansion	of	some	of	themes,	
can	be	located	in	Townsend	and	Thomas	(1993).

All	 the	 chapters	 in	 this	 volume	on	 “person	measurement”	present	 and	discuss	
valuable	types	of	measurement	of	people,	a	number	of	them	involving	classification,	
usually	pertaining	to	a	finite	number	of	aspects	or	dimensions.	Section	7.2	starts	by	
discussing	the	foundational	aspects	of	measurement	on	people	and	considers	such	
finite	situations.	Section	7.3	concerns	multidimensional	scaling,	and	also	focuses	on	
a	finite	number	of	psychological	dimensions.	It	is	meant	not	only	to	set	the	stage	for	
what	is	to	come,	but	also	provide	an	elementary	tutelage	on	the	subject	and	to	guide	
the	prospective	user	of	these	tools	to	some	of	the	classical	literature.	

That	 being	 said,	 it	 is	 our	 belief	 that	 almost	 none	 of	 the	 interesting	 aspects	 of	
perception	refer	at	their	most	basic	level	to	finite	spaces.	Rather,	we	feel	that	infinite-
dimensional	spaces	are	required	for	a	suitably	theoretical	milieu	for	human	percep-
tion	and	beyond	that,	to	cognition	and	action	as	well!	For	clarity	we	solely	emphasize	
perception	in	this	chapter.	The	topic	of	finite-	versus	infinite-dimensional	spaces	is	
taken	up	in	Section	7.4.	As	a	consequence	of	this	stance,	an	important	topic	is	the	
mathematical	issues	that	might	arise	when	we	inquire	about	the	ability	of	people	to	
extract	finite-dimensional	information,	even	the	value	on	a	single	dimension,	from	
objects	that	by	their	very	nature	reside	in	infinite-dimensional	spaces.	This	question	
is	addressed	in	Section	7.5.

A	huge	literature	exists	in	mathematics	(mostly	for	physics	and	engineering)	on	
infinite	dimensional	spaces	with	particular	relevance	to	functions	in	spaces	that	pos-
sess	coordinates	at	right	angles	to	each	other.	It	is	called	functional analysis.	Such	
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spaces	 typically	are	 inherently	flat,	without	curvature.	A	 revolutionary	movement	
took	place	in	the	late	nineteenth	and	early	twentieth	centuries	concerned	with	spaces	
that	could	be	curved,	even	with	spaces	whose	curvature	could	change	from	point	
to	point.	We	refer	to	Riemannian	manifolds.	Section	7.6	introduces	the	concept	of	
manifolds	as	gently	as	possible.	This	kind	of	space	proved	to	be	exactly	the	appro-
priate	 setting	 for	Einstein’s	 theory	of	general	 relativity.	We	go	out	on	a	 limb	and	
suggest	that	manifolds	may	be	important	for	human	perception	and	cognition	and	
action	as	well.	

Section	7.7	takes	up	the	potential	extension	of	probability	theory	and	stochastic	
processes	to	infinite-dimensional	spaces:	Everything	we	know	about	people,	from	
the	level	of	a	single	neuron	(and	lower)	to	the	actions	of	the	people	of	an	entire	nation	
are	probabilistic.	Hence,	any	theory	or	model	whether	finite	or	infinite	must	sooner	
or	 later	broach	 this	 topic.	There	 is	 a	knowledge	base	 for	probabilities	 in	 infinite-
	dimensional	spaces	that	goes	back	to	the	early	part	of	the	twentieth	century,	with	tre-
mendous	developments	occurring	mid-century.	This	knowledge	applies	immediately	
to	the	types	of	spaces	found	in	functional	analysis,	mentioned	just	above.	There	is	
some	work	going	on,	in	addition,	developing	laws	of	probability	for		finite-	dimensional	
manifolds	and	really	cutting-edge	work	in	probability	and	stochastic	processes	on	
infinite-dimensional	manifolds.	

Section	7.8	treats	the	very	special	and	extraordinarily	important	case	of	classifi-
cation	 models	 based	 on	 functional	 analysis,	 dynamic	 systems	 theory,	 differential	
equations,	and	stochastic	processes.	We	then	delve	more	deeply	into	the	mathematics	
and	take	a	look	at	applying	these	techniques	to	the	classification	field	in	Section	7.9.	
The	chapter	concludes	with	Section	7.10,	which	is	a	brief	review	of	where	we’ve	been	
and	why,	and	an	attempt	to	set	these	new	methods	in	their	proper	context.

The	early	parts	of	this	chapter	leave	out	the	mathematics.	This	is	not	only	because	
of	somewhat	limited	space	but	also	because	there	are	scores	and	sometimes	hun-
dreds	of	articles	and	books	on	the	topic.	As	we	move	along,	we	delve	into	material	
that	 is	 likely	new	to	many	investigators	and	students	devoted	 to	measurement	on	
people.	 Although	 our	 greater	 use	 of	 mathematics	 as	 we	 progress	 may	 make	 the	
going	a	 little	 tougher	 for	 some	 readers,	 it	 also	affords	a	more	 rigorous	and	well-
defined	landscape	for	those	willing	to	make	the	journey.	We	accompany	the	verbal	
and	quantitative	developments	with	 illustrations	 to	aid	 in	 the	 readers’	 interpreta-
tions	and	intuitions.	In	this	way,	we	hope	that	everyone	will	gain	something	from	
our	presentation.

7.2  Foundational measurement 

A	central	characteristic	of	measurement	in	these	regions,	as	opposed	to	vast	regions	
of	physics,	is	the	absence	of	the	opportunity	to	gather	data	based	on	strong	measure-
ment	scales	(e.g.,	Roberts,	Patterson,	Thomson,	&	Levey,	1969).	This	single	charac-
teristic	has	been	the	subject	of	hundreds	of	papers	and	books,	with	roots	in	first,	from	
the	physical	science	point	of	view,	Campbell’s	famous	book	in	which	he	develops	
a	theory	of	fundamental	measurement	as	a	mapping	between	numerical	systems	and	
those	things	we	wish	to	measure.	In	his	theory,	for	something	to	be	measurable,	those	
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things	must	have	an	ordering	and	the	combination	of	 those	 things	must	follow	the	
same	properties	as	the	addition	of	numbers,	which	is	often	not	satisfied	by	the	things	
we	wish	to	measure	in	psychology.	

A	fundamental	measurement	system	as	defined	by	Campbell	implies	a	ratio	scale	
(Suppes	 &	 Zinnes,	 1963).	 One	 of	 the	 earliest	 proposals	 that	 the	 scales	 typically	
employed	by	physics,	that	is,	“ratio	scales”	or	“extensive	measurement”	might	not	be	
the	only	possibilities	for	rigorous	application	of	numbers	in	the	social	or	biological	
sciences	was	put	forth	by	Stevens	(1951).	Later,	 this	 idea	was	picked	up	by	math-
ematical	psychologists,	mathematicians,	and	logicians	with	the	ensuing	development	
of	an	axiomatic	basis	not	only	for	extensive	measurement	but	also	the	weaker	(and	
in	order	of	decreasing	strength),	absolute	scale,	ratio	scale	(extensive	measurement),	
interval	scale,	ordinal	scale,	and	so-called	nominal	scale.	The	only	other	scale	of	
note	is	the	absolute	scale,	which	is	the	strongest	of	all	(e.g.,	for	more	on	these	topics,	
see	the	early	work	and	citations	in	Suppes	&	Zinnes,	1963;	Krantz,	Luce,	Suppes,	&	
Tversky,	1971;	Pfanzagl,	1968).	

A	 seminal	 concept	 in	 the	 theory	 is	 that	 numbers	 considered	 as	 measurements	
should	 reflect	 the	 regularities	of	 the	natural	phenomena	 that	 are	being	measured,	
while	retaining	properties	of	the	number	system	(perhaps	including	arithmetic	con-
ditions	and	the	like).	Hence,	for	some	purposes,	an	interval	scale,	such	as	Celsius	or	
Fahrenheit	will	suffice	to	study	particular	properties	of	a	phenomenon.	However,	for	
work,	say	in	thermodynamics,	it	may	well	be	that	a	form	of	the	Kelvin	scale	may	be	
required.	A	fascinating	consequent	duality	in	the	theory	is	that	the	stronger	the	scale,	
the	fewer	mathematical	operations	can	be	carried	out	on	the	observed	measurements	
without	distortion	to	the	relationships	between	the	numbers	and	the	phenomena.	An	
example	of	a	permitted	transformation	on	a	ratio	scale,	like	mass,	is	multiplication	
by	a	positive	constant	(e.g.,	changing	pounds	to	kilograms).	This	leaves	a	ratio	of	any	
two	measurements	 invariant:	 it	 is	a	“meaningful	operation.”	However,	calculating	
the	ratio	of	yesterday’s	temperature	with	today’s	temperature,	measured	in	Celsius,	
will	not	be	 the	same	as	when	 the	units	are	altered	 to	Fahrenheit:	meaningfulness	
is	lost.	In	this	interval	scale	we	instead	need	to	take	a	ratio	of	differences	to	retain	
meaningful	results.	To	tersely	complete	the	picture,	absolute	scales	allow	no	trans-
formation	whatsoever	and	they	possess	no	units.	Counting	is	perhaps	the	prototypi-
cal	example	of	an	absolute	scale:	one	doesn’t	change	a	“3”	when	one	counts	3	candy	
bars	or	anything	else.	Of	course,	a	change	of	the	name	of	“three”	from	one	language	
to	another	is	okay!	The	next	strongest	scale	is	afforded	the	name	“ordinal	scale.”	

Ordinal	measurement	permits	any	monotonic	(order-preserving)	 transformation	
to	be	made	on	the	measurement	numbers,	but	only	order	can	be	established:	com-
parisons	such	as	ratios	or	differences	are	meaningless.	It	has	been	debated	whether	
the	social	or	biological	sciences	may	be	forever	confined	to	ordinal	measurement.	
For	now,	we	mainly	 investigate	aspects	of	measurement	 that	do	not	 touch	on	 this	
axiomatic	 theory	but	also	a	 few	 that	do.	Obviously,	even	a	modest	glimpse	at	 the	
entire	edifice	(not	to	mention	the	debates)	would	take	several	hundred	pages.	One	of	
the	shortcomings	of	the	approach	has	been	the	absence	of	a	generally	accepted	error	
theory,	which	would	permit	the	erection	of	a	statistical	theory	of	inference	within	the	
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approach.	We	should	also	mention	that	many	statisticians,	psychometricians,	and	oth-
ers	have	either	argued	against	the	idea	that	measurement	scales	are	needed	(e.g.,	Lord	
&	Novick,	1968;	Townsend	&	Ashby,	1984)	or	simply	ignored	it.	Nonetheless,	from	
the	authors’	point	of	view,	it	is	important	to	keep	these	considerations	in	mind.1

7.3  A brief introduction to multidimensional scaling 

A	popular	method	of	inferring	geometrical	structure	from	data	in	psychology	(and	
related	disciplines)	 is	 called	Multidimensional	Scaling,	or	MDS.	MDS	 is	a	 set	of	
mathematical	techniques	that	can	be	used	to	reveal	the	underlying	structure	in	data.	
These	methods	provide	a	 spatial	 configuration	of	 the	data	points,	which	allows	a	
researcher	to	interpret	patterns	and	regularities	relatively	easily.	There	are	numerous	
(but	not	quite	 infinite!)	variations	of	 these	 techniques,	and	here	we	only	 touch	on	
some	of	the	most	important,	general,	and	famous	methods.

To	be	able	to	represent	psychological	data	in	a	geometrical	form,	we	first	need	
to	establish	a	notion	of	“distance.”	There	are	many	different	ways	of	doing	this,	and	
careers	have	been	spent	debating	which	 is	 the	most	appropriate.	One	of	 the	most	
straightforward	methods	is	to	conduct	a	similarity	experiment	in	which	subjects	rate	
how	dissimilar	different	stimuli	are	from	each	other.	The	distance	should	then	be	
a	monotonic	 transformation	of	 this	dissimilarity,	 so	 that	 the	more	 similar	objects	
are	 the	 less	distance	 there	 is	between	them.	After	establishing	a	matrix	of	all	 the	
pairwise	distances	between	stimuli,	computer	programs	can	be	used	to	infer	where	
each	stimulus	is	located	in	a	space	in	relation	to	the	others.	Most	modern	statistical	
computing	packages,	such	as	SPSS,	will	contain	a	program	(ALSCAL	is	a	popular	
example)	that	displays	these	results	for	you.

But	what	results	does	it	display	exactly?	This	brings	us	to	another	topic	of	debate	
in	MDS,	that	of	dimension	(The	concept	of	which	is	discussed	in	more	detail	below).	
When	the	computer	infers	the	positions	of	the	data	points	in	space,	we	have	to	tell	
it	 in	 which	 space	 to	 put	 them.	 Euclidean	 space	 is	 the	 most	 commonly	 used	 and	
simplest,	but	there	is	no	reason	why	the	data	should	necessarily	be	Euclidean,	and	
various	 spaces	 and	metrics	 have	been	 imposed	 for	 different	 domain	 applications.	
Sticking	with	Euclidean	space	for	now,	it	must	be	decided	by	the	investigator	how	
many	dimensions	to	use.	When	fitting	the	points,	MDS	programs	attempt	to	mini-
mize	 the	 “stress”	 in	 the	 system,	 which	 roughly	 means	 how	 well	 the	 extrapolated	
geometric	distances	conform	to	 the	distances	derived	from	the	dissimilarity	data.	
A	high	stress	value	means	 that	 the	model	 is	not	fitting	 the	data.	Clearly,	a	model	
in	a	higher-dimensional	space	will	always	have	less	stress	than	a	more	constrained	
model.	We	can	easily	see	that	lower-dimensional	models	are	included	as	subspaces	
of	higher-dimensional	models,	so	this	must	always	be	true.

So	how	does	one	know	how	many	dimensions	to	use?	Theoretical	expectations	
can	be	brought	to	bear	here.	If	your	stimuli	vary	along	only,	say,	n	dimensions,	then	
an	 n-D	 model	 may	 be	 most	 appropriate	 (ignoring	 more	 complicated	 instances	 of	
interaction	for	now).	An	exception	could	occur	if	the	brain	is	unable	to	separate	the	
n	dimensions.	In	that	case,	a	subspace	consisting	of	k	<	n	dimensions	will	suffice.	In	
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no	case	would	we	expect	the	estimated	dimension	to	be	k	>	n,	although	an	inappro-
priate	metric	might	make	it	appear	to	be	so.	For	example,	suppose	the	psychological	
space	corresponding	to	two	physical	dimensions	is	a	2-D	hemisphere	embedded	in	
3-D	coordinate	system.	Then,	the	inappropriate	Euclidean	metric	could	make	it	seem	
that	three	dimensions	are	better	than	two.	If	one	has	the	correct	metric	in	hand,	the	
stress	of	 the	 two-dimensional	model	 should	be	 almost	 as	 small	 as	 that	 for	 three-	
or	greater-dimensional	models.	This	 subjective	comparison	among	 the	 stresses	of	
different	models	can	be	used	as	the	deciding	factor	even	in	the	lack	of	theoretical	
expectations.	In	this	uninformed	case,	the	experimenter	should	pick	the	model	such	
that	all	subsequent	models	of	greater	dimensionality	yield	only	a	small	reduction	in	
stress	relative	to	the	previous	reductions.

If	all	of	psychological	space	were	nicely	Euclidean	with	separable	dimensions,	
then	all	of	this	would	be	fine	and	we	could	construct	high-fidelity	maps	for	every	
dataset.	As	 I’m	sure	you’ve	guessed,	 this	 is	sadly	(but	more	 interestingly)	not	 the	
case.	What	if	psychological	dissimilarity	data	are	not	directly	associated	with	a	met-
ric?	For	 instance,	 it	 could	be	 that	decisional	biases	 intrude	 that	violate	properties	
associated	with	any	metric	(e.g.,	Townsend,	1971).	In	such	a	case,	 it	 is	sometimes	
possible	to	extricate	the	true	dissimilarity	apart	from	the	decisional	influences.	In	
any	event,	we	need	to	know	what	the	properties	of	a	valid	distance	measure	are.	The	
three	axioms	that	any	metric	must	satisfy	are:

Minimality:	d(a,b)	≥
	

d(a,a)	=	0:	No	pair	of	objects	is	more	similar	to	each	other	
than	any	object	is	to	itself,	and	the	latter	distance	is	0.	

Symmetry:	d(a,b)	=	d(b,a):	Nancy’s	face	is	as	similar	to	Joan’s	as	Joan’s	face	
is	to	Nancy’s.	

The	triangle	inequality:	d(a,c)	≤
	

d(a,b)	+	d(b,c):	The	political	distance	between	
Obama’s	 world-view	 and	 George	 W.	 Bush’s	 is	 less	 than	 or	 equal	 to	 the	
distance	between	Obama’s	and	Franklin	D.	Roosevelt’s	plus	that	between	
Roosevelt’s	and	Bush’s.	

It	could	be	that	one	or	more	of	the	axioms	is	violated	due	to	perturbation	by	a	deci-
sional	bias,	or	it	could	happen	in	a	more	fundamental,	systematic	sense.	The	mathe-
matical	psychologist	Amos	Tversky	pointed	out	that	all	three	of	these	axioms	can	be	
routinely	violated	in	basic	psychological	experiments	(Tversky,	1977).	Minimality	is	
violated	whenever	stimuli	differ	in	their	self-similarity.	Symmetry	is	often	violated	
in	similarity	data	as	well,	especially	if	one	stimulus	is	seen	as	more	broad	or	general	
than	 the	 other,	 perhaps	 including	 the	 latter	 as	 a	 subclass.	 For	 example,	 the	 word	
“poodle”	would	be	seen	as	more	similar	to	the	word	“dog”	than	the	reverse.	

The	triangle	inequality	is	harder	to	refute,	because	it	is	a	quantitative	statement,	
and	similarity	data	is	inherently	ordinal.	It	has	been	shown	that	trivial	manipulations	
of	data	can	produce	satisfaction	of	the	first	two	assumptions,	so	the	triangle	equality	
often	plays	a	major	role	in	testing	for	the	presence	of	a	metric.	Although	there	have	
been	more	rigorous	expositions	of	the	subject,	Tversky	gives	a	quick	intuitive	argu-
ment	for	why	we	shouldn’t	believe	that	the	triangle	equality	will	necessarily	hold	in	
all	cases.	Assume	that	the	perceptual	distance	from	Cuba	to	Russia	should	be	small	
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for	political	 reasons	 (remember,	1977),	 and	 the	perceptual	distance	 from	Cuba	 to	
Jamaica	should	be	small	for	geographic	reasons.	The	triangle	inequality	would	then	
force	the	distance	from	Jamaica	to	Russia	to	also	be	fairly	small,	which	we	would	
not	expect.	

One	 reaction	 to	 these	arguments	has	been	 to	 impose	a	different	metric	on	 the	
space.	Instead	of	using	the	standard	Euclidean	metric	to	compute	distances,	many	
other	functions	have	been	used.	A	common	family	of	metrics	takes	the	form:	

	 d x xij im jm
r r

m

n

= −( )
=

∑
1

1

.	

These	 are	 commonly	 called	 power	 metrics.	 When	 r	 =	 2	 we	 have	 the	 standard	
Euclidean	metric,	and	r	=	1	is	what	is	known	as	the	city	block	metric.	In	this	metric	
distances	 are	 computed	 as	 the	 sum	of	 the	projected	distances	 in	 each	orthogonal	
dimension	(as	in	a	city,	when	you	can	only	travel	in	orthogonal	dimensions,	instead	
of	as	the	crow	flies).	In	this	metric,	the	triangle	inequality	becomes	an	equality.	If	
we	consider	values	of	 r <	1,	 the	 triangle	 inequality	 is	now	 reversed.	This	 can	be	
interpreted	 to	saying	 that	 traveling	along	one	dimension	 is	“faster”	 than	 traveling	
along	a	diagonal	path.	These	metrics	can	be	better	understood	if	we	consider	graphs	
of	unit	distance,	shown	in	Figure	7.1.	In	these	graphs	every	point	corresponds	to	an	
equal	distance	from	the	origin.

Tversky	offered	up	a	different	approach	when	he	rigorously	developed	the	feature 
contrast model.	In	this	model,	 the	similarity	between	two	objects	is	a	function	of	
the	features	that	the	objects	have	in	common,	minus	the	features	that	differ	between	
them.	The	 feature	 contrast	model	 captures	 the	 intuitive	 idea	 that	 identical	 shared	
features	decrease	psychological	dissimilarity	between	two	objects,	a	property	unat-
tainable	with	metric-based	differences.	This	relatively	simple	model	is	sufficient	to	
account	for	each	of	the	previously	mentioned	violations	of	the	metric	axioms.

One	of	 the	primary	difficulties	 involved	in	modeling	psychological	data	is	 that	
the	perceptual	phenomena	that	we	seek	to	describe	are	confounded	by	the	decisional	
processes	inherent	in	any	experimental	situation.	The	classic	theory	designed	to	tease	
these	aspects	apart	 is	known	as	Signal	Detection	Theory	(SDT).	This	 theory	was	
established	in	1966	by	John	Swets	and	David	Green,	building	on	earlier	work	done	
by	radar	researchers.	In	this	methodology,	participants	are	asked	to	discern	“signal”	
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Figure 7.1 Each	graph	shows	all	points	with	a	unit	distance	from	the	origin.
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trials	from	“noise”	trials.	The	experimenter	can	then	find	values	for	the	participant’s	
perceptual	discriminability	and	their	decision	criterion.	These	variables	can	be	inde-
pendently	manipulated	to	study	various	decisional	or	perceptual	qualities.	In	SDT,	
stimuli	are	considered	to	be	perceived	probabilistically.	Instead	of	each	stimulus	cor-
responding	to	a	single	fixed	point	in	some	space,	as	in	MDS	models,	stimuli	have	
corresponding	probability	density	functions.

A	typical	example	is	shown	in	Figure	7.2.	The	left	curve	corresponds	to	a	noise	
trial,	 and	 the	 right	 to	a	 signal	 trial.	The	vertical	dotted	 line	 represents	a	decision	
criterion,	where	a	participant	will	change	from	calling	everything	on	the	left	“noise”	
to	calling	everything	on	 the	 right	a	“signal”.	We	can	see	 that	 the	participant	will	
be	incorrect	for	the	stimuli	belonging	to	the	noise	distribution	that	fall	on	the	right	
of	 the	criterion	 (called	 false	alarms)	and	also	 for	 the	 stimuli	 from	 the	 signal	dis-
tribution	 that	 fall	 to	 the	 left	of	 the	criterion	 (called	misses).	Shifting	 the	criterion	
left	or	right	(which	can	be	achieved	by	altering	the	experimental	instructions)	will	
result	 in	 a	 tradeoff	 between	 these	 two	kinds	of	wrong	 answers.	 The	only	way	 to	
increase	the	total	number	of	correct	answers	is	to	increase	the	distance	between	the	
means	of	the	two	distributions,	which	is	referred	to	as	d′.	This	theory	offers	a	natural	
explanation	for	the	confusions	between	stimuli	while	also	elucidating	the	differences	
between	perceptual	and	decisional	effects,	which	are	measured	with	d′	and	the	cri-
terion,	respectively.

A	limitation	of	 the	SDT	method	as	 typically	employed	 is	 that	stimuli	are	only	
allowed	to	vary	along	a	single	dimension,	making	the	methodology	applicable	to	a	
paucity	of	psychological	experiments.	In	1986,	Gregory	Ashby	and	James	Townsend	
developed	a	multidimensional	extension	of	SDT	that	they	call	General	Recognition	
Theory	 (GRT).	 In	 GRT,	 the	 probability	 density	 functions	 associated	 with	 stimuli	
are	 multidimensional,	 so	 stimuli	 can	 vary	 along	 as	 many	 dimensions	 as	 desired.	
Because	of	the	difficulty	involved	in	making	four-	or	more	dimensional	graphs,	let	
us	consider	the	case	where	stimuli	vary	along	just	two	dimensions.	Figure	7.3a	shows	
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Figure 7.2 A	typical	SDT	graph	of	signal	and	noise	densities.	The	dotted	line	is	the	decision	
criterion.
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the	probability	densities	of	two	stimuli	that	vary	along	dimensions	x	and	y	(Ashby	
&	Townsend,	1986).	The	plane	shown	passing	through	both	functions	describes	the	
equal	probability	contours	of	the	two	distributions.	Because	the	shape	of	the	inter-
section	 of	 this	 plane	 with	 a	 given	 density	 (a	 circle	 in	 this	 case)	 does	 not	 change	
depending	on	the	height	of	the	plane	(it	will	only	expand	or	contract),	it	is	useful	to	
graph	just	these	intersections.	This	is	shown	for	our	example	case	in	Figure	7.3b.

We	can	see	 that	 this	 latter	graph	can	easily	be	mapped	onto	our	earlier	under-
standing	of	signal	detection	theory.	The	dotted	line	once	again	represents	the	deci-
sion	criterion;	 the	only	difference	 is	 that	 it	now	depends	on	both	dimensions	 (the	
decision	on	the	x	dimension	depends	on	the	level	of	the	y	dimension).	Even	though	
the	decision	for	each	dimension	is	dependent	upon	the	other,	in	this	case	both	stimuli	
are	perceptually independent.	We	mean	by	this	is	that	the	perceptual	effects	of	one	
dimension	do	not	influence	those	of	the	other	dimension.	If	this	property	were	vio-
lated,	we	would	see	that	in	the	graph	of	equal	probability	contours.	Instead	of	seeing	
circles,	which	portend	perceptual	independence,	we	would	see	skewed	ellipses	that	
would	point	 up-right	 for	 positive	 correlation	 and	down-right	 for	 negative.	Having	
positively	dependent	variables	means	that	the	greater	the	perceptual	effects	are	on	
one	dimension,	the	greater	they	will	be	on	the	other.

It	is	important	to	note	that	perceptual	independence	is	logically	distinct	from	hav-
ing	a	decision	criterion	on	one	dimension	that	is	not	influenced	by	the	other	dimen-
sion.	This	latter	property	is	referred	to	in	GRT	as	decisional separability.	A	third,	
also	logically	distinct	formalization	of	the	idea	of	independence	is	called	perceptual 
separability.	This	property	means	that	the	perceptual	effects	of	one	dimension	are	
not	dependent	on	the	other.	This	definition	sounds	quite	similar	to	that	of	perceptual	
independence,	but	the	difference	is	that	independence	is	a	within	stimulus	condition,	
while	perceptual	separability	is	between	stimuli.

Although	GRT	approaches	the	modeling	of	psychological	phenomena	in	a	fun-
damentally	different	way	from	MDS,	because	of	its	generality	and	versatility	it	has	
been	shown	that	standard	Euclidean	MDS	is	actually	a	special	case	contained	within	

x x
(a) (b)

y

yfA

fA f (x, y)

fB f (x, y)fB

f (
x,

 y)

Figure 7.3 (a)	Three-dimensional	densities	of	two	distributions;	(b)	an	equal	likelihood	plot	
of	the	same	two	densities.
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the	GRT	framework	(Ashby,	1988).	When	constrained	in	this	manner,	GRT	will	nec-
essarily	be	required	to	assume	the	metric	axioms	that	we	examined	earlier.	However,	
in	the	fully	generalized	GRT	model	there	is	no	need	to	make	these	assumptions.	In	
GRT,	the	overlapping	regions	of	multiple	stimulus	densities	correspond	to	where	they	
are	confused	with	each	other,	rather	than	relying	on	a	distance	metric.	Because	these	
confusions	are	a	function	of	both	the	means	and	standard	deviations	of	the	densities,	
the	probability	of	a	correct	recognition	is	not	necessarily	monotonic	with	the	dis-
tance	between	the	perceptual	means.	Other	metric	violations	can	also	be	accounted	
for	to	yield	an	accurate	description	of	the	data	in	a	wide	variety	of	circumstances	
(e.g.,	Ashby,	1992;	Kadlec	&	Townsend,	1992;	Thomas,	1999,	2003).

7.4  Dimensions: Finite and infinite 

The	concept	of	dimension	really	only	began	to	assume	a	rigorous	treatment	in	the	
late	nineteenth	century.	There	are	now	several	mathematical	approaches	to	dimen-
sionality.	First,	let	us	just	define	space	as	some	set	of	points,	where	a	point	is	a	primi-
tive,	that	is,	an	undefined	entity.	The	point	may	in	fact,	be	given	in	more	immediately	
comprehensible	terms,	but	need	not:	often	it	can	gain	its	meaningfulness	through	a	
list	of	axioms	about	what	structure	it	exists	within	(e.g.,	on	the	space	itself)	or	opera-
tions	that	can	be	done	on	it,	and	so	on.	The	easiest	approach	to	understand	is	prob-
ably	the	one	that	defines	dimension	as	“the	minimum	number	of	real	numbers	that	
can	be	employed	to	define	a	point	in	the	space.”4	Then	an	infinite-dimensional	space	
is	one	 that	requires	a	denumerable	 (i.e.,	can	be	put	 in	one-to-one	correspondence	
with	an	infinite	set	of	integers)	or	nondenumerable	set	of	numbers	(e.g.,	the	irrational	
numbers,	products	of	such	sets	and	so	on),	to	indicate	a	specific	point	in	the	original	
space.	Of	course,	this	definition	requires	some	sort	of	function	that	relates	the	points	
in	the	space	to	numbers,	and	that	is	far	from	always	the	most	natural	tack	to	take	with	
some	spaces.	Nonetheless,	it	is	the	most	straightforward	definition	for	our	purposes.	
Our	definition	of	a	physical	or	psychological	dimension	is	that	it	be	representable	by	
a	possibly	bounded	interval	on	the	real	line.

Infinite-dimensional	spaces,	although	frequently	obeying	many	precepts	found	in	
finite	spaces,	sometimes	demand	special	care	and	tactics,	and	occasionally	simply	act	
in	seemingly	bizarre	ways	relative	to	finite	spaces.	A	natural	question	from	readers	
is	likely	to	be	why	we	need	infinite-dimensional	concepts	and	especially	in	spatial	
terms.	Thus	there	appear	to	be	a	finite,	if	unbelievably	huge,	number	of	fundamental	
particles	in	the	universe.	(However	particles	are	defined	by	modern	physics,	and	in	
spite	of	the	particle-wave	duality	of	quantum	theory,	and	the	definition	of	“funda-
mental”	has	altered	over	 the	past	 century	with,	 string	 theory	notwithstanding,	no	
clear	end	in	sight.)	However,	infinite-dimensional	spaces	are	a	necessity	for	theory	
in	modern	science,	including	physics.	One	of	the	arguments	for	infinite-dimensional	
models	 is	 that	mathematical	descriptions	when	 the	points	number	 in	 the	millions	
or	billions,	are	simpler	or	more	elegant,	depending	on	the	uses	of	 the	model.	The	
same	goes	for	spaces	of	very	high	dimension.	Thus,	Newtonian	mechanics	enjoys	
the	artifice	of	continuous	trajectories	(where	a	trajectory	contains	a	nondenumerable	
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number	of	points)	of	objects	in,	say,	3-D	space,	although	a	modern	quantum	descrip-
tion	might	look	quite	different.

Most	 functions	 that	 even	 high	 school	 students	 meet	 are	 defined	 on	 an	 infinite	
space,	that	of	the	real	numbers	(the	latter	being	nondenumerable	as	we	saw	above,	
for	it	 is	made	up	of	a	denumerable	set,	 the	integers	plus	the	rational	numbers	and	
the	irrational	numbers).	Furthermore,	the	most	useful	of	functions,	such	as	the	set	
of	all	continuous	functions	on	the	real	line,	are	themselves	infinite,	with	the	latter	
set	 having	 the	 same	 dimensionality	 as	 the	 real	 line	 itself!	 In	 fact,	 the	 ubiquitous	
appearance	of	continuous	(and	often,	smooth,	i.e.,	differentiable	to	a	high	or	infinite	
degree)	functions	in	science	by	itself	forms	a	powerful	argument	for	the	inclusion	
of	infinite-dimensional	spaces	in	psychology.	Whether	or	not	the	theorist	 looks	to	
functions,	 and	we	welcome	 it	 (e.g.,	 see	Townsend,	Solomon,	Wenger,	&	Spencer-
Smith,	2001;	Townsend	&	Spencer-Smith,	2004;	Townsend,	Aisbett,	&	Busemeyer,	
2005),	even	a	kind	of	common-sense	consideration	of	such	objects	as	the	set	of	all	
faces	seems	to	call	for	infinite-dimensional	spaces	(see	especially	the	first	of	the	list	
immediately	above).	Even	though	the	number	of	faces	on	earth	is	finite,	it	is	clearly	
possible	 in	principle	 to	 create	 an	 infinite	number	of	 faces.	 Interestingly,	 even	 the	
modern	approaches	 to	approximation	and	numerical	analysis,	employ	as	a	 funda-
mental	underpinning,	 the	structures	of	 infinite-dimensional	 function	spaces.	And,	
psychologists	and	statisticians	are	beginning	to	work	out	statistical	procedures	and	
theories	 that	are	appropriate	for	 interesting	sets	of	functions	(see,	e.g.,	Ramsay	&	
Silverman,	2006).

7.5  Inserting or extracting finite psychological dimensions 
into (out of) an infinite-dimensional space 

Now,	there	are	many	directions	we	could	take	from	here.	An	important	one	is:	Is	it	
possible	 to	 think	of	finite-dimensional	spaces	as	sub-parts	of	 infinite-dimensional	
spaces?	This	would	be	a	boon	for	psychophysical	scaling	because	it	means	that	 it	
would	not	be	unnatural	to	think	and	work	with	finite	psychological	spaces,	even	if	
the	“real”	description	demands	infinitude.	In	fact,	given	that	almost	all	real	stimuli	
appear	to	be	objects	from	infinite-dimensional	spaces,	it	is	clear	that	our	150	years	or	
so	of	finite-dimensional	psychophysics	would	lie	on	a	very	shaky	foundation	indeed	
if,	 say,	 a	 dimension	 such	 as	 visual	 area	 or	 hue	 were	 not,	 first	 of	 all,	 mathemati-
cally	separable	in	some	sense	from	the	more	complex	(infinite-dimensional)	signal	
of	which	 it	 is	 a	part,	 and	 secondly,	 the	biological	entity	 (e.g.,	 the	 reader)	was	not	
able	to	pluck	this	 information	from	the	signal.	Thus,	visual	area	of	 the	surface	of	
a	dinosaur	is	not	only	computable	from	the	complicated	space	of	all	dinosaurs	but	
the	visual	 system	of	a	human	can	approximate	 that	 size,	 thus	extricating	 the	size	
dimension	from	this	point	of	that	space.	In	the	case	of	hue,	the	actual	signal	may	be	a	
continuum	of	wave	lengths	from	the	light	spectrum,	yet	the	visual	system	computes	
a	composite	hue	obeying	the	laws	of	color	perception.	

Due	 to	 space	 concerns	 here	 (not	 infinite-dimensional!),	 we	 only	 concern	 our-
selves	with	the	situation	where	a	psychological	dimension	corresponds	to	a	physical	
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dimension.	Of	course,	a	physical	dimension	itself	may	or	may	not	be	very	useful	in	
science.	For	instance,	products	of	powers	of	measurements,	with	the	power	being	a	
rational	number	of	basic	physical	dimensions	(usually	mass,	length,	and	time)	consti-
tute	new	dimensions	but	only	a	relatively	small	number	of	these	are	useful	in	physi-
cal	laws	(see,	e.g.,	Chapter	10	in	Krantz	et	al.,	1971).

Consider	a	space	X	that	is	infinite-dimensional	according	to	the	above	discussion.	
Then	 to	 elicit	 a	 physical	 dimension	 that	might	 (or	might	 not)	make	up	 a	 psycho-
logical	dimension,	we	simply	need	to	map	an	interval	(a,b)	into	X	as	in	f(x)	where	
x	is	contained	in	(a, b)	and	f(x)	is	contained	in	X.	We	write	this	more	compactly	as	
f:	(a,b)	↣	X.	Although	perfectly	logical,	this	definition	of	a	dimension	as	contained	
in	X	is	not	very	intuitive.	To	unpack	this	situation	a	bit	more,	consider	a	depiction	of	
infinite-dimensional	spaces	based	on	a	generalization	of	a	so-called	Cartesian	prod-
uct	of	dimensions.	Thus,	ℝ2	=	ℝ	×	ℝ,	the	combination	of	2	selections	from	the	set	of	
real	numbers.	We	can	think	of	these	combinations	as	a	2-place	vector.	

This	concept	can	be	extended	first	to	arbitrary	finite	combinations	of	ℝ,	where	we	
use	the	pi	symbol	to	indicate	a	Cartesian product,	that	is,	all	conceivable	combina-
tions	as	in

	 �i
n

1
∏

and	in	this	particular	case,	ℝi	=	ℝ	for	i	=	1,	2.	In	general	then,	consider	an	index	
set	that,	instead	of	i	=	1,	2,	…,	n,	n	is	either	countably	(i.e.,	equal	to	the	number	of	
integers)	or	uncountably	(equal	to	the	number	of	all	real	numbers)	infinite.	Instead	
of	using	products	of	ℝ,	we	can	use	any	kind	of	space;	these	spaces	do	not	even	have	
to	be	the	same	as	one	another.	We	can	even	take	a	combination	of	some	finite	and	
some	infinite	spaces.	Then	we	have	our	space

	 X X= ∏ α

α

,

which	means	that	we	take	all	the	possible	combinations	of	the	spaces	Xα,	one	value	
for	each	possible	value	of	α.	 In	addition	 to	 the	apparent	description	of	a	general-
ized	point	in	this	space	as	an	infinite-dimensional	vector	(with	position	in	the	vector	
indicated	by	the	value	of	α),	we	can	also	think	of	it	as	a	function	f:	{α}	↣	Xα.	For	
instance,	when	each	Xα	is	ℝ	and	{α}	is	also	in	ℝ,	and	f	is	continuous,	then	each	vec-
tor	is	a	member	of	the	set	of	all	continuous	functions	defined	on	the	interval	(a,b).

Now	that	we	have	a	fairly	intuitive	idea	of	this	highly	useful	type	of	space,	we	
can	simply	form	a	new	function	that	assigns	a	value	in	X	 for	each	member	of	the	
interval	(a,b).	In	a	special	case,	it	might	be	that,	say	X237	contains	a	1–1	image	of	
(a,b),	 f:	 (a,b)	↣	X237,	 and	 this	either	 is	a	useful	dimension	 for	psychologists	 (e.g.,	
loudness)	or	physicists,	or	both.	So	far,	even	with	the	foregoing	explanation,	the	situ-
ation	may	seem	abstract	and	of	little	use.	But	consider	the	more	interesting	example	
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of	the	space	of	all	faces	and	call	it	F.	We	postulate	that	F	is	contained	in	the	space	
of	all	2-D	surfaces,	considered	as	continuous	functions	of	a	bounded	subset	of	some	
cross-product	of	intervals.	It	won’t	hurt	to	simply	pose	our	mapping	as	a	function	
from	some	domain	D	realized	as	the	pair	of	intervals	(0,	1)	×	(0,	1)	=	D	into	this	face	
space,	F.	We	focus,	for	simplicity,	on	the	front	half	of	the	face.	Basically,	we	can	do	
the	same	kind	of	thing	on	the	rear	of	the	faces.

Let	the	face	function	be	fβ:	D	↣	F,	over	a	non-denumerable	set	{β},	and	we	can	
without	harm	think	of	a	particular	face	as	being	associated	with	a	particular	map,	say	
fβ.	Each	face	will	be	a	different	fβ	mapping	the	domain	into	the	face	space	such	that	
every	point	in	the	domain	corresponds	to	a	point	on	the	face.	Figure	7.4	shows	a	face	
constructed	in	this	fashion.	Now,	we	mustn’t	lose	track	of	our	first	goal,	which	was	
indicating	how	psychological	dimensions	can	be	exhibited	in	an	infinite-dimensional	
space,	such	as	our	current	face	space	F.	Suppose	we	wish	to	experiment	with	the	psy-
chological	dimension	of	mouth	size	(ms)	and	the	set	of	all	mouth	sizes:	MS	=	{ms},	
contained	naturally	in	ℝ.	Of	course,	 there	is	a	true	physical	dimension	of	surface	
area	of	the	mouth	in	this	case,	but	that	may	well	not	be	linearly	related	to	the	psy-
chological	dimension.	We	can	include	ms	=	0,	even	though	we	may	never	actually	
observe	that	in	reality.	Anyhow,	we	embed	MS	in	F	by,	for	instance,	taking	all	mem-
bers	of	F	but	without	a	mouth	and	then	forming	the	total	F	=	F–mouth	×	MS.	

This	 operation	 constructs	 all	 possible	 faces	 with	 all	 possible	 mouth	 sizes.	 In	
actuality,	some	faces	may	not	accommodate	some,	perhaps	particularly	large	mouth	
sizes.	This	type	of	constraint	does	no	real	harm	to	our	deliberations	here,	and	in	fact,	
a	more	sophisticated	theory	based	on	the	idea	of	manifolds	can	readily	encompass	
this	type	of	constraint	(see,	e.g.,	Townsend	et	al.,	2001).	In	any	event,	any	1-D	curve	
in	F	can,	for	every	face-point	traversed,	be	indexed	by	a	value	of	ms.	In	fact,	any	such	
trajectory	through	F	can	be	modified	so	as	to	measure	mouth	size	at	each	of	its	points	
(i.e.,	at	each	face).	Of	course,	a	subset	of	trajectories	will	possess	a	constant	ms	while	
other	facets	of	the	faces	vary,	and	so	on.	From	the	reverse	perspective,	we	can	think	

D

fβ

Figure 7.4 fβ	is	the	mapping	from	the	domain	D	onto	a	specific	face	in	the	face	space.
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about	how	as	attention	is	directed	toward	a	mouth,	perceptual	operators	are	filtering	
the	psychological	mouth	size	from	each	face	to	which	it	is	attending.

The	present	theory	may	seem	intriguing	(or	too	complex	to	exert	any	effort	for),	
but	is	there	any	hope	for	disentangling	psychological	dimensions	from	an	infinite-
dimensional	space?	The	answer	is	apparently	“yes”	in	any	cases	we	have	seen.	The	
Shepard–Kruskal	approach	and	its	many	relatives	might	seem	to	apply	most	imme-
diately	to	stimuli	that	are	themselves	exhibiting	and	varying	the	finite	dimensions	
under	 study.	 A	 real-life,	 often	 employed	 case	 is	 a	 set	 of	 rectangles	 with	 varying	
length	and	width	(Schonemann,	Dorcey,	&	Kienapple,	1985).	Although	the	Shepard–
Kruskal	approach	has	never	been	given	an	axiomatic	underpinning,	nonetheless	it	
seems	clear	 that	humans	and	probably	many	 in	 the	animal	world	can	attend	 to	a	
small	number	of	dimensions	at	a	time	from	stimuli	that	are	inherently	from	an	infi-
nite-dimensional	space,	especially	when	a	finite	set	of	1-D	dimensions	are	varying	
across	 the	stimuli.	 In	 fact,	even	 the	set	of	 rectangles	can	be	 interpreted	as	a	very	
special	subset	of	the	set	of	all	2-D	surfaces.	The	dimensions	of	psychological	length	
and	width	would	then	be	extracted	by	the	Shepard–Kruskal	procedures.	It	should	be	
noted,	though,	that	some	individuals	abstract	the	dimensions	of	size	(length	×	width)	
and	 shape	 (length	 ÷	 width).	 In	 addition,	 the	 fact	 that	 infinite-dimensional	 spaces	
are	 not	 incompatible	 with	 1-D	 psychological	 dimensions	 helps	 weld	 together	 the	
various	psychological	tasks	and	processes,	from	unidimensional	psychophysics	(e.g.,	
Fechner,	Adler,	&	Boring,	1966;	Falmagne,	2002;	Baird,	1997;	Link,	1992)	to	higher	
order	mental	functions	such	as	symbol	and	language	identification	(e.g.,	Townsend	&	
Landon,	1982,	1983;	Pelli,	Farell,	&	Moore,	2003;	Rumelhart	&	McClelland,	1987),	
to	categorization	(e.g.,	Nosofsky,	1986;	Ashby,	1992)	and	beyond.

Perhaps	even	more	interestingly,	by	bringing	to	bear	principal	component	analysis	
(closely	related	to	singular	value	decomposition),	it	is	feasible	in	principle	to	dissect	a	
set	of	perceived	patterns,	even	faces,	into	a	set	of	objects	from	the	same	dimensional	
space,	that	can	(at	least	so	the	wish	goes)	be	interpreted	as	a	set	of	faces	that	serve	as	
a	foundation	from	which	all	the	faces	in	the	stimulus	set	and,	one	hopes,	many	more,	
can	be	built	up.	In	the	example	case	of	our	face	space,	these	foundational	“basis”	
faces	are	called	eigenfaces.	More	rigorously,	this	approach	originally	stems	from	the	
theory	of	vector	spaces.	

Many	of	the	present	readers	may	have	taken	a	basic	linear	algebra	course,	where	
they	learned	about	sets	of	independent	basis	vectors	(possibly,	but	not	necessarily	at	
right	angles	to	one	another),	weighted	sums	of	which	can	produce	any	vector	in	the	
space	(of	course,	we	have	to	omit	a	lot	of	detail	here!).	It	turns	out	that,	say,	the	space	
of	continuous	differentiable	functions,	which	can	be	multiplied	by	numbers	and	then	
added,	 subtracted,	and	so	on,	 form	a	valid,	but	 infinite-dimensional	vector	 space.	
Nonetheless,	the	property	of	infinitude	does	not	rule	out	the	possibility	of	finding	a	
set	of	eigenvectors	(in	this	case,	actually	eigenfunctions),	infinite	in	number,	which	
can,	with	the	proper	numbered	weights,	exactly	reproduce	any	of	the	original	stimu-
lus	functions.	

In	fact,	 in	continued	analogy	with	the	common	vector	spaces	 to	which	readers	
are	undoubtedly	accustomed,	 there	are	many	ways	of	 selecting	a	usually	 infinite,	
but	discrete,	set	of	basis	vectors	that	perform	the	foregoing	service.	Furthermore,	it	
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also	happens	that	these	functions	(or	in	the	present	case	eigenfaces)	can	be	ordered	
in	 their	 importance	 for	 producing	 human	 behavior,	 for	 instance,	 similarity	 judg-
ments,	confusion	probabilities,	and	so	forth.	Hence,	the	investigator	will	take	a	finite	
set	of	these	eigenfaces	as	being	the	most	important,	down	to	a	certain	but	arbitrary	
level	of	precision,	and	use	 them	as	hypothetical	 representations	of	 the	basic	faces	
of	which	“all”	others	can	be	reconstructed.	Naturally,	because	we	end	with	a	finite	
number,	 these	will	only	approximate	 the	original	 faces	 to	 some	degree.	Anyhow,	
this	seemingly	kind	of	exotic	and	unpromising	approach	has	actually	been	carried	
out	with	great	success	by	a	number	of	laboratories.	An	auspicious	example	is	found	
in	the	research	of	Alice	O’Toole	and	her	colleagues	(see,	e.g.,	O’Toole,	Wenger,	&	
Townsend,	2001;	Deffenbacher,	Vetter,	 Johanson,	&	O’Toole,	1998),	where	eigen-
faces	have	been	employed	to	discover	many	intriguing	aspects	of	face	perception.	

Our	only	word	of	caution	here	is	that	often	the	eigenfaces	may	not	resemble	real	
faces	to	a	high	degree.	This	facet	is	important	in	our	overall	discussion,	inasmuch	
as	even	though	the	space	of	continuous	functions	is	a	legitimate	vector	space	(e.g.,	a	
weighted	sum	of	two	continuous	functions	is	again	a	continuous	function),	the	space	
of	all	faces	is	not.	This	is	because	not	all	faces	would	necessarily	be	representable	as	
some	sort	of	combination	of	basis	faces.	This	lack	of	nice	vector	space	qualities	leads	
us	to	consider	a	more	general	framework,	in	fact,	one	where	locally,	that	is,	within	a	
small	region,	one	has	vector	space	characteristics	(in	fact,	Euclidean	properties),	but	
where	globally,	the	space	will	not	be	either	Euclidean	or	a	vector	space.	A	natural	
setting	to	consider	is	that	of	a	manifold,	which	is	also	the	framework	within	which	
Einstein’s	 theory	 of	 general	 relativity	 came	 to	 be	 expressed.	 In	 order	 to	 help	 the	
reader	develop	some	intuition	for	these	rich	spaces,	we	actually	need	to	take	a	step	
back	to	rather	primitive,	but	extremely	useful	concepts,	such	as	a	topology.

Finally	for	this	topic,	we	observe	that	 the	question	of	independence	of	psycho-
logical	 dimensions	 has	 long	 been	 of	 interest	 in	 perceptual	 science.	 For	 instance,	
the	dimensions	of	 loudness	and	 intensity	(commonly,	and	somewhat	oddly,	called	
“volume”	 in	English)	are	mutually	dependent,	although	their	physical	sources	are	
not.	Within	a	more	complex	setting,	social	psychologists	have	found	that	perceived	
intelligence	 and	 attractiveness	 are	 correlated	 although,	 of	 course,	 they	 are	 not	 in	
reality.	Ashby	&	Townsend	(1986)	proposed	a	general	theory	of	perceptual	depen-
dence	 among	 psychological	 dimensions	 embedded	 in	 a	 multidimensional	 pattern	
recognition	 setting.	Many	 supplements	 to	 the	 theory	and	associated	methodology	
have	 been	 made	 and	 applications	 in	 various	 areas	 of	 perception	 and	 action	 (e.g.,	
Kadlec	 &	 Townsend,	 1992;	 Thomas,	 2003;	 Maddox,	 2001;	 Wenger	 &	 Ingvalson,	
2003;	Amazeen,	1999).

7.6  Manifolds for psychological spaces 

We	put	aside	for	now,	the	property	of	having	an	infinite	number	of	dimensions	to	
pursue	a	different	course.	Of	the	virtually	infinite	number	of	possible	generalizations	
of	Euclidean	geometry,	there	is	another	one	that	stands	out	which	has	been	hardly	
explored	 at	 all	 in	 psychological	 domains.	 We	 are	 referring	 to	 “manifold	 theory”.	
The	concept	of	a	space	plus	a	topology	is	so	important	that	we	have	to	deal	with	it,	
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at	least	informally,	before	beginning	in	earnest.	First,	a	space	is	any	set	(collection)	
of	entities	we	call	points.	These	can,	as	in	the	kinds	of	spaces	with	which	the	reader	
is	 likely	most	 familiar,	be	approximated	by	dots.	 In	more	complicated	 situations,	
however,	such	as	the	space	of	all	continuous	functions,	a	point	would	be	an	entire	
continuous	function.	The	space	is	then	the	collection	of	all	of	these	points.	Anyhow,	
a	mathematician	usually	quickly	imposes	more	structure	on	the	space.	This	catapults	
us	to	the	idea	of	topological	spaces.	

A	 topological	 space	X	 is	a	 set	of	points	with	a	 special	collection	of	 subsets	of	
points	called	basis sets.	One	then	takes	all	possible	finite	numbers	of	intersections	of	
these	sets	along	with	all	possible	finite	or	infinite	unions	of	these	sets	to	produce	the	
so-called	“set	of	open	sets”	(we	also	must	include	X,	the	set	of	all	points	that	make	
up	the	space,	plus	the	empty	set,	Ø).	That	is,	every	set	in	this	possibly	very	big	set	
of	sets	is	by	definition	open.	The	so-called	closed	sets	can	then	be	elicited	by	tak-
ing	the	complement	X	–	Oα	=	Cα	where	Oα	is	open	and	Cα	is	then	closed.	With	this	
structure	and	little	else,	one	can	immediately	define	continuous	functions	from	one	
topological	space	X	to	another	Y	along	with	many	other	valuable	concepts.	If	X	and	Y	
are	topologically	equivalent,	one	can	find	a	bicontinuous	function	that	carries	every	
point	in	X	to	one	in	Y	and	vice	versa,	and	one	already	has	the	justification	for	the	
oft-repeated	topology	joke	that	“A	topologist	is	a	person	who	can’t	tell	the	difference	
between	a	tea	cup	and	a	doughnut,”	because,	of	course,	the	stretching	and	shrinking	
allowed	in	such	a	function	preserves	the	topological	properties	(e.g.,	how	many	holes	
a	space	possesses)	of	either	space.	Topology	is	extremely	powerful	for	the	relatively	
small	set	of	assumptions	on	which	it	rests.	For	even	more	interesting	properties,	we	
now	proceed	to	topological	manifolds.

The	essence	of	a	topological	manifold	Mn	rests	on	three	vital	properties:	

	 1.	M	is	Hausdorff.	This	means	that	for	any	two	points,	two	sets	can	be	formed	
containing	those	points	which	have	no	intersection	(overlap).	

	 2.	M	has	a	countable	basis.	
	 3.	M	is	locally	Euclidean.	That	is,	any	point	in	M	is	contained	in	a	small	open	

set	OM	 (called	a	neighborhood)	 that	can	be	mapped	bicontinuously	(both	
the	original	function	and	its	inverse	are	continuous)	and	in	a	1–1	(each	point	
in	OM	maps	to	exactly	point	in	an	open	set	OE	of	En)	and	onto	(all	points	in	
O	have	an	inverse	point	in	OM)	fashion.	

This	 means	 that	 a	 small	 region	 of	 our	 manifold	 can	 be	 treated	 approximately	
(and	totally	in	the	limit	as	the	original	set	gets	smaller	and	smaller)	like	a	Euclidean	
space.	We	can	now	use	the	Euclidean	metric	locally,

	 d x x x xi i

n

1 2 1 2
2

1
, , ,( ) = −( )



∑ 	

where	x1	=	(x1,1,	x1,2,	…,	x1,n),	an	n-place	vector	in	Euclidean	n-D	space,	and	similarly	
for	x2.	It	can	be	shown	that	a	topological	manifold	can	always	be	granted	a	global	
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metric.	 However,	 without	 more	 assumptions,	 that	 metric	 may	 not	 be	 the	 one	 we	
wish,	a	Riemannian	metric,	named	after	the	great	mathematician	Bernard	Riemann.	
Riemann	furthered	the	drive	toward	non-Euclidean	geometry,	and	worked	out	a	type	
of	metric	 that	generalized	 the	one	 invented	by	another	mathematical	genius,	Karl	
Friedrich	Gauss	for	special	cases,	and	which	included	as	special	cases,	those	posed	
by	Lobachevsky	and	Bolyai	(negative	curvature),	but	long	before	the	invention	of	the	
curvature	concept.	Riemann’s	manifolds	and	his	measure	capture	both	positive	as	
well	as	negative	curvature.

Some	bright	mathematicians	met	this	need	and	bestowed	the	drive	for	a	general-
ized	metric	with	great	 force,	by	 inventing	a	kind	of	differentiation	 that	works	on	
manifolds	instead	of	just	in	Euclidean	space.	This	topic	is	much	more	recondite	than	
we	can	detail	here	but	basically	we	can	view	the	operations	in	a	simple	case	to	get	a	
feeling	for	what	is	going	on.	Basically	(and	very	roughly),	we	can	think	of	bundles	
of	vectors	that	sit	on	a	manifold	and	starting	at	any	single	point,	direct	us	to	the	next	
point.	With	some	care,	we	can	provide	differentiation	operations	on	 these	vectors	
such	that	the	“output”	of	the	differentiation	operator	remains	in	the	original	mani-
fold	(e.g.,	in	a	manifold	that	appears	as	a	surface	in	ℝ3,	the	derivative	vectors	might	
stick	out	away	from	the	surface	we	are	studying).	Without	care	taken	to	confine	them	
to	the	manifold	at	hand,	we	can’t	represent	speed	and	acceleration	to	provide	for	a	
Newton-like	mechanics	in	our	novel	space.	

Closely	associated	with	our	setup	is	a	matrix	(or	quadratic	operator)	 that	maps	
velocity	vectors	 into	a	speed	number.	This	result	can	be	 integrated	over	a	path	 to	
produce	 a	 path	 length.	Even	better,	we	 can	put	 conditions	on	 the	paths	 such	 that	
we	 can	 evoke	 the	 closest	 possible	 analogue	 to	 straight	 lines	 in	 Euclidean	 spaces	
(formally	called	geodesics).	We	define	the	Riemannian	metric	as	an	n ×	n	matrix	
(where	n	is	the	dimension	of	the	manifold),	which	is	usually	written	gij(x),	with	i, j	
running	from	1	to	n	and	x	being	a	point	on	the	manifold.	It	tells	how	fast	distance	is	
accumulating	at	different	places	in	the	space	(signified	by	x)	and	how	the	different	
dimensions,	 i	 and	 j,	 affect	 that	accumulation	at	each	point.	For	 instance,	 suppose	
that	our	manifold	is	shaped	like	a	mountain	and	that	we	wish	our	metric	to	take	into	
account	not	only	distance	in	our	usual	sense	but	also	perhaps	the	effort	(e.g.,	power)	
that	is	expended	in	moving	around	on	this	manifold.	Hence,	when	the	grade	is	fairly	
flat,	we	can	make	gij(x)	small	but	when	the	going	gets	steep	we	can	make	it	much	
larger.	Suppose	too	that	our	journey	starts	at	a	point	where,	when	we	move	in	the	
direction	of	both	increasing	dimension	i	as	well	as	dimension	j	we	are	heading	up	the	
steepest	part	of	the	slope.	If	we	momentarily	hold	one	dimension	constant,	the	effort	
is	considerably	less	(due	to	not	actually	climbing	upward).	This	situation	is	pictured	
with	a	 large	gij(x)	close	to	 the	starting	point	and	gii(x)	and	gjj(x)	being	smaller	(in	
Euclidean	space,	these	are	the	only	entries	in	the	matrix	that	are	appropriate,	and	all	
are	equal	to	1	for	all	points	x).	

Note	the	strong	interaction	between	dimensions	here,	which	is	absent	in	Euclidean	
space.	Interestingly,	this	(relatively)	simple	function	is	all	that	is	required	to	investi-
gate	the	curvature	in	our	space,	a	fact	that	was	prefigured	by	Gauss	and	made	general	
and	rigorous	by	Riemann.	(Gauss	was	a	senior	professor	and	sat	on	Riemann’s	habili-
tation	exam,	which	is	something	like	an	advanced	doctoral	dissertation	in	Germany	
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but	currently	being	dissolved)	Even	with	this	brief	(and	quite	nonrigorous)	tutorial,	
we	can	perhaps	see	that	manifolds	increase	the	generality	and	scope	of	the	kinds	of	
spaces	we	could	consider	for	psychology	magnificently.

As	a	simple,	finite-dimensional	example,	consider	the	traditional	shape	used	in	
color	theory	to	capture	some	important	aspects	of	color:	A.	Hue;	B.	Brightness;	C.	
Saturation	(or	its	opposite,	Complexity).	When	we	don’t	worry	too	much	about	the	
precise	shape,	the	surface	looks	like	two	ice	cream	cones	with	their	tops	(the	biggest	
part	of	the	cone)	stuck	together.	This	is	a	manifold	that	can,	of	course,	be	embedded	
in	Euclidean	3-D	space.	The	middle,	widest	portion	 is	used	 to	depict	 the	optimal	
brightness	level,	where	the	full	range	from	gray	(in	the	very	center	of	the	circle)	to	
the	brightest	hues	is	possible.	As	we	descend	toward	the	bottom	apex,	all	is	dark,	
and	up	at	the	other	apex	the	stimulus	light	is	so	bright	that	no	hue	can	be	discerned.	
This	little	space	is	very	well	behaved	(except	at	the	apexes,	where	strange	geomet-
ric	things	happen,	so	we	put	those	aside	for	now).	Using	Riemann’s	techniques,	we	
quickly	learn	that	although	“in	the	large,”	the	space	is	not	globally	like	a	Euclidean	
space	(e.g.,	it	is	bounded	rather	than	unbounded),	locally	around	a	given	point,	its	
curvature	 is	0	 just	 like	 in	Euclidean	space.	 Intuitively,	 this	 is	because	our	double	
cone,	with	a	cut	from	bottom	to	top,	and	one	through	the	center,	unrolls	to	make	a	
portion	of	a	Euclidean	plane.

7.7  Probability theory in infinite-dimensional spaces 

So	 now	 we	 are	 in	 possession	 of	 elementary	 topology,	 manifolds,	 metrics,	 differ-
entiability	(what	mathematicians	 like	 to	call	smoothness),	and	finite-	and	infinite-
dimensionality.	Next	we	need	a	way	to	induce	randomness,	 that	is	probability,	on	
our	finite-	or	 infinite-	dimensional	manifolds.	Fortunately,	 there	 is	a	well-trodden	
pathway	that	allows	us	to	retain	our	desirable	generality.	This	comes	by	way	of	uti-
lizing	the	resident	topology	to	our	own	ends.	First,	we	observe	that	probability	is	a	
form	of	the	rigorous	concept	of	measure.	A	measure	is	constituted	by	a	function	that	
maps	sets	(often	called	classes)	of	sets	into	the	real	numbers	in	a	regular	fashion.	The	
conditions	to	satisfy	the	tenets	of	a	measure,	and	again	we	cannot	reach	detail	here,	
are	things	such	as	(1)	additivity	of	the	measure	of	non-overlapping	sets	in	the	topol-
ogy,	and	(2)	finiteness	of	the	measure	(i.e.,	the	measure	is	always	bounded	by	some	
fixed	real	number).	There	are	several	others	that	we	don’t	talk	about	here,	but	with	
the	added	stipulation	that	if	we	have	a	probability	measure,	the	measure	on	the	entire	
set	of	points	(i.e.,	the	points	in	the	topological	space)	is	equal	to	1	(i.e.,	something	
has	to	happen).	Hence,	we	simply	form	an	appropriate	topology,	then	take	its	sets	and	
assign	a	probability	measure	to	them.	

A	class	of	sets	 (along	with	certain	operations)	meeting	 these	and	other	 techni-
cal	 tenets	 is	 called	 a	 sigma field.	 Basically,	 one	 can	 assess	 the	 probability	 of	 an	
event	by	computing	the	measure	associated	with	appropriate	sets	in	the	sigma	field.	
This	general	argument	applies	to	finite-	or	infinite-dimensional	spaces.	As	might	be	
expected,	peculiarities	can	arise	in	the	latter	case,	but	usually	they	don’t	unduly	per-
turb	the	pathways	to	the	theorist’s	goals.	These	deliberations	should	convince	us	that	
infinite-dimensional	spaces	can	possess	probability	distributions,	particularly	when	

Y116134.indb   160 10/10/11   2:11 PM



The prospects for measurement in infinite-dimensional psychological spaces 161

a	metric	is	present.	In	many	cases,	some	of	which	are	standard	in	such	fields	as	elec-
trical	engineering	(although	the	rigorous	underpinnings	might	be	found	only	at	the	
graduate-school	level),	one	may	employ	tools	from	other	fields,	such	as	functional	
analysis,	or	stochastic	processes,	to	avoid	the	explicit	production	of	an	appropriate	
sigma	field.	We	discuss	more	on	this	topic	later.

Any	topological	manifold	can	do	this,	but	we	are	especially	interested	in	(infi-
nitely	differentiable)	Riemann	manifolds,	which	are	all	metrizeable,	and	in	fact,	we	
wish	to	only	work	with	those	that	are	complete	metric	spaces.	A	nice	property	of	
metrics	is	that	any	metric	generates	a	topology	but	not	all	topologies	admit	a	metric.	
The	finite	cases	are	dealt	with	elsewhere	(e.g.,	Townsend	et	al,	2001),	so	we	want	to	
see	what	happens	with	infinite-dimensional	manifolds	or	other	infinite-dimensional	
spaces.	Perhaps	the	most	straightforward	infinite-dimensional	space	is	the	space	of	
all	continuous	functions	on	an	interval	I	on	the	real	line,	which	may	itself	be	infinite	
(i.e.,	[0,	1]),	say	f:	I	↣	ℝ.	Of	course,	the	graph	of	each	of	these	functions	yields	the	
usual	picture	of	a	typical	function	as	taught	to	us	in	elementary	math.	Interestingly,	
it	has	been	shown	that	this	class	of	objects	(i.e.,	the	set	of	functions)	is	of	the	same	
dimensionality	(the	jargon	term	is	cardinality)	as	the	points	on	the	real	line	itself!	
There	are	lots	of	metrics	we	could	use	but	an	extremely	useful	type	is	the	so-called	
L2 metric

	 d f g f x g x dx

i

, ( ) ( )
/

( ) = −( ) ∫ 2 1 2

0

,

where	f	and	g	are	two	such	functions.	It	should	be	obvious	that	this	is	the	analogue	
of	the	Euclidean	metric	in	finite	spaces.	Even	more	intriguing	is	the	fact	 that	 it	 is	
the	only	power	metric	in	function	space	that	satisfies	the	conditions	required	to	be	
a	Riemannian	metric.	Thus,	the	infinite-dimensional	twin	of	the	city	block	metric	
(see	above),

	 d f g f x g x dx, ( ) ( )( ) = −( )∫
0

1

	

is	not	a	type	of	Riemannian	metric	on	any	manifold.
We	back	up	for	a	moment	 in	order	 to	examine	 the	finite	n-dimensional	metric	

and	a	path	length	in	n-dimensional	space.	The	general	infinitesimal	displacement	in	
n-dimensional	Riemannian	manifold	is

	 ds g x x x dx dxij n i j
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n
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Observe	that	gij	is	simply	an	n	×	n	matrix	and	that	it	can	depend,	in	general,	on	
the	specific	point	in	space,	(x1,x2,	…,	xn),	where	we	are	currently.	However,	in	the	
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special	case	where	gij	=	I,	the	identity	matrix	at	all	points	in	the	space,	this	expres-
sion	reduces	 to	 the	Euclidean	metric.	Likewise,	 the	path	 length	of	a	path	 through	
Euclidean	n-space	is

	 � g x x x dx dxij n i j

i j

n

1 2

1

, , ,
,

…( ) 










=
∑

11 2/

∫∫ 	

where	n	 integrals	are	taken	tracking	the	appropriate	path.	Perhaps	it	 is	even	more	
intuitive	when	the	displacements	dxi	are	converted	to	velocities,	dxi/dt,	for	then	we	
can	simply	consider	the	path	in	terms	of	the	velocities	of	each	coordinate.	Here	we	
evaluate,	say	dxi,	as	being	a	tiny	motion	in	the	xi	direction,	for	i	=	1,	2,	…,	n	–	1,	n.	
This	obviously	pushes	us	to	a	new	point	(x ′1, x ′2, …, x ′n)	where	g	can	take	on	a	new	
value,	 and	 so	 on.	 All	 this	 will	 come	 in	 handy	 in	 the	 infinite	 dimensional	 case	
just	following.

Moving	 back	 to	 functions	 in	 one	 variable,	 inasmuch	 as	 it	 is	 more	 intuitive	 to	
confine	ourselves	to	this	“space	of	differentiable	functions	in	one	dimension,”	let	us	
indicate	the	general	Riemannian	metric	on	this	elementary	manifold:

	 ds g h f t t f t t dx dxa= ∂ ∂( ) ∂ ∂( )∫∫ αβ βα β( ) ( , ) ( , )
0

1

0
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/

dt

t
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Now,	we	have	to	adjust	our	thinking	a	bit.	Instead	of	considering	dxa	as	an	minis-
cule	motion	in	the	xa	direction,	we	can	think	of	it	in	the	following	way.	Take	a	look	
at	the	two	facial	profiles	in	Figure	7.5,	drawn	as	a	function	on	x	from	0	to	1.	Now,	for	
every	α,	xa	is	a	number	between	0	and	1.	However,	we	now	need	to	think	of	dxa	as	
a	motion	from,	say	face	f1	to	face	f2,	that	is,	moving	up	or	down	vertically	between	
the	two	designated	faces.	Because	of	the	possibility	of	noise,	we	can	only	assume	
that	each	function	along	the	path,	that	is,	h	is	“face-like”,	not	that	it	is	necessarily	a	
true	face.	Indeed,	in	a	pattern	identification	situation	one	or	both	of	f1	and	f2	could	

Smaller Mouth size Bigger

Figure 7.5 Here	is	a	series	of	faces	that	vary	across	one	isolated	dimension,	mouth	size,	but	
there	are	infinitely	many	other	dimensions	in	the	space	of	all	faces.
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be	noisy	renditions	of	faces.	The	extra	complexity	here	must	be	explained	a	bit	more.	
We	are	representing	a	function	as	a	gigantic	(and	dense!)	vector,	γ	=	f (x), x	∈ ℝ,	and	
because	f	is	our	current	point,	we	have	to	let	the	metric	g	depend	on	it,	which	is	why	
it	appears	in	the	argument	of	g.	In	addition,	instead	of	dxi	for	a	finite	i	=	1,	2,	…,	n,	
we	must	extend	this	notation	to	dxa	where	a	runs	over	the	interval	[0,1],	and	the	same	
is	true	for	β.	So,	the	overall	idea	is	that	we	are	depicting	the	movement	of	f	by	way	
of	how	it	changes	with	each	coordinate	of	 f.	And,	because	we	are	using	a	general	
quadratic	metric	of	the	coordinates,	whether	finite	or	infinite,	we	have	to	take	the	
two-way	products	of	all	possible	coordinate	changes,	 that	 is,	dxa	and	dxβ.	Finally,	
then	the	path	length	through	this	function	space,	explicitly	using	our	velocity	repre-
sentation,	is	just

	 d f g g h dx dt dx dtR , ( )( ) = ( )( )










∫∫ αβ α β

0

1

0

1 1 22

0

dt

t*

∫ .

Of	course,	when	we	seek	the	shortest	path	length	between	two	faces,	we	can	define	
that	as	the	distance	and	the	ensuing	path	as	the	geodesic	between	them.	Again,	the	
reader	may	wish	to	confirm	that	when	α,	β	are	both	identical	to	1	and	don’t	depend	
on	 f,	we	get	back	 to	 the	analogue	 to	 the	Euclidean	metric,	 the	L2 metric	 (and	see	
Townsend	et	al,	2001,	for	more	on	this	and	other	issues	pertaining	to	face-geodesics).	
In	any	event,	all	this	can	be	(with	some	tedium)	expanded	to	functions	in	any	finite-
dimensional	space.	It	is	important	to	observe	before	we	go	further	that	just	because	
we	use	the	term	“path”	here,	as	is	common,	we	do	not	imply	a	temporal	factor.	All	
the	above,	for	instance	computing	the	distance	between	two	faces,	might	take	place	
simultaneously	along	the	path,	although	some	paths	might	nonetheless	take	longer	to	
compute	than	others.	A	more	abstract	and	general	notation	is	possible	(e.g.,	Boothby,	
1975;	Townsend	et	al,	2001).	Such	notations	are	very	useful	because	they	capture	the	
principal	ideas	in	a	markedly	clear	fashion	without	sometimes	mind-numbing	profu-
sions	of	indices.	On	the	other	hand,	when	the	scientist	wishes	to	actually	compute	
something,	the	evil	indices	must	be	present	and	accounted	for.

7.8  A special case of great importance 

Of	course,	infinite-dimensional	manifolds	have	not	yet	seen	much	application	in	most	
of	science,	especially	the	life	sciences.	Yet,	it	seems	worthwhile	to	mention	a	special	
case	of	our	quantitative	apparatus	that	has	been	of	enormous	value	in	the	basic	and	
applied	sciences.	The	theory	goes	by	many	names,	but	one	term	is	the	“mathemati-
cal	 theory	of	communication”	(which	we	simplify	 to	MTC),	used	 for	example	by	
Norbert	 Wiener.	 As	 worth	 virtually	 everything,	 including	 mathematics,	 there	 are	
roots	 in	 the	 distant	 past	 for	 this	 theory,	 but	 a	 real	 explosion	 of	 new	 results	 from	
mathematicians,	physicists,	and	engineers,	occurred	 in	 the	mid-	twentieth	century.	
To	a	major	extent,	this	work	accompanied	the	amazing	scientific	and	technological	
effort	expended	 in	and	around	 the	 time	of	World	War	 II.	We	recall	 the	names	of	
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formidable	mathematicians	such	as	Norbert	Wiener,	John	von	Neumann,	and	electri-
cal	engineer	Claude	Shannon.	The	sphere	of	mathematical	communications	theory	
intersects	huge	regions	of	mathematics	and	physics,	 including	functional	analysis,	
stochastic	processes,	and	probability,	waveform	analysis	(e.g.,	Fourier	and	Laplace	
transforms),	electrical	engineering,	differential	equations,	and	deterministic	and	sto-
chastic	dynamic	systems,	and	so	on.	In	the	present	writers’	opinion,	the	whole	of	this	
work	is	as	important	to	modern	technology	and	science	(if	not	usually	so	lethal	in	
application)	as	the	splitting	of	the	atom.

In	 most	 applications	 of	 MTC,	 we	 employ	 various	 types	 of	 function	 spaces.	
These	 may	 be	 deterministic	 or	 probabilistic,	 but	 usually	 do	 not	 require	 manifold	
theory	per	se.	When	needed,	differentiation	can	be	extended	to	so-called	Fréchet	or	
Gauteaux	derivatives,	and	usually	ordinary	Lebesgue	or	Riemann	integration	suf-
fices	for	integration.	For	many	purposes,	the	function	space	is	itself	a	vector	space,	
sometimes	with	a	norm	(as	in	Banach	spaces:	the	norm	of	a	function	is	the	analogue	
of	the	magnitude	of	a	vector	in	a	finite-dimensional	vector	space)	or	an	inner	product	
(the	analogue	of	the	dot	product	in	a	Euclidean	vector	space).	The	inner	product,	the	
analogue	of	the	dot	(or	ineptly	called	by	non-mathematicians	the	“cross	product”)	of	
two	functions	of	a	real	variable	is	just	

	 f x g x dx( ) ( )
−∞

∞

∫ 	

The	 accompanying	 metric,	 which	 by	 now	 will	 probably	 not	 shock	 the	 reader,	
is	simply	

	 d f g f x g x dx, ( ) ( )

/

( ) = −( )












−∞

∞

∫ 2

1 2

,

which	 naturally	 looks	 very	 much	 like	 our	 good	 friend,	 the	 Euclidean	 metric,	 but	
stretched	out	along	the	real-line	continuum.	We	can	then	think	of	

	 d f g g f dx dt dx dtR ,( ) = ( )( )( )










∫∫ αβ α β

0

1

0

1 1//* 2

0

dt

t

∫ ,

which	we	formulated	above,	as	weighting	distinct	parts	of	figures	such	as	faces	dif-
ferently,	depending	on	their	importance.	For	instance,	it	is	well	known	that	the	eyes	
play	a	critical	role	in	face	perception	and	hence	we	would	expect	gαβ	to	be	large	when	
transversing	that	part	of	the	face.
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7.9  Applying these ideas to classification 

Now,	suppose	that	a	person	is	confronted	with	a	pattern	from	an	infinite-dimensional	
space.	As	pointed	out	above,	almost	everything	seen	or	heard	is	from	such	a	space,	
not	a	finite-dimensional	one.	 In	applying	 the	above	concepts	 to	 this	 situation,	we	
have	to	make	sure	that	our	space	is	big	enough	to	contain	not	only	patterns	arising	in	
a	noiseless,	perfect	perception	environment,	but	also	the	patterns	that	are	perturbed	
by	some	type	of	noise,	or	that	are	simply	randomized	in	some	way.	Thus,	the	theo-
retical	system	we	propose	is	an	analogue	to	the	fact	that	probabilistic	identification	
in	a	noisy	environment	(e.g.,	Ashby	&	Townsend,	1986),	demands	a	very	similar	type	
of	theoretical	structure	as	does	categorization	of	a	set	of	patterns	that	are	associated	
with	a	probability	distribution	(e.g.,	Ashby,	1992).	First,	let	us	agree	that	some	kind	
of	 representation	 is	constructed	of	each	pattern	 to	be	classified,	whether	 it	 is	cat-
egorized	by	a	set	of	exemplars	(see	Nosofsky,	1988)	or	a	template.	In	identification,	
it	might	be	a	memory	of	each	object	 to	be	uniquely	identified.	Let	us	concentrate	
on	the	case	of	 identification	 inasmuch	as	one	can	readily	generalize	 that	situation	
to	categorization	or	reduce	it	 to	signal	detection.	The	reader	may	refer	to	detailed	
developments	and	discussion	of	this	material	for	the	finite	vector	case	in	Townsend	
&	Landon	(1983).

Let	us	conceive	of	the	input	as	a	random	function	in	some	n-dimensional	space	
(e.g.,	a	perturbed	two-dimensional	surface	plus	noise	placed	in	a	three-dimensional	
Euclidean	space	with	an	L2 metric	).	It	is	standard	to	use	an	L2 metricized	function	
space	for	physical	signals	so	we	continue	that	here	(but	cf.	Cornish	&	Frankel,	1997).	
Let	Ui	be	the	random	function	describing	the	probabilistic	input	for	stimulus	Si	and	
U =	{Ui}1

N	the	set	of	N	randomized	inputs.	We	take	X	as	the	perceptual	image	space.	
X	is	considered	as	an	infinite-dimensional	function	space,	but	may	be	embeddable	in	
some	finite-dimensional	space.	So,	the	perceptual	map	is	Ui	→	X,	and	each	realiza-
tion	f	of	the	set	F,	where	F ⊑ X	is	assumed	to	be	continuous.	The	memory	pattern	set	
Y,	with	which	the	input	is	matched,	is	taken	as	a	deterministic	set	of	functions.	That	
is,	g	∈	Y	is	well	memorized	with	no	noise	attached.	In	certain	cases,	not	having	both	
be	random	can	substantially	simplify	matters	such	as	calculations.

Next,	we	need	an	evidence	space	Z	to	represent	the	evidence	for	each	resulting	
comparison	of	an	 input	with	 the	N	memory	 items	 from	Y.	The	 simplest,	yet	very	
natural	space	 to	employ	here	 is	 just	ℝ+,	 that	 is,	 the	positive	real	numbers.	Hence,	
we	must	have	a	map	e:	(F,G)	→	ℝ+

0,	that	is,	e( f,g)	=	r ∈	ℝ+
0,with	the	“0”	subscript	

indicating	that	0	is	included	(naturally,	this	set	can	easily	be	generalized	to	include	
the	negative	real	numbers	if	required).	The	evidence	function	could	be	calculating	
distance,	Bayesian	likelihood,	or	some	other	measure	of	acceptability	of	a	memory	
alternative.	 In	 any	 event,	 z ∈	Z = ℝ+

0	 will	 be	 a	 real-valued	 random	 variable,	 and	
the	image	of	a	particular	( f,g).	Now,	within	X	every	point	function,	except	for	ties,	
will	be	in	favor	of	one	response	alternative	over	the	others,	say	the	j th.	Then,	for	a	
perceptual	signal	f	in	such	a	set,	e( f,gj)	=	MAX1

n[e( f,gk)],	again	except	for	ties.	This	
means	that	outside	of	ties,	X	will	be	partitioned	into	sets	of	points	(i.e.,	functions)	
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that	favor	some	one	of	the	alternatives.	Then	the	probability	of	responding	Rj	when	
the	stimulus	was	Si	requires	determining	the	probability	assessed	across	the	various	
percepts,	f,	that	can	appear	when	Si	is	presented.	This	probability	will	be	P(Rj∙Si)=	
P[e( f,gj)	=	MAX1

n[e( f,gk)]Si].
Interesting	facts	about	the	evidence	functions:

	 1.	As	noted,	under	very	weak	conditions	(e.g.,	there	exist	points	in	X	where	
e( f,gk)	favors	Rk	for	all	k;	and	so	on)	e	will	partition	the	space	into	mutually	
exclusive	regions	that	favor	each	of	the	alternatives	plus	points	where	ties	
may	occur.

	 2.	Consider	pairs	of,	 say,	gi	and	gj,	distinct	memory	patterns	and	 the	set	of	
f	∈	F	such	that	h( f,gi,gj)	=	e( f,gi)	–	e( f,gj)	=	0.	Then,	in	most	circumstances,	
the	border	separating	whether	Ri	wins	versus	where	Rj	wins,	will	be	a	closed	
submanifold	 in	 X.	 We	 can	 call	 the	 set	 {f}	 such	 that	 h( f,gi,gj)	 =	 e( f,gi)	 –	
e( f,gj)	=	0,	 the	kernel	of	h,	 and	again	 they	are	 equidistant	 from	 faces	gi	
and	gj.	On	 either	 side	of	 this	 boundary	one	 or	 the	other	wins.	Now,	 the	
same	 things	 happens	 when	 any	 pair	 is	 considered	 and	 we	 can	 also	 look	
for	ties	among	three,	four	or	more	of	the	set	of	N	faces.	Under	fairly	weak	
conditions,	the	distinguished	set	{f}	(e.g.,	designated	by	the	tied	distance)	
will	even	be	a	nice	sub-manifold	of	the	original	face	space,	inheriting	its	
topology	from	that	of	the	parent	space.	Sometimes	the	region	of	face	space	
where,	say,	gi	wins	over	its	competitors,	will	be	connected.	However,	devo-
tees	of	signal	detection	in	a	single	dimension	will	recognize	that	even	there,	
the	 region	 of	 points	 where	 YES	 dominates	 the	 NO	 decision	 will	 not	 be	
connected:	When	the	distributions	of	signal	+	noise.versus	noise-alone	are	
normal	with	unequal	variances,	this	disconnection	always	occurs	under	a	
maximum	likelihood	decision	rule.	Yet	another	nice	property	ensues	if	the	
equidistant	boundaries	all	have	probability	=	0	of	occurring,	for	 then	we	
don’t	have	to	worry	about	jumping	outside	of	our	evidence	space	to	adjudi-
cate	ties.	This	is	quite	a	natural	occurrence	for	finite-dimensional	spaces.

What	happens	when	the	situation	is	stochastic?	Suppose	the	human	observer	or	
signal	processor,	let’s	call	her	Sheila,	is	at	least	to	a	first	approximation	a	linear	filter,	
and	that	she	is	attempting	to	recognize	one	of	N	patterns.	Suppose	that	the	observer	
is	deterministic	(i.e.,	her	filtering	mechanisms	act	the	same	way	each	time	they	are	
called	into	play)	and	that	a	specific	signal	 i	 (i	=	1,	2,	…,	N)	 is	 itself	a	continuous	
function	(si(t))	with	Gaussian	noise	(–(t))	added	in.	Then,	the	signal	pattern	can	be	
expressed	as	U(t)	=	si(t)	+	–(t).	The	observer’s	filter	for	each	signal	possibility	(e.g.,	
the	j th)	can	be	written	also	as	a	function	of	t,	hj(t).	It	turns	out	(see,	e.g.,	Luenberger,	
1979;	Padulo	&	Arbib,	1974)	that	her	output	on	her	j th	perceptual	template	is

	 x t h t t s t N t dtij j i

t

( ) = − ′( ) ′( ) + ′( )  ′∫ �

0

,

AU: "some" or 
"one" of the 
alternatives?
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under	some	reasonable	conditions.	That	is,	Sheila	is	using	a	template	across	time	rep-
resented	by	h	to	filter	or	compare	with	the	input.	In	fact,	when	the	noise	has	certain	
properties,	hj(t)	=	sj(t),	which	means	the	filter-template	is	a	replica	of	the	j th	pattern	
itself	and	the	filtering	action	is	basically	a	correlation	of	the	input	with	each	one	of	
these	N	stored	replicas.	This	action	produces

	 x t s t s t N t dtij i i

t

( ) = ′( ) ′( ) + ′( )  ′∫ �

0

.

There	 are	 several	 decision	 structures	 that	 could	be	 imposed,	 but	 given	our	 space	
considerations,	we	 take	 the	most	straightforward:	we	suppose	 that	Sheila	samples	
information	for	a	fixed	interval,	say,	[0,t*]	and	then	selects	the	maximum	correlation	
provided	by	xij(t*),	as	calculated	across	 j	 for	a	given	present	signal	 i.	Under	some	
restrictions,	this	strategy	is	optimal	and	is	called	a	matched filter.	Indeed,	if	–(t′)	is	
stationary	Gaussian	white	noise	with	variance	σN

2	=	1	and	mean	μN	=	0,	xij	(t)	will	be	
itself	normal	with	mean

	 µx i

t

s t dt= ′( ) ′∫ 2

0

	

and	variance

	 σ x i

t

s t dt2 2

0

= ′( ) ′∫
the	very	same	thing!11

What	happened	to	our	metric?	Well,	with	the	same	sampling	rule	but	now	using	
the	simplest	Riemannian	metric,	the	L2	metric,	we	would	compute

	 d s t x t s t s t N ti ij i j′( ) ( )( ) = ′( ) − ′( ) + ′( ) {, * � }} ′










∫

2

0

1 2

dt

t* /

.

Now	this	quantity	is	monotonic	with	its	square	which	is	easier	to	deal	with	so	we	
examine	d2(si(t′),	xij(t*))	instead.	We	find	that	its	mean	of	expectation	(signified	by	
the	operator	E)	is

	

µd i i j j iE s t s t s t s t s t s= ′( ) − ′( ) ′( ) + ′( ) − ′( ) −2 22 2 jj

t

i

t N t N t dt

E s

′( )( ) ′( ) + ′( ){ } ′
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due	to	the	fact	that	the	mean	of	–(t′)	=	0.	Next,

	 s ti

t

2

0

′( )∫
*

is	a	constant	and	the	same	for	all	comparisons	(recall	that	s(t′)	is	the	presented	sig-
nal)	and

	 �N t dt

t

2

0

′( ) ′∫
*

is	a	random	variable	but	is	also	the	same	on	any	one	trial	for	all	the	comparisons	and	
so	neither	of	those	quantities	can	discriminate	the	various	decision/response	alterna-
tives.	Hence,	the	only	operative	quantity	is

	 − ′( ) ′( ) + ′( ){ } ′∫ 2 2

0

s t s t s t dti j j

t*

with	mean

	 − ′( ) ′( )  ′{ } + ′( )  ′∫ 2
0

2E s t s t dt E s t di j

t

j

*

tt

t

0

*

∫ .

Notice,	in	particular	that	the	term

	 − ′( ) ′( ){ } ′∫ 2
0

s t s t dti j

t*

is	directly	proportional	to	the	critical	term	from	our	matched	filter	approach	above,	
namely	 involving	 the	 integral	 of si(t′)sj(t′).	Therefore,	minimizing	 the	distance	 is	
tantamount	to	maximizing	the	correlation	between	the	input	and	the	decision	alter-
natives.	The	only	difference	is	that	our	distance	approach	includes	a	biasing	term,

	 s t dtj

t

2

0

′( ) ′∫
*

,

which	provides	a	relative	bias	for	alternative	j	according	to	its	energy	or	magnitude.	
We	won’t	detail	the	derivation	of	the	variance	this	time	but	it	is	also	closely	related	to	
that	of	the	matched	filter	expressions.	Interestingly,	both	these	rules	are	also	equiva-
lent	under	certain	constraints	to	a	rule	based	on	maximizing	the	likelihood	that	the	
presented	signal	pattern	was	j,	given	the	observation.
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7.10  Conclusion 

Our	itinerary	on	the	geometric	aspects	of	psychological	classification	has	taken	us	
from	foundational,	axiomatic	measurement	theory	through	(finite)	multidimensional	
scaling,	to	concepts	of	dimensionality,	including	infinite	dimensional	spaces.	From	
there,	we	reassured	ourselves	that	finite	dimensional	subspaces	of	infinite-	dimensional	
spaces	are	legitimate	mathematical	concepts,	meaning	that	models	which	perform	
dimensional	reduction	can	readily	be	applied	as	hypotheses	about	the	human	abstrac-
tion	of	psychological	dimensions.	This	is	something	that	is	taken	for	granted,	but	its	
truth	is	not	at	all	obvious,	although	we	certainly	find	some	way	to	filter	interesting	
dimensions.	Next,	we	moved	on	to	ideas	that	are	still	relatively	new	in	mathemat-
ics	(i.e.,	only	around	150	years	old),	that	of	non-Euclidean	and	Riemannian	geom-
etries,	 and	 even	 more	 ambitious,	 infinite-dimensional	 Riemannian	 spaces.	 In	 the	
social	and	biological	 sciences,	probability	and	stochastics	are	a	necessity,	and	we	
briefly	 surveyed	 the	 prospects	 for	 placing	 probability	 distributions	 on	 finite-	 and	
infinite-dimensional	manifolds.	 It	can	be	said	 that	mathematicians	are	still	 in	hot	
pursuit	 of	 the	 best	 ways	 of	 carrying	 out	 this	 program.	 Nonetheless,	 the	 next	 two	
sections	exhibit	 important	special	cases	and	applications	to	classification	illustrat-
ing	 theory	and	methodologies	 that	have	been	around	since	at	 least	 the	1940s	and	
1950s	in	engineering	and	computer	science,	and	have	been	expanded	and	deepened	
in	the	meantime.	

We	 take	 it	 as	 a	 plausible	 working	 hypothesis	 that	 the	 gargantuan	 corpus	 of	
questions	in	social,	biological,	and	even	such	areas	as	cognitive	science,	including	
machine	 intelligence	 and	 human–machine	 interactions,	 ultimately	 cannot	 all	 rest	
comfortably	or	 rigorously	within	 the	 simpler	 types	of	geometric	 spaces	 that	have	
dominated	those	areas	(with	the	exception	of	the	special	cases	treated	in	the	last	two	
sections,	which	have	 seen	extensive	 implementation	 in	 engineering	and	computer	
science).	That	is,	in	the	final	analysis,	an	empirical	question,	but	we	believe	our	pres-
ent	and	future	researchers	should	accouter	themselves	with	the	powerful	tools	that	
can	aid	in	answering	fundamental	questions	such	as	these.	Over	the	centuries,	the	
symbiosis	between	physics	and	mathematics	has	tremendously	enriched	both	fields.	
Up	to	now,	 the	social	and	biological	sciences	have	 largely	been	on	 the	borrowing	
rather	 than	 lending	 side	of	 the	 interactions,	 but	 there	 are	 strong	 signs	 that	 this	 is	
changing,	for	the	better!

Endnotes 

	 1.	 The	primary	disciplines	of	the	authors	are	psychology,	and	cognitive	science.	We	shall	
use	“psychology”	as	a	proxy	 for	any	of	 the	social	or	biological	fields	 that	cannot	be	
readily	specified	in	terms	of	physics	(an	example	of	a	candidate	for	one	that	can	be	so	
described	might	be	quantum	properties	of	a	neurotransmitter	in	re-uptake	dynamics).

	 2.	 Modern	 psychology	 now	 includes	 a	 tremendous	 effort	 in	 neuro-sciences,	 especially	
neuro-imaging	 and	 of	 course,	 also	 affords	 a	 rich	 domain	 of	 mathematical	 research	
possibilities–thus,	for	the	latter,	see	the	websites	for	the	US	Society	for	Mathematical	
Psychology	and	the	European	Mathematical	Psychology	Group.
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	 3.	 There	has	been	much	work	mostly	theoretical	in	the	interim.	Narens	(1985)	studies	the	
critical	notion	of	“meaningfulness”	in	foundational	measurement.	Luce	&	Weber	(1986)	
provide	a	in-depth	account	of	axiomatic	decision	making	from	an	axiomatic	measure-
ment	theory	viewpoint.

	 4.	 Mathematical	psychology	is	a	subfield	of	psychology	where,	in	place	of	verbal	theoriz-
ing,	mathematical	theories	or	as	they	are	often	called,	“models”,	are	utilized	to	make	
one’s	assumptions	rigorous,	and	to	make	strong	predictions	that	are	testable	by	observa-
tional	data.	Townsend	&	Kadlec	(1990)	offer	a	brief	overview	of	the	major	branches	of	
mathematical	psychology	and	Townsend	(2008)	discusses	challenges	and	prospects	for	
mathematical	psychology	in	the	twenty-first	century.

	 5.	 Tversky	was	not	 the	first	 to	 think	of	 identical	 features	as	affecting	 the	psychological	
similarity	of	two	objects.	He	traces	his	theory	to	seminal	ideas	of	Restle	(1961)	who	pro-
posed	set	theoretic	means	of	assessing	similarity	which	could	include	the	former.	Other	
uses	of	this	concept	in	models	of	pattern	recognition	can	be	found	in	work	by	Townsend	
&	Ashby	(1982).	Nonetheless,	Tversky’s	theory	was	by	far	the	most	quantitatively	thor-
ough	and	was	developed	in	the	context	of	the	previously	discussed	foundational	mea-
surement	theory.

	 6.	 The	theory	(or	rather	theories)	of	dimensionality	has	grown	over	the	years.	Relatively	
deep	earlier	treatments	along	some	avenues	can	be	found	in	Hurewics	&	Wallman	(1941)	
and	Nagata	(1965).

	 7.	 A	limitation	of	principal	components	analysis	is	that	it	assumes	that	the	basis	vectors	be	
orthogonal	to	one	another.	It	might	well	be	that	the	basis	vectors	for	a	psychological	vec-
tor	space	are	linearly	independent	but	not	orthogonal.	A	methodology	which	assumes	
independence	but	not	orthogonality	which	has	gained	much	attention	lately,	especially	in	
the	analysis	of	fMRI	signals	(literally	“functional	magnetic	resonance	imaging,”	a	neuro-
imaging	method	based	on	measurement	of	blood	oxygen	levels	and	their	changes	during	
psychological	tasks)	is	called	“independent	components	analysis”	(ICA).	However,	this	
approach	too,	has	its	limitations.

	 8.	 It	bears	mentioning	that	relativity	theory,	even	the	special	theory,	requires	adding	time	
as	a	negative	number	in	figuring	the	distance	in	the	space	(e.g.,	Minkowski,	1908).

	 9.	 The	Ashby	group	has	developed	a	general	 theory	of	 categorization	based	on	general	
recognition	theory	(e.g.,	see	Chapters	in	Ashby,	1992).

	 10.	 A	volume	on	applications	of	tensor	analysis	(a	typically	applied	branch	of	differential	
geometry)	by	Schouten	(1951)	is	a	landmark	in	the	applications	of	tensor	theory	to	phys-
ics.	However,	it	stands	as	one	of	the	more	challenging-to-read	treatises	in	science,	due	to	
the	maze	of	indices.

	 11.	 This	nice	event	comes	about	due	to	stationarity,	the	properties	of	white	noise,	and	the	
values	of	the	noise	mean	and	variance.
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Psychophysical linguistics

Stephen Link
Department	of	Psychology,	University	of	California,	San	Diego
La	Jolla,	California,	USA

8.1  Introduction

“I	have	measured	out	my	life	with	coffee	spoons,”	Prufrock	declares	in	T.	S.	Eliot’s	
(1917)	famous	The Love Song of J. Alfred Prufrock.	The	measure	may	be	somewhat	
dubious	but	 the	meaning	 is	plainly	 clear.	How	would	 the	meaning	 change	 if	 this	
measure	of	life	also	changed?	For	example,	if	instead	of	coffee	spoons	we	substitute	
teaspoons,	tablespoons,	soup	spoons,	or	even	sugar	spoons.	In	terms	of	psychophysi-
cal	measurement,	how	far	is	each	of	these	new	meanings	from	the	meaning	estab-
lished	by	Eliot’s	poetic	choice	of	“coffee	spoons”?	The	development	of	a	measure	of	
distance	between	meanings	is	the	focus	of	this	chapter.

The	type	of	judgment	required	in	this	case	is	one	of	matching	or	similarity.	For	
example,	does	“I	have	measured	out	my	life	with	tablespoons”	have	the	same	or	dif-
ferent	meaning	from	Prufrock’s	declaration?	If	different,	how	much	different	is	it?	
Such	judgments	of	matching	or	similarity	are	commonly	used	in	linguistic	experi-
ments	yet	 their	 theoretical	basis	 is	widely	unknown.	Although	such	 judgments	of	
similarity	 or	 dissimilarity	 occur	 as	 routinely	 as	 judgments	 of	 largeness	 or	 small-
ness	they	are	based	on	a	different	principle.	Judgments	of	similarity	or	dissimilarity	
require	for	their	analysis	a	very	different	treatment,	a	different	theoretical	basis,	than	
do	judgments	of	largeness	or	smallness.

Many	years	after	Fechner’s	development	of	the	original	model	for	the	compara-
tive	 judgment	of	 two	stimulus	magnitudes,	psychophysicists	discovered	 that	some	
of	the	judgments	made	in	psychological	experiments	were	not	judgments	of	differ-
ences	in	stimulus	magnitude	at	all	but	were,	instead,	judgments	of	equality	or	same-
ness.	Seizing	on	this	discovery	Urban	(1907)	suggested	that	three	different	responses	
be	 employed	 in	 the	 typical	 discrimination	 experiment.	 A	 comparison	 stimulus	
might	be	judged	to	be	smaller,	larger,	or	equal	with	respect	to	a	standard	stimulus.	
Although	experimental	subjects	did	use	these	three	response	categories	in	a	number	
of	experiments,	the	theory	of	how	such	judgments	might	occur	required	many	years	
of	subsequent	development	(cf.	Link,	1992).	And,	as	the	study	of	comparative	judg-
ment	advanced,	psychophysicists	realized	that	the	judgment	of	smaller	or	larger	is	
one	type	of	judgment	and	that	the	judgment	of	equality	or	inequality,	of	sameness	

8
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or	difference,	 is	 the	only	other	type	of	judgment	to	be	discovered	since	Fechner’s	
introduction	of	comparative	judgment	in	1860.

8.2  Discrimination of visual angle

Let	us	return	to	a	once-famous,	but	now	virtually	unknown,	experiment	using	judg-
ments	of	sameness	or	difference	reported	by	Dorwin	Cartwright	(1941).	The	experi-
mental	 result	 that	 differentiates	 such	 judgments	 from	 judgments	 of	 largeness	 or	
smallness	is	illustrated	in	Figure 8.1.	Here	are	results	from	a	typical	method	of	con-
stant	stimuli	experiment	employing	visual	angles	as	stimuli.	Experimental	subjects	
decided	if	a	presented	angle	varying	to	160°	from	10°	was	within	a	learned	interval	
of	60°	to	100°.	Both	response	latency,	the	time	from	the	presentation	of	the	stimulus	
to	the	response,	also	called	response	time	(RT),	and	response	proportions	show	the	
existence	of	what	Urban	(1910)	defined	as	an	“Interval	of	Uncertainty.”

The	“Interval	of	Uncertainty”	is	the	contiguous	interval	within	which	the	prob-
ability	of	making	the	judgment	equal	is	greater	than	0.50.	Cartwright’s	results	show	
how,	at	the	edges	of	this	“interval,”	at	the	point	of	50%,	the	mean	response	latency,	or	
response	time,	reaches	a	peak.	Indeed,	mean	response	times	appear	to	be	a	function	
of	the	distance	of	a	comparison	stimulus	from	the	edges	of	the	interval	of	uncertainty.	
This	one	of	many	results,	confirmed	over	many	decades,	shows	that	the	application	
of	a	judgment	model	based	on	monotonic	changes	in	performance	as	a	function	of	
stimulus	difference	is	not	applicable	to	judgments	of	sameness	and	difference.

8.3  Numerical comparisons

Similar	results	from	numerical	comparison	experiments	performed	in	my	laboratory	
by	Anna	Ventresca	(1988)	verify	the	repeated	occurrence	of	these	findings.	Subjects	
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Figure 8.1 Results	from	Cartwright	(1941)	on	judging	whether	a	test	angle	was	within	the	
interval	of	60°	to	100°.	Mean	response	times	in	milliseconds.
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were	given	an	 interval	defined	by	 two	numbers	 and	were	 to	 judge	whether	 a	 test	
number	existed	within	or	outside	the	interval.	The	size	of	the	interval	and	the	test	
numbers	changed	from	trial	to	trial.	Figure 8.2	shows	previously	unpublished	results	
for	response	proportions	and	mean	response	times	when	the	interval	spanned	33	to	
77	and	test	stimuli	ranged	from	12	to	99	exclusive	of	33	and	77.

As	is	easily	seen,	the	pattern	of	results	is	similar	to	that	of	the	Cartwright	experi-
ment.	Response	times	become	largest	when	the	response	proportion	is	about	0.50.	
The	results	derive	from	an	average	of	many	trials	from	four	very	well-trained	subjects	
who	were	given	many	different	intervals	and	test	stimuli.	The	relations	in	Figure 8.2	
are	typical	of	the	results	across	all	ranges	of	intervals	employed,	this	range,	33	to	
77,	being	the	largest.	A	theoretical	basis	for	numerical	comparisons	is	described	in	
“Measuring	imageless	thought:	The	relative	judgment	theory	of	numerical	compari-
sons”	(Link,	1990).

8.4  Face recognition

If	any	more	proofs	of	this	widely	found	relation	were	needed,	Link	and	Lee	(2009)	
reported	 similar	 results	 from	 experiments	 on	 face	 recognition.	 Ten	 subjects	 were	
to	respond	Same	or	Different	to	a	test	face	presented	simultaneously	with	an	unchang-
ing	standard	face.	Test	faces	were	either	the	same	as	the	standard	face	(50%	of	trials)	
or	were	faces	with	the	eyes	displaced	by	varying	numbers	of	pixels	(1	pixel	=	0.04	cm)	
ranging	to	+10	pixels	from	–10	pixels,	each	presented	with	probability	0.025.	Faces	
remained	present	until	the	subject	responded.	Response	choice	and	response	times	
were	measured.	No	feedback	was	given	during	the	1,000	trials.
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Figure 8.2 Numerical	comparisons	of	test	numbers	within	or	outside	a	specified	interval.	
The	left	axis	shows	mean	response	time	in	milliseconds.	The	right-hand	axis	shows	the	pro-
portion	of	judgments	that	the	presented	test	number	is	within	the	interval	of	33	to	77.
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Once	again	the	pattern	of	results	shown	in	the	Cartwright	and	Link	and	Ventresca	
experiments	emerges	as	shown	in	Figure	8.3.	Near	the	stimulus	difference	generating	
50%	responding	 the	mean	 response	 times	 reach	a	maximum	and	 then	decrease	on	
either	edge	of	the	“Interval	of	Uncertainty.”	These	results	from	ten	subjects	use	the	raw	
data	averaged	across	subjects.	Similar	results	were	obtained	for	other	groups	of	sub-
jects	who	studied	the	standard	face	at	the	beginning	of	the	experiment	for	either	10,	20,	
or	30	seconds	and	then	were	tested	in	1,000	trials	for	recognition	without	feedback.

8.5  The measurement of meaning

In	these	psychophysical	experiments	only	a	single	dimension	is	altered	to	create	dif-
ferent	comparison	stimuli.	In	a	linguistic	space	defined	by	meaning,	but	of	unknown	
topology,	words	may	create	dimensions	of	unknown	character.	Nevertheless	we	may	
assume	that	when	a	word	is	presented	in	the	context	of	a	sentence	it	varies	in	the	
linguistic	space	along	some	dimensions	of	difference.	The	less	complex	the	contribu-
tion	of	the	word	to	the	meaning	the	fewer	dimensions	may	be	required	for	determin-
ing	the	distance	contributed	by	the	word	to	the	meaning.

Cartwright	(1941)	provides	an	example	of	the	type	of	experiment	useful	in	deter-
mining	 the	 distance	 between	 meanings.	 In	 following	 up	 on	 the	 results	 shown	 in	
Figure 8.1	Cartwright	 tested	 the	changes	 in	meaning	caused	by	changes	 in	a	key	
word	in	two	sentences.	The	experiment	is	described	by	Cartwright	(1941):

At	the	beginning	of	the	experiment	the	Ss	were	given	a	sentence	with	instruc-
tions	to	arrive	at	a	clear	formulation	of	the	meaning	of	the	various	words	in	it.	
Then,	they	were	shown	some	new	words,	which	were	to	be	substituted	for	one	
of	the	words	of	the	sentence.	Upon	seeing	each	word,	S	was	required	to	decide	
whether	 the	 substitution	 of	 the	 new	 word	 changed	 the	 basic	 meaning	 of	 the	
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Figure 8.3 Response	 times	 and	 proportions	 for	 the	 last	 400	 of	 1,000	 judgments	 of	 face	
similarity.	Eyes	were	displaced	by	various	numbers	of	pixels	(0.04	cm/pixel)	on	the	abscissa	
from	a	standard	face.	Results	from	Link	and	Lee	(2009).

Y116134.indb   178 10/10/11   2:12 PM



Psychophysical linguistics 179

sentence.	Two	different	sentences	were	selected	so	that	a	word	common	to	both	
would	relate	to	different	ranges	of	meaning,	thus	creating	different	differentia-
tions	of	the	test	series.	Ten	Ss	were	given	the	two	sentences	and	the	test	series	on	
different	days.	Sentence	I	was:	Yesterday	I	saw	a	huge	building.	Sentence	II	was:	
Yesterday	I	saw	a	huge	man.	The	test-series	contained	the	following	10	words:	
1.	immense,	2.	grand,	3.	great,	4.	vast,	5.	colossal,	6.	large,	7.	magnificent,	8.	
big,	9,	mighty,	10.	massive.	It	was	supposed	that	a	 list	of	words	which	would	
be	appropriate	substitutes	for	huge	in	Sentence	I	would	possess	certain	words	
which	would	not	be	appropriate	 substitutes	 in	Sentence	 II.	 It	 is	not	proposed	
that	Sentence	II	limits	the	total	number	of	appropriate	substitutes	for	huge,	but	
rather	the	number	of	appropriate	substitutes	within	the	test	series	employed	in	
this	experiment.	The	test	series	was	presented	six	times	to	each	S.	Since	ten	Ss	
were	tested	on	both	sentences,	1200	decisions	were	recorded.

Cartwright	measured	choice	(“Yes”	or	“No”)	and	vocal	RT.	He	reported	the	percent-
age	of	“Yes”	responses	for	each	subject	and	sentence	but	only	the	subject’s	mean	vocal	
RT	for	each	probe	word	without	distinguishing	between	“Yes”	and	“No”	responses.	
At	the	end	of	the	experiment	Cartwright	required	subjects	to	rank	order	words	on	the	
basis	of	similarity	of	the	resulting	sentences	to	the	standard	sentence.	From	the	indi-
vidual	ranks	it	is	possible	to	compute	the	probability	that	a	word	changes	the	similarity	
between	a	standard	and	a	comparison	sentence	by	using	the	60	judgments	for	each	rank	
order.	Although	this	is	not	a	measure	of	distance	it	does	provide	a	basis	for	determining	
a	meaningful	distance.	Table 8.1	provides	the	proportions	for	each	rank	order	of	words	
in	terms	of	similarity	of	the	rank	order	word’s	sentence	to	the	standard	sentence.

8.6  A theory of similarity judgments

For	each	rank	order	these	proportions	are	converted	to	logits	based	on	the	theory	of	
comparative	judgment	proposed	by	Link	(1975,	1992)	but	extended	here	to	judgments	
of	similarity.	Link	(1992)	showed	how	a	difference	between	two	random	variables	
with	Poisson	distributions	can	drive	an	accumulation	of	differences	leading	to	one	
or	the	other	of	two	alternative	responses.	In	the	case	of	similarity	judgments	one	of	
these	Poisson	distributions,	say	S,	measures	similarity	and	the	other,	say	D,	measures	
dissimilarity	between	two	stimuli.	The	magnitude	of	similarity	is	characterized	by	
a	Poisson	distribution	with	mean	value	μ.	The	dissimilarities	have	a	Poisson	distri-
bution	with	parameter	λ.	Link	proved	that	when	these	two	measures	are	compared	
through	 an	 accumulation	 of	 differences	 between	 them,	 S	 –	 D,	 the	 probability	 of	
choosing	a	test	stimulus	to	be	similar	to	the	standard	stimulus	equals

 P	=
1

1+ −e Aθ ,	 (8.1)

where	A	is	the	amount	of	similarity	required	before	an	unbiased	response	can	occur	and	
θ	=	ln(λ/μ)	is	the	logarithm	of	the	ratio	of	the	mean	values	characterizing	the	simi-
larity	and	dissimilarity	of	the	compared	sentences.
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Some	algebra	shows	that	the	unknown	parameters	A	and	θ	can	be	estimated	from	
data	by	using	experimentally	determined	proportions,	p,	to	estimate	the	theoretical	
probability	P,	and	then	computing,

	 A p pθ = −( )ln / ( ) .1 	 (8.2)

This	is	a	measure,	called	a	logit	in	the	statistical	literature,	of	the	difference	between	
the	similarity	and	dissimilarity	of	the	test	stimulus	and	the	standard	because

 Aθ	=	A[ln(λ)	–	ln(μ)]	 (8.3)

is	a	distance	measure	on	the	scale	of	the	natural	logarithm.
Notice	that	by	exponentiating	Equation	(8.3)	we	obtain	a	power	law	that	depends	

on	the	strengths	of	similarity	and	dissimilarity;	that	is,

	 eA
A

θ λ
µ

=






.	 (8.4)

But,	examining	Equation	(8.2)	we	see	that	by	exponentiating	Aθ	the	natural	loga-
rithm	on	the	right-hand	side	of	Equation	(8.2)	is	removed.	Therefore,	there	exists	a	
power	law	relation	between	proportions	of	responses	and	the	underlying	strengths	of	
similarity	and	dissimilarity:

	
p
p

A

1−
=







λ
µ

.	 (8.5)

This	is	called	the	Power	Law	of	Similarity.
With	 respect	 to	 response	 times	 Link	 (1975,	 1992)	 split	 the	 measured	 response	

time	 into	 two	parts.	The	first	part	measured	 the	 time	 taken	 to	make	 the	eventual	
decision,	the	decision	time,	and	the	second	part	contained	all	those	components	that	
were	not	related	to	the	decision	process	per	se.	Thus	the	observed	response	time	can	
be	written	as

	 Mean	(RT)	=	Mean	(Decision	time)	+	Mean	(Nondecision	components).	 (8.6)

Theoretical	analysis	of	this	stochastic	process,	often	described	as	a	bounded	ran-
dom	walk,	reveals	that

	 Mean	(Decision	time)	=	
A

P
λ µ−( ) −( )2 1
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when	there	is	no	response	bias	and	λ	≠	μ.	As	the	denominator	approaches	zero,	θ	
approaches	0,	the	value	of	P	approaches	0.50,	and	the	mean	decision	time	approaches	
a	maximum	of

	
A2

λ µ+
,

where	the	denominator	is	the	variance	of	S	–	D.
In	a	carefully	run	experiment	the	nondecision	components	of	response	time	should	

be	controlled	across	changes	in	stimulus	difference	so	that	the	changes	in	observed	
response	time	are	those	associated	with	the	decision	process	itself.	With	respect	to	the	
decision	times,	the	maximum	decision	time	was	shown	to	occur	when	P	=	0.50.	Thus,	
when	the	estimator	of	P,	that	is,	p,	equals	0.50	the	maximum	response	time	should	be	
observed.	This	theoretical	prediction	is	confirmed	by	many	previous	experiments.

8.7  Theoretical analysis of Cartwright’s experiment

The	proportions	of	 similarity	of	meaning	 judgments	made	during	 the	experiment	
appear	in	Table 8.1.	These	proportions	are	used	to	determine	the	values	of	Aθ	shown	
below	each	proportion.	The	orderly	decline	in	these	values	from	5.29	to	–3.82	for	
Sentence	1	and	from	5.29	to	–5.29	for	Sentence	2	is	sufficient	evidence	that	values	
of	Aθ	are	in	close	agreement	with	the	rank	orderings	provided	after	the	experiment.	
Indeed,	the	rank	orders	may	follow	from	the	remembered	magnitudes	of	Aθ,	a	mag-
nitude	that	may	be	considered	as	the	feeling	of	similarity.

Although	the	two	sentences	provide	somewhat	different	measures	based	on	their	
rank	orders	of	words,	the	agreement	between	the	measures	is	very	good,	producing	
a	correlation	0.97	as	shown	in	Figure 8.4.	Notice	in	Figure 8.4	that	the	best	linear	fit	
accounts	for	94%	of	the	variance.	Furthermore,	the	measures	of	meaning	for	these	
two	sentences	are	related	by	the	equation	0.78(S2)	=	S1	–	1,	where	S2	is	the	measure	
of	Aθ	for	sentence	2	and	S1	is	the	measure	of	Aθ	for	sentence	1.	This	equation	relates	
the	similarity	in	meanings	for	the	two	sentences.

Cartwright	also	measured	 the	 individual	subject	vocal	 response	 times	for	each	
judgment.	Although	the	subjects	varied	in	terms	of	overall	vocal	response	times	for	
these	judgments,	the	various	subject	times	can	be	adjusted	for	individual	differences	
by	computing	 response	 time	deviation	values	 for	each	subject’s	 response	 time	 for	
each	judgment.	These	adjusted	values	are	obtained	by	computing	a	t-value	for	each	
response	time	for	each	subject	with	each	sentence.	These	values	are	determined	by	
subtracting	from	a	single	response	 time	 the	subject’s	mean	response	 time	for	 that	
sentence	and	dividing	by	the	standard	deviation	for	that	subject’s	judgments	for	that	
sentence.	 These	 values	 are	 then	 free	 from	 biases	 due	 to	 the	 between-subject	 dif-
ferences	 in	 magnitude	 and	 variability	 of	 the	 judgment	 response	 times.	 However,	
Cartwright’s	reports	of	 the	individual	subject	mean	vocal	response	times	for	each	
rank-ordered	 word	 allows	 for	 computations	 of	 mean	 response	 times	 that	 parallel	
the	computations	generating	Figures 8.1–8.3.	Therefore	the	actual	mean	vocal	times	
enter	into	the	analysis	of	response	times	reported	below.
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To	simplify	the	analysis	somewhat	the	two	sentences	were	combined	in	terms	of	
rank	order	to	produce	a	single	composite	of	the	relation	between	response	times	and	
response	proportions.	The	question	to	be	answered	is	whether	the	previous	results	
for	comparative	judgments	of	similarity	are	also	exhibited	in	Cartwright’s	data.	In	
previous	 figures	 a	 physical	 measure	 of	 stimulus	 difference	 was	 the	 variable	 con-
trolled	by	 the	 experimenter.	Both	positive	 and	negative	values	of	 stimulus	differ-
ence	allowed	for	a	two-sided	view	of	the	subject’s	performance.	Here	we	have	only	
a	single	side	because	the	direction	of	distance	of	the	test	word	meanings	from	the	
standard	sentence	meaning	is	unknown.	It	is	as	if	in	the	previous	figures	we	folded	
the	figures	at	zero	stimulus	difference	and	then	viewed	only	a	single	side.

The	sign	of	stimulus	difference	is	in	this	case	unknown,	thus	the	single-sided	graph	
somehow	needs	to	convey	the	same	information	about	the	relations	of	response	propor-
tion	and	response	times	as	in	the	previous	analyses.	Some	of	the	words	may	correspond	
to	positive	stimulus	differences	and	some	to	negative	stimulus	differences,	which	are	
currently	unknown.	However,	if	we	allow	some	latitude	in	creating	a	useful	comparison	
with	the	previous	results	we	may	expand	upon	the	standard	sentence	as	if	two	sides	of	
the	graph	were	actually	measured	in	order	to	provide	a	comparison	with	the	previous	
figures.	This	is	shown	in	Figure 8.5	where	the	rank	orders	decrease	away	from	the	stan-
dard	sentence	on	both	sides.	Of	course	this	is	symmetric	but	then	so	are	the	previous	
figures,	and	this	proves	the	point	of	this	comparison.	The	results	with	these	words	and	
sentences	are	similar	to	results	obtained	with	physically	measureable	stimuli.

In	conclusion	 these	various	 results	provide	an	 insight	 into	how	psychophysical	
theory	and	data	analysis	provide	a	basis	for	the	measurement	of	differences	in	mean-
ing	between	 two	sentences.	This	 result	 is	a	satisfactory	outcome	of	applying	psy-
chophysical	analysis	to	a	linguistic	question.	The	new,	fundamental,	ideas	such	as	
the	Power	Law	of	Similarity	provide	 a	basis	 for	more	 refined	experiments	 in	 the	
measurement	of	meaning.

Relation Between Meaning Estimates for 
Sentence 1 and Sentence 2

S2 = 1.2782S1 – 1.2835
R2 = 0.9357
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Figure 8.4 Measures	of	similarity	for	test	sentences	versus	two	similar	standard	sentences	
compared.	Correlation	=	0.97.
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Figure 8.5 Reanalysis	of	Cartwright’s	1941	judgments	of	sentence	similarity.	The	results	
are	flipped	across	the	value	zero	as	if	there	were	both	positive	and	negative	values	of	stimulus	
difference.	No	measure	is	available	for	a	comparison	of	the	standard	sentence	with	itself,	but	
the	probability	of	similarity,	equal	to	1.0,	is	based	on	theory.
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9.1  Introduction

The	 main	 idea	 of	 Fechner’s	 original	 theory	 (Fechner,	 1860,	 1877,	 1887)	 can	 be	
described	 as	 follows	 (see	 Figure  9.1).	 If	 stimuli	 are	 represented	 by	 real	 numbers	
(measuring	stimulus	intensities,	or	their	spatial	or	temporal	extents),	the	subjective 
distance from	a	stimulus	a	to	a	stimulus	b	> a	is	computed	by	cumulating from	a	
to	b,	through	all	intermediate	values,	a	measure	of	dissimilarity of	every	stimulus	x	
from	its	“immediate”	neighbors	on	the	right.	A	modern	rendering	of	Fechner’s	the-
ory	(Dzhafarov,	2001)	defines	the	dissimilarity	between	x	and	x	+	dx	as

	 D x x dx c x x dx, ,+( ) = +( ) −



γ 1

2
,	 (9.1)

where	γ	(x,	y)	is	a	psychometric function

	 γ	(x,	y)	=	Pr	[y	is	judged	to	be	greater	than	x]	 (9.2)

with	no	“constant error” (i.e.,	γ	 (x,	x)	=	1/2),	 and	c	 is	 a	 constant	 allowed	 to	vary	
from	one	stimulus	continuum	to	another.	Assuming	that	γ	(x,	y)	is	differentiable,	and	
putting

	
D x x dx

dx

x y

y
F x

y x

, ,+( ) =
∂ ( )

∂
= ( )

=

γ
,

the	Fechnerian	distance	from	a	to	b ≥	a	becomes

	 G a b F x dx
a

b

,( ) = ( )∫ .

9
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In	particular,	if

	 F x
k
x

( ) = ,

which	is	a	rigorous	form	of	Weber’s law,

	 G a b k
b
a

, log( ) = .

We	get	the	celebrated	Fechner’s	law	by	setting	a	at	the	“absolute	threshold”	x0,

	 S x k
x
x

( ) = log
0

,

where	S(x)	can	be	referred	to	as	the	magnitude of the sensation caused	by	stimulus	x.	
If	F(x)	happens	to	be	different	from	k/x,	the	expressions	G(a,	b)	and	S(x)	are	modified	
accordingly.	Thus,	from

	 F x
k
x

( ) = −1 β ,	1	≥	β	>	0,

one	gets

	 G a b
k
b a,( ) = −( )β

β β

for	the	subjective	distance	from	a	to	b,	and

	 S x
k
x x( ) = −( )β

β β
0

Figure 9.1 Fechner’s	 main	 idea.	 To	 compute	 the	 subjective	 (Fechnerian)	 distance	 from	
a	to	b	on	a	stimulus	continuum,	one	cumulates	(here,	integrates)	the	dissimilarity	of	x	from	
its	infinitesimally	close	neighbors	on	the	right	as	x	changes	from	a	to	b.
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for	the	sensation	magnitude	of	x.	In	this	rendering	Fechner’s	theory	is	impervious	to	
the	mathematical	(Luce	&	Edwards,	1958)	and	experimental	(Riesz,	1933)	critiques	
levied	against	it	(for	details	see	Dzhafarov,	2001,	and	Dzhafarov	&	Colonius,	1999).	
The	main	idea	of	this	interpretation	was	proposed	by	Pfanzagl	(1962),	and	then	inde-
pendently	 reintroduced	 in	 Creelman	 (1967),	 Falmagne	 (1971),	 and	 Krantz	 (1971)	
within	the	framework	of	the	so-called	“Fechner	problem”	(Luce	&	Galanter,	1963).

Fechner’s	theory	launched	the	world-view	(or	“mind-view”)	of	classical	psycho-
physics,	according	to	which	perception	is	essentially	characterized	by	a	collection	of	
unidimensional	continua	representable	by	axes	of	nonnegative	real	numbers.	Each	
continuum	corresponds	to	a	certain	“sensory	quality”	(loudness,	spatial	extent,	satu-
ration,	etc.)	any	two	values	of	which,	sensory magnitudes,	are	comparable	in	terms	
of	 “less than or equal to.”	 Moreover,	 each	 such	 continuum	 has	 a	 primary	 physi-
cal	 correlate,	 an	 axis	 of	 nonnegative	 reals	 representing	 intensity,	 or	 spatiotempo-
ral	 extent	 of	 a	 particular	 physical	 attribute:	 the	 sensory	 attribute	 is	 related	 to	 its	
physical	correlate	monotonically	and	smoothly,	starting	from	the	value	of	the	abso-
lute	threshold.	This	mind-view	has	been	dominant	throughout	the	entire	history	of	
psychophysics	(Stevens,	1975),	and	it	remains	perfectly	viable	at	present	(see,	e.g.,	
Luce,	2002,	2004).

There	is,	however,	another	mind-view,	also	derived	from	Fechner’s	idea	of	com-
puting	distances	from	local	dissimilarity	measures,	dating	back	to	Helmholtz’s	(1891)	
and	Schrödinger’s	(1920,	1920/1970,	1926/1970)	work	on	color	spaces.	Physically,	
colors	 are	 functions	 relating	 radiometric	 energy	 to	 wavelength,	 but	 even	 if	 their	
representation	by	means	of	one	of	 the	 traditional	 color	diagrams	 (such	as	CIE	or	
Munsell)	is	considered	their	physical	description,	and	even	if	the	subjective	represen-
tation	of	colors	is	thought	of	in	terms	of	a	finite	number	of	unidimensional	attributes	
(such	as,	 in	 the	case	of	aperture	colors,	 their	hue,	 saturation,	 and	brightness),	 the	
mapping	of	physical	descriptions	 into	subjective	ones	 is	clearly	 that	of	one	multi-
dimensional	space	into	another.	In	this	context	the	notions	of	sensory	magnitudes	
ordered	in	terms	of	“greater–less”	and	of	psychophysical	functions	become	artificial,	
if	applicable	at	all.	The	notion	of	subjective	dissimilarity,	by	contrast,	acquires	the	
status	of	a	natural	and	basic	concept,	whose	applicability	allows	 for	but	does	not	
presuppose	any	specific	system	of	color	coordinates,	either	physical	or	subjective.	
The	natural	operationalization	of	the	discrimination	of	similar	colors	in	this	context	
is	their	judgment	in	terms	of	“same or different,”	rather	than	“greater	or	less.”	(For	a	
detailed	discussion	of	the	“greater–less”	versus	“same–different”	comparisons,	see	
Dzhafarov,	2003a.)

This	mind-view	has	been	generalized	in	the	theoretical	program	of	Multidimen-
sional Fechnerian Scaling (Dzhafarov,	2002a–d;	Dzhafarov	&	Colonius,	1999,	2001).	
The	scope	of	this	differential-geometric	program	is	restricted	to	stimulus	spaces	rep-
resentable	by	open connected regions of Euclidean n-space (refer	to	Figure 9.2	for	
an	illustration.).	This	space	is	supposed	to	be	endowed	with	a	probability-of-different	
function

	 ψ(x,	y)	=	Pr	[y	and	x	are	judged	to	be	different].
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Any	two	points	a,	b	in	such	a	space	can	be	connected	by	a	continuously differen-
tiable path x(t)	defined	on	a	segment	of	reals	[a,	b].	The	“length”	of	this	path	can	be	
defined	by	means	of	the	following	construction.	Assume	that

	 ψ	(x,	x)	<	min	{ψ	(x,	y), ψ	(y,	x)}

for	all	distinct	x,	y,	and	that	for	any	c	∈	[a,	b]	the	discrimination	probability	ψ(x(c),	x(t))	
has	a	positive	right-hand	derivative	at	t	=	c+,

	
d

d

ψ x x
x x

c t

t
F c c

t c

( ) ( )( ) = ( ) ( )( )
= +

,
, � .

The	function	F(x(t),	ẋ(t))	is	referred	to	as	a	submetric function,	and	the	differential	
F(x(t),	ẋ(t))dt	serves	as	the	local	dissimilarity	between	x(t)	and	x(t)	+	ẋ(t)dt.	Assum-
ing	further	that	F	is	continuous,	we	define	the	length	of	the	path	x(t)	as	the	integral

Figure 9.2 A	continuously	differentiable	path	x(t)	(thick	curve)	is	shown	as	a	mapping	of	
an	interval	[a,	b]	(horizontal	 line	segment)	 into	an	area	of	Eucliean	space	(gray	area).	For	
any	point	c	∈	[a,	b]	there	is	a	function	t	↦	ψ	(x(c),	x(t))	defined	for	all	t	∈	[a,	b]	(shown	by	
V-shaped	curves	for	three	positions	of	c).	The	derivative	of	ψ	(x(c),	x(t))	at	t	=	c+	(the	slope	of	
the	tangent	line	at	the	minimum	of	the	V-shaped	curve)	is	taken	for	the	value	of	F	(x(c),	ẋ(c)),	
and	the	integral	of	this	function	from	a	to	b	is	taken	for	the	value	of	length	of	the	path.	The	
inset	at	the	left	top	corner	shows	that	one	should	consider	the	lengths	for	all	such	paths	from	
a	to	b,	and	take	their	infimum	as	the	(generally	asymmetric)	distance	Gab.	The	overall,	sym-
metric	distance	G*ab	is	computed	as	Gab	+	Gba.	[The	lengths	of	paths	can	be	alternatively	
computed	by	differentiating	ψ	 (x(t),	x(c))	rather	 than	ψ	 (x(c),	x(t)).	Although	this	generally	
changes	the	value	of	Gab,	it	makes	no	difference	for	the	value	of	G*ab.]
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Applying	this	to	all	continuously	differentiable	paths	connecting	a	to	b	and	finding	
the	infimum of	their	D-lengths,	one	defines	the	(asymmetric) Fechnerian distance 
Gab	from	a	to	b	(a	function	which	satisfies	all	metric	axioms	except	for	symmetry).	
The	overall (symmetrical) Fechnerian distance G*ab	between	a	and	b	is	computed	
as	Gab	+	Gba.	Although	this	description	is	schematic	and	incomplete	it	should	suf-
fice	 for	 introducing	one	 line	of	 generalizing	Fechnerian	Scaling:	 dispensing	with	
unidimensionality	but	retaining	the	idea	of	cumulation	of	local	dissimilarities.

A	further	line	of	generalization	is	presented	in	Dzhafarov	and	Colonius	(2005b,	
2006c).	It	is	designated	as	Fechnerian	Scaling	of	Discrete	Object	Sets and	applies	
to	 stimulus	 spaces	 comprised	 of	 “isolated	 entities,”	 such	 as	 schematic	 faces,	 let-
ters	of	an	alphabet,	and	the	like	(see	Figure 9.3).	Each	pair	(x, y)	of	such	stimuli	is	
assigned	a	probability	ψ	(x,	y)	with	which	they	are	judged	to	be	different	from	each	
other.	Schematizing	and	simplifying	as	before,	the	local	discriminability	measure	is	
defined	as

	 D	(x,	y)	=	ψ	(x,	y)	–	ψ	(x,	x),

a = x0

x6 = b

x1

x2

x3

x4

x5

Figure 9.3 Given	a	chain	of	points	x0,	x1,	…,	xk	 leading	 from	a	 to	b,	 the	dissimilarities	
between	its	successive	elements	are	summed	(cumulated).	In	a	discrete	space,	the	(generally	
asymmetric)	distance	Gab	from	a	to	b	is	computed	as	the	infimum	of	the	cumulated	dissimi-
larities	over	all	chains	leading	from	a	to	b.	The	symmetrical	distance	G*ab	between	a	and	b	
is	computed	as	Gab	+	Gba.
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and	the	(asymmetric)	Fechnerian	distance	G(a,	b)	is	defined	as	the	infimum	of

	 D i i

i

k

x x, +

=

( )∑ 1

0

computed	across	all	possible	finite	chains	of	stimuli

	 a	=	x0,	x1,	…,	xk,	xk+1	=	b

connecting	a	to	b.	Here	the	deviation	from	Fechner’s	original	theory	is	greater	than	
in	the	Multidimensional	Fechnerian	Scaling:	we	dispense	not	only	with	unidimen-
sionality,	but	also	with	the	“infinitesimality”	of	dissimilarities	being	cumulated.	But	
the	idea	of	computing	dissimilarities	from	discrimination	probabilities	and	obtain-
ing	distances	by	some	form	of	dissimilarity	cumulation	is	retained.

The	purpose	of	this	work	is	to	present	a	sweeping	generalization	of	Fechner’s	the-
ory	which	is	applicable	to	all possible stimulus	spaces	endowed	with	“same-differ-
ent”	discrimination	probabilities.	This	theory,	called	Universal Fechnerian Scaling 
(UFS),	is	presented	in	the	trilogy	of	papers	Dzhafarov	and	Colonius	(2007),	Dzhafarov	
(2008a),	 and	 Dzhafarov	 (2008b).	 We	 follow	 these	 papers	 closely,	 but	 omit	 proofs,	
examples,	and	technical	explanations.	Our	focus	is	on	the	mathematical	foundations	
of	UFS,	which	 are	 formed	by	 an	 abstract	 theory	 called	Dissimilarity Cumulation 
(DC):	it	provides	a	general	definition	of	a	dissimilarity function and	shows	how	this	
function	is	used	to	impose	on	stimulus	sets	topological	and	metric	properties.

The	potential	sphere	of	applicability	of	UFS	is	virtually	unlimited.	The	ability	
to	decide	whether	two	entities	are	the	same	or	different	is	the	most	basic	faculty	of	
all	living	organisms	and	the	most	basic	requirement	of	artificial	perceiving	systems,	
such	as	intelligent	robots.	The	perceiving	system	may	be	anything	from	an	organism	
to	a	person	to	a	group	of	consumers	or	voters	to	an	abstract	computational	proce-
dure.	The	stimuli	may	be	anything	from	letters	of	alphabet	(from	the	point	of	view	
of	 grammar	 school	 children)	 to	 different	 lung	 dysfunctions	 represented	 by	 X-ray	
films	(from	the	point	of	view	of	a	physician)	to	brands	of	a	certain	product	(from	
the	point	of	view	of	a	group	of	consumers)	 to	political	candidates	or	propositions	
(from	 the	point	of	view	of	potential	voters)	 to	competing	statistical	models	 (from	
the	point	of	view	of	a	statistical	fitting	procedure).	Thus,	if	stimuli	are	several	lung	
dysfunctions	each	represented	by	a	potentially	infinite	set	of	X-ray	films,	a	physician	
or	a	group	of	physicians	can	be	asked	to	tell	if	two	randomly	chosen	X-ray	films	do	
or	do	not	indicate	one	and	the	same	dysfunction.	As	a	result	each	pair	of	dysfunc-
tions	 is	assigned	the	probability	with	which	their	 respective	X-ray	representations	
are	judged	to	indicate	different	ailments.	If	stimuli	are	competing	statistical	models,	
the	probability	with	which	models	x	and	y	are	“judged”	to	be	different	can	be	esti-
mated	by	the	probability	with	which	a	dataset	generated	by	the	model	x	allows	one	to	
reject	the	model	y	(see	Dzhafarov	&	Colonius,	2006a,	for	details).	The	questions	to	
the	perceiving	system	can	be	formulated	in	a	variety	of	forms:	“Are	x	and	y	the	same	
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(overall)?”	or	“Do	x	and	y	differ	in	respect	to	A?”	or	“Do	x	and	y	differ	if	one	ignores	
their	difference	in	property	B?”	or	“Do	x	and	y	belong	to	one	and	the	same	category	
(from	a	given	list)?”,	and	so	on.	Note	the	difference	from	the	other	known	scaling	
procedure	based	on	discrimination	probabilities,	Thurstonian	Scaling	 (Thurstone,	
1927a,b).	This	procedure	only	deals	with	the	probabilities	with	which	one	stimulus	is	
judged	to	have	more	of	a	particular	property	(such	as	attractiveness,	brightness,	loud-
ness,	etc.)	than	another	stimulus.	The	use	of	these	probabilities	therefore	requires	that	
the	investigator	know	in	advance	which	properties	are	relevant,	that	these	properties	
be	semantically	unidimensional	(i.e.,	assessable	in	terms	of	“greater–less”),	and	that	
the	perception	of	 the	stimuli	be	entirely	determined	by	 these	properties.	No	such	
assumptions	are	needed	in	UFS.	Moreover,	in	the	concluding	section	of	the	chapter	
it	is	mentioned	that	the	discrimination	probabilities	may	very	well	be	replaced	with	
other	pairwise	judgments	of	“subjective	difference”	between	two	stimuli,	and	that	
the	theory	can	even	be	applied	beyond	the	context	of	pairwise	judgments	altogether,	
for	 example,	 to	 categorization	 judgments.	 It	 is	 also	 mentioned	 there	 that	 the	 dis-
similarity	cumulation	procedure	can	be	viewed	as	an	alternative	to	 the	nonmetric	
versions	of	Multidimensional	Scaling,	applying	therefore	in	all	cases	in	which	one	
can	use	the	latter.*

9.2  Psychophysics of discrimination

We	observe	the	following	notation	conventions.	Boldface	lowercase	letters,	a,	b′,	x,	
yn,	…,	always	denote	elements	of	a	set	of	stimuli.	Stimuli	are	merely	names	(qualita-
tive	entities),	with	no	algebraic	operations	defined	on	them.	Real-valued	functions	of	
one	or	more	arguments	that	are	elements	of	a	stimulus	set	are	indicated	by	strings	
without	parentheses:

	 ψab, Dabc,DXn,	Ψ(ι)ab,	….

9.2.1  Regular Minimality and canonical representations

Here,	 we	 briefly	 recapitulate	 some	 of	 the	 basic	 concepts	 and	 assumptions	 under-
lying	 the	 theory	of	same–different	discrimination	probabilities.	A	 toy	example	 in	
Figure 9.4	provides	an	illustration.	A	detailed	description	and	examples	can	be	found	
in	Dzhafarov	(2002d,	2003a)	and	Dzhafarov	and	Colonius	(2005a,	2006a).

The	arguments	x	and	y	of	the	discrimination	probability	function

	 ψ∗xy	=	Pr	[x	and	y	are	judged	to	be	different]

*	 As	a	data-analytic	procedure,	UFS	is	implemented	(as	of	September	2009)	in	three	computer	programs:	
the	 R-language	 package	 “fechner”	 described	 in	 Ünlü,	 Kiefer,	 and	 Dzhafarov	 (2009)	 and	 available	
at	CRAN;	a	MATLAB-based	program	FSCAMDS	developed	at	Purdue	University	and	available	at	
http://www1.psych.purdue.edu/~ehtibar/Links.html;	and	a	MATLAB	toolbox	developed	at	Oldenburg	
University	and	available	at	http://www.psychologie.uni-oldenburg.de/stefan.rach/31856.html.
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belong	to	two	distinct	observation	areas,

	 ψ*:	𝔖*
1	×	𝔖*

2	→	[0,	1].

Thus,	𝔖*
1 	(the	first	observation	area)	may	 represent	 stimuli	presented	chronologi-

cally	first	or	on	the	left,	whereas	𝔖*
2	(the	second	observation	area)	designates	stimuli	

presented,	respectively,	chronologically	second	or	on	the	right.	The	adjectives	“first”	
and	“second”	refer	to	the	ordinal	positions	of	stimulus	symbols	within	a	pair	(x,	y).

For	x,x′	∈	𝔖*
1,	we	say	that	 the	 two	stimuli	are	psychologically equal (or	meta-

meric)	 if	 ψ*xy	 =	 ψ*x′y	 for	 any	 y	 ∈	𝔖*
2.	 Analogously,	 the	 psychological	 equality	

for	y,	y′	∈	𝔖*
2	is	defined	by	ψ*xy	=	ψ*xy′,	for	any	x	∈	𝔖*

1.	It	is	always	possible	to	
“reduce”	the	observation	areas,	that	is,	relabel	their	elements	so	that	psychologically	
equal	stimuli	receive	identical	labels	and	are	no	longer	distinguished.	The	discrimi-
nation	probability	function	ψ*	can	then	be	redefined	as

	 ~ψ	:	𝔖1	×	𝔖2	→	[0,	1].

The	law	of	Regular	Minimality	is	the	statement	that	there	are	functions	h	:	𝔖1	→	𝔖2	
and	g	:	𝔖2	→	𝔖1	such	that
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Figure 9.4 A	toy	example	used	in	Dzhafarov	&	Colonius	(2006a).	The	transformation	from	
(𝔖*

1,	𝔖*
2,ψ*)	to	(𝔖1,	𝔖2, ~ψ)	is	the	result	of	“lumping	together”	psychologically	equal	stimuli	

(e.g.,	the	stimuli	y4,	y5,	y6,	y7	are	psychologically	equal	in	𝔖*
2,	stimuli	x2	and	x4	are	psycho-

logically	equal	in	𝔖*
1).	The	space	(𝔖1,	𝔖2, ~ψ)	satisfies	the	Regular	Minimality	condition	(the	

minimum	in	each	row	is	also	the	minimum	in	its	column)	because	of	which	(𝔖1,	𝔖2, ~ψ)	can	be	
canonically	transformed	into	(𝔖,ψ),	by	means	of	the	transformation	table	shown	in	between.
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Stimulus	y	=	h(x)	∈	𝔖2	is	called	the	Point of Subjective Equality (PSE)	for	x	∈	𝔖1;	
analogously,	x	=	g(y)	∈	𝔖1	is	the	PSE	for	y	∈	𝔖2.	The	law	of	Regular	Minimality	
states	therefore	that	every	stimulus	in	each	of	the	(reduced)	observation	areas	has	a	
unique	PSE	in	the	other	observation	area,	and	that	y	is	the	PSE	for	x	if	and	only	if	
x	is	the	PSE	for	y.	In	some	contexts	the	law	of	regular	minimality	is	an	empirical	
assumption,	but	it	can	also	serve	as	a	criterion	for	a	properly	defined	stimulus	space.	
For	a	detailed	discussion	of	the	law	and	its	critiques	see	Dzhafarov	(2002d,	2003a,	
2006),	Dzhafarov	and	Colonius	(2006a),	and	Ennis	(2006).

Due	to	the	law	of	Regular	Minimality,	one	can	always	relabel	the	stimuli	in	𝔖1	or	
𝔖2	so	that	any	two	mutual	PSEs	receive	one	and	the	same	label.	In	other	words,	one	
can	always	bijectively	map	𝔖1	→	𝔖	and	𝔖2	→	𝔖	so	that	x	↦	a	and	y	↦	a	if	and	only	
if	x	∈	𝔖1	and	y	∈	𝔖2	are	mutual	PSEs:	y	=	h(x),	x	=	g(y).	The	set	of	labels	𝔖	is	called	
a	canonically transformed stimulus	set.	Its	elements	too,	for	simplicity,	are	referred	
to	as	stimuli.	The	discrimination	probability	function	~ψ	can	now	be	presented	in	a	
canonical form,

	 ψ	:	𝔖	×	𝔖	→	[0,	1],

with	the	property

	 ψaa	<	min	{ψab,ψba}

for	any	a	and	b	≠	a.	Note	that	the	first	and	the	second	a	in	ψaa	may	very	well	refer	to	phys-
ically	different	stimuli	(equivalence	classes	of	stimuli):	hence	one	should	exercise	cau-
tion	in	referring	to	ψaa	as	the	probability	with	which	a	is	discriminated	from	“itself.”

9.2.2.  From discrimination to dissimilarity

For	the	canonically	transformed	function	ψ,	the	psychometric increments of the first 
and second kind are	defined	as,	respectively,

	 Ψ(1)ab	=	ψab	–	ψaa

and

	 Ψ(2)ab	=	ψba	–	ψaa.

Due	to	the	canonical	form	of	ψ	these	quantities	are	always	positive	for	b	≠	a.
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The	main	assumption	of	UFS	about	these	psychometric	increments	is	that	both	of	
them	are	dissimilarity	functions.	The	meaning	of	this	statement	becomes	clear	later,	
after	a	formal	definition	of	a	dissimilarity	function	is	given.

Denoting	by	D	 either	Ψ(1) 	or	Ψ(2) 	one	can	compute	 the	 (generally	asymmetric)	
Fechnerian	distance	Gab	by	considering	all	possible	finite	chains	of	stimuli	x1…xk	
for	all	possible	k	and	putting

 G D D D
k x x

k
k

ab ax x x x b= + +…+[ ]
…
inf
, 1

1 1 2 .

The	overall	Fechnerian	distance	is	then	computed	as

 G*ab	=	G1ab	+	G1ba.

This	 quantity	 can	 be	 interpreted	 as	 the	 infimum	 of	 D-lengths	 of	 all	 finite	 closed	
loops that	contain	points	a	and	b.	That	is,

 G D D D D
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l

k
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,
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y y
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1
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It	is	easy	to	see	that	the	D-length	of	any	given	loop	remains	invariant	if	D	≡	Ψ(1)	is	
replaced	with	D	≡	Ψ(2)	and	the	loop	is	traversed	in	the	opposite	direction.	The	value	
of	G*ab	therefore	does	not	depend	on	which	of	the	two	psychometric	increments	is	
taken	for	D.	Henceforth	we	tacitly	assume	that	D	may	be	replaced	with	either	Ψ(1)	or	
Ψ(2),	no	matter	which.

9.3  Dissimilarity Cumulation theory

9.3.1  Topology and uniformity

To	explain	what	it	means	for	a	function	D	:	𝔖	×	𝔖	→	ℝ	to	be	a	dissimilarity	func-
tion,	we	begin	with	a	more	general	concept.	Function	D	 :	𝔖	×	𝔖	→	ℝ	 is	a	(uni-
form)	deviation function if	it	has	the	following	properties:	for	any	a,	b	∈	𝔖	and	any	
sequences	an,	a′n,	bn,	b′n	in	𝔖,

D D

D D

D

1 0

2 0

3

.   ;

.   ;

.  (

[ ]

[ ]

[ ]

≠ ⇒ >

=

a b ab

aa

Uniform CContinuity) If and thenD Dn n n na a b b′ → ′ →0 0, D Dn n n n′ ′ − →a b a b 0.

See	Figure 9.5	for	an	illustration	of	Property	D3.	If	D	is	a	symmetric	metric,	then	
it	is	a	deviation	function,	with	the	uniform	continuity	property	holding	as	a	theorem.	
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Mathematical foundations of Universal Fechnerian Scaling 195

If	D	is	an	asymmetric	metric,	then	it	is	a	deviation	function	if	and	only	if	it	addition-
ally	satisfies	the	“invertibility	in	the	small”	condition,

 Dana′n	→	0	⇒	Da′nan	→	0.

In	the	following	the	term	metric (or	distance),	unless	specifically	qualified	as	sym-
metric,	always	refers	to	an	asymmetric	metric	(distance)	invertible	in	the	small.

D	induces	on	𝔖	the	notion	of	convergence:	we	define	an	↔	bn	to	mean	Danbn	→	0.	
The	 notation	 is	 unambiguous	 because	 convergence	 ↔	 is	 an	 equivalence	 relation	
(i.e.,it	 is	 reflexive,	 symmetric,	 and	 transitive).	 In	 particular,	 an	 ↔	 a	 means	 both	
Daan	0	and	Dana	→	0.	The	convergence	(a1

n, …, an
k)	

↔	(b1
n, …, bn

k)	can	be	defined,	e.g.,	
by	maxi	Dan

i	bn
i	→	0.

A	topological basis on	𝔖	is	a	family	of	subsets	of	𝔖	covering	𝔖	and	satisfying	
the	following	property	(Kelly,	1955,	p.	47):	if	𝔞	and	𝔟	are	within	the	basis,	then	for	
any	x	∈	𝔞	∩	𝔟	the	basis	contains	a	set	𝔠	that	contains	x.	Given	a	topological	basis	on	
𝔖,	the	topology on	𝔖	(a	family	of	open sets “based”	on	this	basis)	is	obtained	by	
taking	all	possible	unions	of	the	subsets	comprising	the	basis	(including	the	empty	
set,	which	is	the	union	of	an	empty	class	of	such	subsets).	Deviation	D	induces	on	𝔖	
a	topology	based	on

	 𝔅D	(x,ε)=	{y	∈	𝔖	:	Dxy	< ε}

taken	for	all	x	∈	𝔖	and	all	real	ε	>	0.	We	call	this	topology	(based	on	𝔅D-balls)	
the	D-topology.

These	topological	considerations,	as	it	turns	out,	can	be	strengthened:	D	induces	
on	𝔖	not	only	a	topology	but	a	more	restrictive	structure,	called	uniformity.	Recall	
(Kelly,	1955,	p.	177)	that	a	family	of	subsets	of	𝔖	×	𝔖	forms	a	basis for a unifor-
mity on	𝔖	if	it	satisfies	the	following	four	properties:	if	𝔄	and	𝔅	are	members	of	
the	basis,	then

	 1.	𝔄	includes	as	its	subset	Δ	=	{(x,	x):	x	∈	𝔖}.
	 2.	𝔄−1	=	{(y,	x)	:	(x,	y)	∈	𝔄}	includes	as	its	subset	a	member	of	the	basis.

an

a ń

b ń

bn

Figure 9.5 An	 illustration	 for	 property	 D3	 (uniform	 continuity).	 Consider	 an	 infinite	
sequence	of	quadrilaterals	a1a′1b′1b1,	a2a′2b′2b2,	…,	such	that	the	D-lengths	of	the	sides	ana′n	

and	bnb′n	(directed	as	shown	by	the	arrows)	converge	to	zero.	Then	the	difference	between	the	
D-lengths	of	the	sides	anbn	and	a′nb′n	(in	the	direction	of	the	arrows)	converges	to	zero.
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196 Measurement with persons: Theory, methods, and implementation areas

	 3.	For	some	member	ℭ	of	 the	basis,	{(x,	z)	∈	𝔖2	:	 for	some	y,	 (x,	y)	∈	ℭ	∧	

(y,	z)	∈	ℭ}	⊂	𝔄.
	 4.	𝔄	∩	𝔅	includes	as	its	subset	a	member	of	the	basis.

Given	a	uniformity	basis	on	𝔖,	 the	uniformity	on	𝔖	 (“based”	on	this	basis)	 is	
obtained	by	taking	each	member	of	the	basis	and	forming	its	unions	with	all	subsets	
of	𝔖	×	𝔖.A	member	of	a	uniformity	is	called	an	entourage.	Deviation	D	induces	on	
𝔖	a	uniformity	based	on	entourages

	 𝔘D(ε)	=	{(x,	y)	∈	𝔖2	:	Dxy	< ε}

taken	for	all	real	ε >	0.	This	uniformity	satisfies	the	so-called	separation	axiom:

	 ∩ε𝔘D	(ε)	=	{(x,	y)	∈	𝔖2	:	x	=	y}.

We	call	this	uniformity	the	D-uniformity.	The	D-topology	is	precisely	the	topology	
induced	by	the	D-uniformity	(Kelly,	1955,	p.	178):

	 𝔅D	(x,ε)	=	{y	∈	𝔖	:	(x,	y)	∈	𝔘D	(ε)}

is	the	restriction	of	the	basic	entourage	𝔘D	(ε)	to	the	pairs	(x	=	const,	y).

9.3.2  Chains and dissimilarity function

Chains	in	space	𝔖	are	finite	sequences	of	elements,	written	as	strings:	ab,	abc,	x1…
xk,	etc.	Note	that	the	elements	of	a	chain	need	not	be	pairwise	distinct.	A	chain	of	
cardinality k	(a	k-chain)	is	the	chain	with	k	elements	(vertices),	hence	with	k	–	1	links	
(edges).	For	completeness,	we	also	admit	an	empty	chain,	of	zero	cardinality.	We	use	
the	notation

	 D Dk i i

i

k

x x x x1 1

1

1

… = +

=

−

∑ ,

and	call	it	the	D-length	of	the	chain	x1…xk.
If	the	elements	of	a	chain	are	not	of	interest,	it	can	be	denoted	by	a	boldface	capi-

tal,	such	as	X,	with	appropriate	ornaments.	Thus,	X	and	Y	are	two	chains,	XY	 is	
their	concatenation,	aXb	is	a	chain	connecting	a	to	b.	The	cardinality	of	chain	X	is	
denoted	∙X∙.	Unless	otherwise	specified,	within	a	sequence	of	chains,	Xn,	the	cardinal-
ity	∙Xn∙	generally	varies:	Xn	=	xn

1…xn
kn

.
A	uniform	deviation	function	D	on	𝔖	is	a	uniform	dissimilarity	(or,	simply,	dis-

similarity)	function	on	𝔖	if	it	has	the	following	property:

[D4.]	for	any	sequence	of	chains	anXnbn,

	 D Dn n n n na X b a b→ ⇒ →0 0.
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See	Figure 9.6	for	an	illustration.	If	D	is	a	metric,	then	D	is	a	dissimilarity	function	
as	a	trivial	consequence	of	the	triangle	inequality.

9.3.3  Fechnerian distance

The	set	of	all	possible	chains	in	𝔖	is	denoted	by	C𝔖,	or	simply	C.	We	define	function	
Gab	by

 G D
C

ab aXb
X

=
∈
inf .

Gab	is	a	metric,	and	G*ab	=	Gab	+	Gba	is	a	symmetric	metric	(also	called	“over-
all”).	We	say	that	the	metric	G	and	the	overall	metric	G*	are	induced	by	the	dissimi-
larity	D.	Clearly,	G*ab	can	also	be	defined	by

 G D D
C C

* inf inf
, ,

ab aXbYa bXaYb
X Y X Y

= =
( )∈ ( )∈2 2

.

9.3.4  Topology and uniformity on (𝔖,G)

It	can	be	shown	that

 Danbn	→	0	⇔	Ganbn	→	0,

and

	 an	↔	bn	⇔	Ganbn	→	0	⇔	Gbnan	→	0	⇔	G*anbn	=	G*bnan	→	0.

As	a	consequence,	G	induces	on	𝔖	a	topology	based	on	sets

	 𝔅G	(x,ε)	=	{y	∈	𝔖	:	Gxy	< ε}

taken	 for	all	x	∈	𝔖	 and	positive	ε.	This	 topology	coincides	with	 the	D-topology.	
Analogously,	G	induces	on	𝔖	a	uniformity	based	on	the	sets

	 𝔄G	(ε)	=	{(x,	y)	∈	𝔖2	:	Gxy	< ε}

taken	for	all	positive	ε.	This	uniformity	coincides	with	the	D-uniformity.	The	metric	
G	is	uniformly	continuous	in	(x,	y),	i.e.,	if	a′n	↔	an	and	b′n	↔	bn,	then	

	 Ga′nb′n	−	Ganbn	→	0.

...
an

bn

Figure 9.6 An	Illustration	for	Property	D4	(chain	property).	Consider	an	infinite	sequence	
of	chains	a1X1b1,	a2X2b2,	…,	such	that	∙Xn∙	increases	beyond	bounds	with	n	→	∞,	and	DanXnbn	
converges	to	zero.	Then	Danbn	(the	D-length	of	the	dotted	arrow)	converges	to	zero	too.
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198 Measurement with persons: Theory, methods, and implementation areas

The	space	(𝔖,D)	being	uniform	and	metrizable,	we	get	its	standard	topological	
characterization	(see,	e.g.,	Hocking	&	Young,	1961,	p.	42):	it	is	a	completely normal 
space,	meaning	that	its	singletons	are	closed	and	any	its	two	separated	subsets	𝔄	and	
𝔅	(i.e.,	such	that	𝔄	∩	𝔅	=	𝔄	∩	𝔅	=	∅)	are	contained	in	two	disjoint	open	subsets.

The	following	is	an	important	fact	which	can	be	interpreted	as	that	of	 internal	
consistency	 of	 the	 metric	 G	 induced	 by	 means	 of	 dissimilarity	 cumulation:	 once	
Gab	is	computed	as	the	infimum	of	the	D-length	across	all	chains	from	a	to	b,	the	
infimum	of	the	G-length	across	all	chains	from	a	to	b	equals	Gab:

 DaXnb	→	Gab	⇒	GaXnb	→	Gab,

where	we	use	the	notation	for	cumulated	G-length	analogous	to	that	for	D-length,

	 G Gk i i

i

k

x x x x1 1

1

1

… = +

=

−

∑ .

Extending	 the	 traditional	usage	of	 the	 term,	one	can	say	 that	G	 is	an	 intrinsic 
metric.	This	is	an	extension	because	traditionally	the	notion	of	intrinsic	metric	pre-
supposes	the	existence	of	paths	(continuous	images	of	segments	of	reals)	and	their	
lengths.	In	subsequent	sections	we	consider	special	cases	of	dissimilarity	cumulation	
in	which	the	intrinsicality	of	G	does	acquire	its	traditional	meaning.

9.4  Dissimilarity Cumulation in arc-connected spaces

9.4.1  Path and their lengths

Because	the	notion	of	uniform	convergence	in	the	space	(𝔖,D)	is	well-defined,

	 an	↔	bn	⇔	Danbn	→	0,

we	can	meaningfully	speak	of	continuous	and	uniformly	continuous	functions	from	
reals	into	𝔖.

Let	 f	 :	 [a,	b]	→	𝔖,	or	 f ∙[a,	b],	be	 some	continuous	 (hence	uniformly	continu-
ous)	function	with	f(a)	=	a,	f(b)	=	b,	where	a	and	b	are	not	necessarily	distinct.	We	
call	such	a	function	a	path connecting	a	to	b.	A	space	is	called	arc-connected (or	
path-connected)	 if	any	 two	points	 in	 it	can	be	connected	by	a	path.	Even	 though	
arcs	have	not	yet	been	introduced,	the	terms	“arc-connected”	and	“path-connected”	
are	synonymous,	because	(𝔖,D)	is	a	Hausdorff	space,	so	if	two	points	in	it	are	con-
nected	by	a	path	they	are	also	connected	by	an	arc	(see,	e.g.,	Hocking	&	Young,	1961,	
pp.	116–117).	Hereafter	we	assume	that	(𝔖,D)	is	an	arc-connected	space.

Choose	an	arbitrary	net on	[a,	b],

	 μ	=	(a	=	x0	≤	x1	≤	…	≤	xk	≤	xk+1	=	b),

where	the	xi’s	need	not	be	pairwise	distinct.	We	call	the	quantity
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	 δµ = −( )
= …

+max
, , ,i k

i ix x
0 1

1

the	net’s	mesh.	As	δμn	→	0,	nets	μn	provide	a	progressively	better	approximation	for	
[a,	b]. 

Given	a	net	μ	=	(x0, x1, …, xk, xk+1),	any	chain	X	=	x0x1	…	xkxk+1	(with	the	elements	
not	necessarily	pairwise	distinct,	and	x0	and	xk+1	not	necessarily	equal	to	a	and	b)	can	
be	used	to	form	a	chain-on-net

	 Xµ	=	((x0,	x0),	(x1,	x1), …,	(xk,	xk),	(xk+1,	xk+1)).

Denote	the	class	of	all	such	chains-on-nets	Xµ	(for	all	possible	pairs	of	a	chain	X	and	
a	net	μ	of	the	same	cardinality)	by	ℳa

b.	Note	that	a	chain-on-net	is	not	a	function	from	
{x	:	x	is	an	element	of	μ}	into	𝔖,	for	it	may	include	pairs	(xi	=	x,	xi)	and	(xj	=	x,	xj)	
with	xi	≠	xj.	Note	also	that	within	a	given	context	Xµ	and	Xν	denote	one	and	the	same	
chain	on	two	nets,	whereas	Xµ,	Yµ	denote	two	chains	on	the	same	net.

We	define	the	separation of	the	chain-on-net	Xµ	=	((x0,	x0), …,	(xk+1,	xk+1))	∈	ℳa
b	

from	a	path	f ∙	[a,	b]	as

	 σ µ

µ
f X f x( ) = ( )

∈
max
x

i i
i

D x .

For	a	sequence	of	paths	fn∙	[a,	b],	any	sequence	of	chains-on-nets	Xn
µn	∈	ℳa

b	with	
δμn	→	0	and	σfn	(Xn

µn)	→	0	is	referred	to	as	a	sequence	converging with fn.	We	denote	
such	convergence	by	Xn

µn	→	fn.	In	particular,	Xn
µn	→	f	for	a	fixed	path	f ∙	[a,	b]	means	

that δμn	→	0	and	σf	(Xn
µn)	→	0:	in	this	case	we	can	say	that	Xn

µn	converges	to f.	See	
Figure 9.7	for	an	illustration.

We	define	the	D-length of	f ∙	[a,	b]	as

 D D Df X X
X f

Xf

= =
→ →

( )→
lim inf lim inf

µ

µ
δµ

σ
0

0

,

where	all	Xµ	∈	ℳa
b.

δ

σ

a

a
b

b

Figure 9.7 A	chain-on-net	Xµ	is	converging	to	a	path	f	as	σ	=	σf	(X
µ)	→	0	and	δ	=	δμ	→	0.
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Given	 a	path	 f ∙	 [a,	b],	 the	 class	of	 the	 chains-on-nets	Xµ	such	 that	δμ	<	δ	 and	
σf	(Xµ)	< ε	is	nonempty	for	all	positive	δ	and	ε,	because	this	class	includes	appropri-
ately	chosen	inscribed chains-on-nets

 ((a,	a),	(x1,	f	(x1)), …,	(xk,	f	(xk)),	(b,	b)).

Here,	obviously,	σf	(Xµ)	is	identically	zero.	Note,	however,	that	with	our	definition	of	
D-length	one	generally	cannot	confine	one’s	consideration	to	the	inscribed	chains-
on-nets	only	(see	Figure 9.8).

Let	us	consider	some	basic	properties	of	paths.	For	any	path	f ∙	[a,	b]	connecting	
a	to	b,

 Df	≥	Gab.

That	is,	the	D-length	of	a	path	is	bounded	from	below	by	Gab.	There	is	no	upper	
bound	for	Df;	 this	quantity	need	not	be	finite.	Thus,	 it	 is	shown	below	that	when	
D	is	a	metric,	the	notion	of	Df	coincides	with	the	traditional	notion	of	path	length;	
and	examples	of	paths	whose	 length,	 in	 the	 traditional	sense,	 is	 infinite,	are	well-
known	(see,	e.g.,	Chapter	1	in	Papadopoulos,	2005).	We	call	a	path	D-rectifiable if	
its	D-length	is	finite.

...

...

(1, 0)

(a1, a2) (b1, b2)

(b1́, b 2́)
(a1́, a 2́)

(0, 1)(0, 0)

(1, 0)

(0, 1)(0, 0)

b2

a2

a1 b1

x1,i+1x1,i
x 2

,i
x 2

,i+
1

Figure 9.8 A	 demonstration	 of	 the	 fact	 that	 inscribed	 chains	 are	 not	 suffcient	 for	
D-length	 computations.	 The	 D	 from	 (a1,a2)	 to	 (b1,b2)	 is	 defined	 as	 ∙a1	 −	 b1∙	+	 ∙a2	 −	 b2∙	+	
min	{∙a1	−	b1∙,	∙a2	−	b2∙}.	It	is	a	dissimilarity	function,	as	illustrated	in	the	top	panels.	Bottom	
left:	the	staircase	chain	has	the	cumulated	dissimilarity	2,	and	2	is	the	true	D-length	of	the	
hypotenuse.	Bottom	right:	the	inscribed	chain	has	the	cumulated	dissimilarity	3.
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We	next	note	the	additivity	property	for	path	length.	For	any	path	f ∙	[a,	b]	and	
any	point	z	∈	[a,	b],

 Df ∙	[a,	b]	=	Df ∙	[a,	z]	+	Df	[z,	b].

Df	for	any	path	f ∙	[a,	b]	is	nonnegative,	and	Df	=	0	if	and	only	if	f	is	constant	(i.e.,	
f	([a,	b])	is	a	singleton).

The	quantity

	 σ f g f g( ) = ( ) ( )
∈[ ]
max

,x a b
D x x

is	called	the	separation of	path	g∙	[a,	b]	from	path	f∙	[a,	b].	Two	sequences	of	paths	
fn	and	gn	are	said	to	be	(uniformly)	converging to	each	other	if	σfn	(gn)	→	0.	Due	to	
the	symmetry	of	the	convergence	in	𝔖,	 this	implies	σgn	(fn)	→	0,	so	the	definition	
and	terminology	are	well-formed.	We	symbolize	this	by	fn	→	gn.	In	particular,	if	f	is	
fixed	then	a	sequence	fn	converges	to	f	if	σf	(fn)	→	0.	We	present	this	convergence	as	
fn	→	f.	Note	that	if	fn	→	f,	the	endpoints	an	=	fn	(a)	and	bn	=	fn	(b)	generally	depend	
on	n	and	differ	from,	respectively	a	=	f	(a)	and	b	=	f	(b).

The	 following	 very	 important	 property	 is	 called	 the	 lower semicontinuity of	
D-length	(as	a	function	of	paths).	For	any	sequence	of	paths	fn	→	f,

	 lim inf
n

nD D
→∞

≥f f .

9.4.2  G-lengths

Because	the	metric	G	induced	by	D	in	accordance	with

 G Dab aXb
X

= inf

is	 itself	a	dissimilarity	 function,	 the	G-length of	a	path	 f	 :	 [a,	b]	→	𝔖	 should	be	
defined	as

 Gf = lim	inf GX,
 Xμ ∈ℳa

b

	 Xμ	G→f

where	(putting	X	=	x0x1	…	xkxk+1),

	 G G i i

i

k

X x x= +

=
∑ 1

0

,

and	the	convergence	X fµ →G 	(where	μ	is	the	net	a	=	x0, x1, …, xk, xk+1	=	b	correspond-
ing	to	X)	means	the	conjunction	of	δμ	→	0	and
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	 σ µ
f X f x*

, ,
max( ) = ( ) →

= … +i k
i iG x

0 1
0 .

It	is	easy	to	see,	however,	that	 X fµ →G 	and	Xµ	→	f	are	interchangeable:

	 X f X fµ µ→ ⇔ →G .

Because	G	is	a	metric,	we	also	have,	by	a	trivial	extension	of	the	classical	theory	
(e.g.,	Blumenthal,	1953),	

 Gf	=	sup	GZ	

with	the	supremum	taken	over	all	inscribed	chains-on-nets	Zν;	moreover,

 G G
n

nf Z=
→∞

lim

for	any	sequence	of	inscribed	chains-on-nets	Zn
νn	with	δνn	→	0.

As	 it	 turns	 out,	 these	 traditional	 definitions	 are	 equivalent	 to	 our	 definition	 of	
G-length.	Moreover	the D-length	and	G-length	of	a	path	are	always	equal:	for	any	
path	f,

 Df	=	Gf.

9.4.3  Other properties of D-length for paths and arcs

The	properties	established	in	this	section	parallel	the	basic	properties	of	path	length	
in	 the	 traditional,	metric-based	 theory	 (Blumenthal,	1953;	Blumenthal	&	Menger,	
1970;	Busemann,	 2005).	We	note	first	 the	uniform	continuity	 of	 length	 traversed	
along	a	path:	for	any	D-rectifiable	path	f∙	[a,	b]	and	[x,	y]	⊂	[a,	b],	Df∙	[x,	y]	is	uniformly	
continuous	in	(x,	y),	nondecreasing	in	y	and	nonincreasing	in	x	(see	Figure 9.9).

The	next	 issue	we	consider	 is	 the	 (in)dependence	of	 the	D-length	of	a	path	on	
the	path’s	parametrization.	The	D-length	of	a	path	is	not	determined	by	its	image	
f	([a,	b])	alone	but	by	the	function	f	:	[a,	b]	→	𝔖.	Nevertheless	two	paths	f∙	[a,	b]	and	
g∙	[c,	d]	with	one	and	the	same	image	do	have	the	same	D-length	if	they	are	related	
to	each	other	in	a	certain	way.	Specifically,	this	happens	if	f	and	g	are	each	others’	
reparametrizations,	by	which	we	mean	that,	for	some	nondecreasing	and	onto	(hence	
continuous)	mapping	ϕ	:	[c,	d]	→	[a,	b],

	 g	(x)	=	f	(ϕ	(x)), x	∈	[c,	d].

Note	that	we	use	a	“symmetrical”	terminology	(each other’s reparametrizations)	
even	though	the	mapping	ϕ	is	not	assumed	to	be	invertible.	If	it	is	invertible,	then	it	is	
an	increasing	homeomorphism,	and	then	it	is	easy	to	see	that	Df	=	Dg.	This	equality	
extends	to	the	general	case	(see	Figure 9.10).

We	define	an	arc as	a	path	that	can	be	reparametrized	into	a	homeomorphic	path.	
In	other	words,	g∙	[c,	d]	is	an	arc	if	one	can	find	a	nondecreasing	and	onto	(hence	
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continuous)	mapping	ϕ	:	[c,	d]	→	[a,	b],	such	that,	for	some	one-to-one	and	continu-
ous	(hence	homeomorphic)	function	f	:	[a,	b]	→	𝔖,

	 g	(x)	=	f	(ϕ	(x)),

for	any	x	∈	[c,	d].	It	can	be	shown	(by	a	nontrivial	argument)	that	any	path	contains	
an	arc	with	the	same	endpoints	and	the	D-length	that	cannot	exceed	the	D-length	of	

a

b

x
ym

a
b

Figure 9.9 Uniform	continuity	of	length:	as	x	and	y	get	closer	to	each	other,	the	length	of	the	
corresponding	piece	of	the	path	converges	to	zero.

b

c

d

b
a

a

f

Figure 9.10 The	path	f	on	[a,	b]	can	be	reparametrized	without	its	length	affected	into	a	path	
on	[c,	d]	mapped	onto	[a,	b]	by	a	nondecreasing	function	ϕ.
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the	path	(see	Figure 9.11).	Stated	rigorously,	let	f∙	[a,	b]	be	a	D-rectifiable	path	con-
necting	a	to	b.	Then	there	is	an	arc	g∙	[a,	b]	connecting	a	to	b,	such	that

	 g	([a,	b])	⊂	f	([a,	b]),

and

 Dg∙	[a,	b]	≤	Df∙	[a,	b],

where	the	inequality	is	strict	if	f∙	[a,	b]	is	not	an	arc.	This	result	is	important,	in	par-
ticular,	in	the	context	of	searching	for	shortest	paths	connecting	one	point	to	another	
(Section	9.4.4):	in	the	absence	of	additional	constraints	this	search	can	be	confined	
to	arcs	only.

9.4.4  Complete dissimilarity spaces with intermediate points

A	dissimilarity	space	(𝔖,D)	is	said	to	be	a	space	with intermediate points if	for	any	
distinct	a,	b	one	can	find	an	m	such	that	m	∉{a,	b}	and	Damb	≤	Dab	(see	Figure	
9.12).	This	notion	generalizes	 that	of	Menger convexity (Blumenthal,	 1953,	p.	41;	
the	term	itself	is	due	to	Papadopoulos,	2005).	If	D	is	a	metric,	the	space	is	Menger-
convex	if,	for	any	distinct	a,	b,	there	is	a	point	m	∉{a,	b}	with	Damb	=	Dab.	(The	
traditional	definition	is	given	for	symmetric	metrics	but	it	can	be	easily	extended.)

Recall	that	a	space	is	called	complete if	every	Cauchy	sequence	in	it	converges	to	
a	point.	Adapted	to	(𝔖,D),	the	completeness	means	that	given	a	sequence	of	points	
xn	such	that

	 lim
k
l

k lD
→∞
→∞

=x x 0 ,

there	is	a	point	x	in	𝔖	such	that

	 xn	↔	x.

Figure 9.11 One	can	remove	closed	loops	from	a	path	and	be	left	with	a	shorter	arc.

a
b

m

a
bm

Figure 9.12 Point	m	 is	 intermediate	 to	a	 and	b	 if	Damb	 ≤	Dab.	E.g.,	 if	D	 is	Euclidean	
distance	(right	panel),	any	m	on	the	straight	line	segment	connecting	a	to	b	is	intermediate	
to	a	and	b.
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Blumenthal	(1953,	pp.	41–43)	proved	that	if	a	Menger-convex	space	is	complete	
then	a	can	be	connected	to	b	by	a	geodesic arc,	 that	 is,	an	arc	h	with	Dh	=	Dab	
(where	D	 is	a	symmetric	metric).	As	it	turns	out,	this	result	can	be	generalized	to	
nonmetric	dissimilarity	functions,	in	the	following	sense:	in	a	complete	space	with	
intermediate	points,	any	a	can	be	connected	to	any	b	by	an	arc	f	with

 Df	≤	Dab.

See	Figure 9.13	for	an	illustration.	It	follows	that	Gab	in	such	a	space	can	be	viewed	
as	the	infimum	of	lengths	of	all	arcs	connecting	a	to	b.	Put	differently,	in	a	complete	
space	with	intermediate	points	the	metric	G	induced	by	D	is	intrinsic,	in	the	tradi-
tional	sense	of	the	word.

9.5  Conclusion

Let	us	summarize.	Universal	Fechnerian	Scaling	is	a	theory	dealing	with	the	com-
putation	 of	 subjective	 distances	 from	 pairwise	 discrimination	 probabilities.	 The	
theory	is	applicable	to	all	possible	stimulus	spaces	subject	to	the	assumptions	that	
(a)	discrimination	probabilities	satisfy	 the	 law	of	Regular	Minimality,	and	(b)	 the	
two	canonical	psychometric	increments	of	the	first	and	second	kind,	Ψ(1)	and	Ψ(2),	
are	dissimilarity	functions.

0 1 0 1

0 1 0 1

Figure 9.13 In	a	complete	space	with	intermediate	points	any	points	a	and	b	can	be	con-
nected	by	chains	whose	cardinality	increases	beyond	bounds	and	the	dissimilarity	between	
successive	 elements	 converged	 to	 zero.	 As	 a	 result	 the	 chains	 converge,	 pointwise	 and	 in	
length,	to	an	arc	whose	length	is	not	greater	than	Dab.
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A	dissimilarity	function	Dab	(where	D	can	stand	for	either	Ψ(1)	or	Ψ(2))	for	pairs	
of	stimuli	in	a	canonical	representation	is	defined	by	the	following	properties:

D1.	a	≠	b	⇒	Dab	>	0;
D2.	Daa	=	0;
D3.	If	Dana′n	→	0	and	Dbnb′n	→	0,	then	Da′nb′n	–	Danbn	→	0;	and
D4.		for	any	sequence	anXnbn,	where	Xn	is	a	chain	of	stimuli,	DanXnbn	→	0	⇒	

Danbn	→	0.

It	allows	us	to	impose	on	the	stimulus	space	the	(generally	asymmetric)	Fechnerian	
metric	 Gab,	 computed	 as	 as	 the	 infimum	 of	 DaXb	 across	 all	 possible	 chains	
X	 inserted	 between	 a	 and	 b.	 The	 overall	 (symmetric)	 Fechnerian	 distance	 G*ab	
between	a	and	b	is	defined	as	Gab	+	Gba.	This	quantity	does	not	depend	on	whether	
one	uses	Ψ(1)	or	Ψ(2)	in	place	of	D.

The	dissimilarity	D	imposes	on	stimulus	space	a	topology	and	a	uniformity	struc-
ture	that	coincide	with	the	topology	and	uniformity	induced	by	the	Fechnerian	met-
ric	G	(or	G*).	The	metric	G	is	uniformly	continuous	with	respect	to	the	uniformity	
just	mentioned.	Stimulus	space	is	topologically	characterized	as	a	completely	nor-
mal	space.

The	Dissimilarity	Cumulation	theory	can	be	specialized	to	arc-connected	spaces	
with	no	additional	constraints	imposed	either	on	these	spaces	or	on	the	type	of	paths.	
We	have	seen	that	the	path	length	can	be	defined	in	terms	of	a	dissimilarity	func-
tion	as	the	limit	inferior	of	the	lengths	of	appropriately	chosen	chains	converging	to	
paths.	 Unlike	 in	 the	 classical	 metric	 based	 theory	 of	 path	 length,	 the	 converging	
chains	generally	are	not	confined	to	inscribed	chains	only:	the	vertices	of	the	con-
verging	chains	are	allowed	to	“jitter	and	meander”	around	the	path	to	which	they	are	
converging.	Given	this	difference,	however,	most	of	the	basic	results	of	the	metric-
based	theory	are	shown	to	hold	true	in	the	dissimilarity-based	theory.

The	 dissimilarity-based	 length	 theory	 properly	 specializes	 to	 the	 classical	 one	
when	the	dissimilarity	in	question	is	itself	a	metric	(in	fact	without	assuming	that	
this	metric	is	symmetric).	In	this	case	the	limit	inferior	over	all	converging	chains	
coincides	with	that	computed	over	the	inscribed	chains	only.	It	is	also	the	case	that	
the	length	of	any	path	computed	by	means	of	a	dissimilarity	function	remains	the	
same	if	the	dissimilarity	function	is	replaced	with	the	metric	it	induces.

We	have	considered	a	class	of	spaces	in	which	the	metrics	induced	by	the	dissimi-
larity	functions	defined	on	these	spaces	are	intrinsic:	which	means	that	the	distance	
between	two	given	points	can	be	computed	as	the	infimum	of	the	lengths	of	all	arcs	
connecting	these	points.	We	call	them	spaces	with	intermediate	points,	the	concept	
generalizing	that	of	the	metric-based	theory’s	Menger	convexity.

All	of	this	shows	that	the	properties	D3	and	D4	of	a	dissimilarity	function	rather	
than	the	symmetry	and	triangle	inequality	of	a	metric	are	essential	in	dealing	with	
the	notions	of	path	length	and	intrinsic	metrics.

In	conclusion,	it	should	be	mentioned	that	the	notion	of	dissimilarity	and	the	the-
ory	of	dissimilarity	cumulation	has	a	broader	field	of	applicability	than	just	discrimi-
nation	functions.	Thus,	it	seems	plausible	to	assume	that	means	or	medians	of	direct	
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numerical estimates of pairwise dissimilarities,	of	the	kind	used	in	Multidimensional	
Scaling	(MDS,	see,	e.g.,	Borg	&	Groenen,	1997),	can	be	viewed	as	dissimilarity	val-
ues	in	the	technical	sense	of	the	present	theory.	This	creates	the	possibility	of	using	
the	dissimilarity	cumulation	procedure	as	a	data-analytic	 technique	alternative	 to	
(and,	in	some	sense,	generalizing)	MDS.	Instead	of	nonlinearly	transforming	dissim-
ilarity	estimates	Dab	into	distances	of	a	preconceived	kind	(usually,	Euclidean	dis-
tances	in	a	low-dimensional	Euclidean	space)	one	can	use	dissimilarity	cumulation	
to	compute	distances	G*ab	from	untransformed	Dab	and	then	see	if	these	stimuli	
are	isometrically	(i.e.,	without	changing	the	distances	G*ab	among	them)	embed-
dable	 in	 a	 low-dimensional	 Euclidean	 space	 (or	 another	 geometric	 structure	 with	
desirable	properties).	This	approach	can	be	used	even	if	the	dissimilarity	estimates	
are	nonsymmetric.	A	variety	of	modifications	readily	suggest	 themselves,	such	as	
taking	into	account	only	small	dissimilarities	in	order	to	reduce	the	dimensionality	
of	the	resulting	Euclidean	representation.

Another	line	of	research	links	the	theory	of	dissimilarity	cumulation	with	infor-
mation geometry (see,	e.g.,	Amari	&	Nagaoka,	2000)	and	applies	to	the	categoriza-
tion	paradigm.	Here,	each	stimulus	a	 is	characterized	by	a	vector	of	probabilities	
(a1, …, ak),	

	 ai
i

k

=
=

∑ 1
1

,

where	ai	 indicates	 the	probability	with	which	a	 is	 classified	 (by	an	observer	or	 a	
group	of	people)	into	the	ith	category	among	certain	k >	1	mutually	exclusive	and	
collectively	exhaustive	categories.	It	can	be	shown,	to	mention	one	application,	that	
the	square	root	of	the	symmetrical	version	of	the	Kullback–Leibler	divergence	mea-
sure	(Kullback	&	Leibler,	1951),

 D a b
a
b

i i
i

ii

k

ab ab= = −( )
=

∑DivKL log
1

,

is	a	(symmetric)	dissimilarity	function	on	any	closed	subarea	of	the	area

	 x = …( ) > … > =










=
∑x x x x xk k i

i

k

1 1

1

0 0 1, , : , , , .

The	 stimuli	 x	 can	 also	 be	 viewed	 as	 belonging	 to	 a	 (k	 –	 1)-dimensional	 unit	
sphere,	with	coordinates	 x1 , …,	 xk .	The	cumulation	of	Dab	leads	to	the	classi-
cal	for	information	geometry	spherical	metric	in	any	spherically	convex	area	of	the	
stimulus	space	(i.e.,	an	area	which	with	any	two	stimuli	it	contains	also	contains	the	
smaller	arc	of	the	great	circle	connecting	them).	In	those	cases	where	the	spheri-
cal	convexity	is	not	satisfied	(e.g.,	if	the	sphere	has	gaps	with	no	stimuli,	or	stimuli	
form	a	discrete	set),	the	computation	of	the	distances	along	great	circles	has	to	be	
replaced	with	more	general	computations	using	finite	chains	of	stimuli.
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Neural networks and fuzzy systems

Christian Eitzinger and Wolfgang Heidl
Profactor	GmbH
Steyr-Gleink,	Austria

10.1  Introduction

Neural	networks	and	fuzzy	systems	both	belong	to	the	area	of	soft	computing.	They	
try	to	reproduce	properties	of	human	thinking	and	the	neurobiology	of	the	human	
brain	to	create	new	mathematical	structures.	This	new	way	of	looking	at	mathematics	
has	led	to	developments	in	a	range	of	fields	such	as	modeling	of	human	vision,	con-
trol	of	complex	dynamical	systems,	and	even	the	prediction	of	financial	markets.

For	 the	 purpose	 of	 “measurement	 with	 persons,”	 neural	 networks	 and	 fuzzy	
systems	are	of	high	relevance,	because	they	both	consider	the	“human	element”	at	
different	levels	of	abstraction.	This	specific	property	makes	them	interesting	math-
ematical	structures	for	modeling	human	judgment,	behavior,	or	decisions.

Both	neural	networks	and	fuzzy	systems	have	developed	into	huge	fields	of	research	
and	we	are	thus	limited	to	only	a	brief	introduction.	We	explain	the	basic	elements	
that	make	up	neural	networks	and	fuzzy	systems	and	then	take	a	big	step	forward,	by	
almost	40	years	of	research,	to	recent	models	of	the	human	visual	cortex.

10.2  Neural networks

The	 development	 of	 neural	 networks	 was	 initiated	 by	 the	 wish	 to	 reproduce	 the	
capability	of	 the	human	brain	 to	deal	with	complicated	tasks	such	as	understand-
ing	speech	or	identifying	objects	in	an	image.	The	observation	was	that	the	human	
brain	was	outperformed	by	even	 the	simplest	calculator	 in	 terms	of	precision	and	
speed	when	doing	basic	calculations,	but	that	artificial	systems	utterly	failed	in	many	
tasks	that	would	be	considered	straightforward	by	a	human.	It	was	soon	understood	
that	computing	power	alone	would	not	solve	the	problem	and	that	something	more	
was	needed	to	enhance	the	performance	of	artificial	systems	on	complicated	tasks.	
Consequently,	 the	 idea	 emerged	 to	 use	 the	 results	 of	 neurophysiology	 and	 to	 try	
to	duplicate	these	in	artificial	systems,	thus	combining	the	precision	and	speed	of	
computers	with	the	flexibility	and	learning	capabilities	of	the	human	brain.	A	good	
overview	can	be	found	in,	for	example,	Lin	and	Lee	(1995).

10
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10.2.1  Properties of biological neural networks

There	are	several	features	that	made	biological	neural	networks	different	from	arti-
ficial	systems	at	least	by	the	time	the	idea	of	neural	networks	was	created.	Today	we	
might	look	at	these	features	slightly	differently,	in	the	presence	of	the	Web	2.0	and	
GRID	computing,	but	with	respect	to	smaller	entities	the	main	issues	are	still	valid:

Adaptivity:	The	human	brain	 is	dynamically	changing	and	adapting	 to	new	
inputs,	which	do	not	appear	 in	a	previously	defined	pattern.	More	recent	
inputs	will	be	more	relevant	to	the	brain	than	inputs	from	the	distant	past.	
The	brain	is	able	to	learn	from	examples	by	complicated	reward	and	pun-
ishment	processes.

Interconnected structure:	The	basic	components	of	the	brain—the	neurons—
make	 up	 a	 highly	 interconnected	 structure.	 The	 brain	 itself	 consists	 of	
approximately	 10¹¹	 neurons,	 where	 each	 neuron	 is	 connected	 to	 another	
10,000	neurons.	 It	 is	 in	 these	 connections	 that	 information	 is	 stored	and	
learning	takes	place.

Structural robustness:	As	the	number	of	neurons	is	very	large,	the	function-
ing	of	the	brain	does	not	depend	on	a	single	neuron	and	not	even	on	a	large	
number	 of	 neurons.	 If	 many	 neurons	 cease	 to	 function,	 then	 the	 perfor-
mance	of	the	brain	gradually	decreases	but	does	not	deteriorate	abruptly.	
We	observe	this	as	part	of	the	aging	process	that	is	accompanied	by	a	slow	
decay	of	 the	number	of	neurons.	This	robustness	achieved	by	distributed	
storing	of	knowledge	is	a	property	of	huge	interest	in	artificial	systems	and	
in	particular	in	military	applications.

Hierarchical structure:	 The	 information	 processing	 from	 the	 sensors	 to	 the	
higher	cortical	regions	is	not	a	one-step	process,	but	the	brain	is	set	up	in	
the	 form	of	 interconnected	 layers,	where	each	 layer	 fulfills	 specific	 tasks.	
Modern	 diagnostic	 technologies	 such	 as	 functional	 magnetic	 resonance	
imaging	(fMRI)	allow	us	to	identify	regions	that	become	activated	during	
various	tasks.	This	technology	is	still	in	its	early	stages	and	much	work	needs	
to	be	done	on	refining	experiments	in	order	to	provide	more	insight	not	only	
into	the	spatial	organization	of	brain	areas	but	also	their	temporal	hierarchy.

Size:	In	terms	of	computing	elements	the	human	brain	is	huge.	Even	compared	
to	high-performance	computers,	the	number	of	neurons	and	their	connec-
tions	is	still	large.	In	addition	to	this	the	adult	brain	has	had	many	years	or	
decades	to	learn	and	it	has	a	powerful	sensory	system	at	its	disposal	that	
provides	input	and	positive	or	negative	feedback.	It	thus	creates	the	experi-
ence	that	makes	each	individual	unique.

Parallel computation:	Processing	in	the	brain	is	massively	parallel	and	asyn-
chronous,	which	enables	the	brain	to	process	large	amounts	of	information	
in	a	comparatively	short	time.	Even	structures	of	sequential	layers	that	were	
used	in	earlier	models	of	the	brain	(e.g.,	in	human	decision	making)	are	now	
being	reviewed	and	replaced	by	highly	interconnected	structures	 that	are	
assumed	to	be	evaluated	in	parallel.
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We	now	start	to	develop	artificial	neural	networks	and	at	the	end	of	the	“neural	
networks”	section	take	a	look	back	at	their	properties	and	compare	them	to	those	of	
biological	neural	networks.

10.2.2  Mathematical representation of artificial neural networks

The	basic	biological	computing	elements	of	which	the	brain	is	built	are	the	neurons.	
Each	neuron	consists	of	a	cell	body	(soma),	extensions	that	transfer	incoming	signals	
to	the	soma	(dendrites),	and	a	single	output	nerve	fiber	(axon)	which	sends	signals	to	
other	neurons.	The	 junction	points	 that	 connect	 the	 axons	 to	 the	dendrites	of	 the	
next	neuron	are	 called	 synapses;	 this	 is	 the	place	were	memory	 resides.	 In	 all	 of	
these	parts	complicated	electrochemical	processes	generate	the	well-known	electri-
cal	behavior	of	neurons	(Gupta	and	Knopf,	1993).

In	terms	of	information	processing	each	neuron	transforms	the	aggregation	of	the	
stimulus	signals	received	by	the	dendrites	into	a	sequence	of	frequency-modulated	
pulses	called	action	potentials.	Two	important	properties	of	the	action	potential	are	
directly	related	to	the	encoding	abilities	of	a	neuron.	The	first	one	is	the	rise	time	
(latency),	which	it	takes	for	the	resulting	action	potential	to	rise	after	the	stimulus	has	
been	applied.	This	response	time	has	been	observed	to	decrease	exponentially	with	
the	intensity	of	the	stimulus.	The	second	property	is	the	minimum	time	that	has	to	
pass	before	another	action	potential	can	be	generated	by	the	axon.	This	time,	which	
is	the	minimum	time	between	two	consecutive	pulses,	is	called	the	refractory	period.	
If	a	stimulus	greater	than	a	specific	threshold	value	is	applied,	both	the	latency	and	
the	refractory	period	will	control	the	frequency	of	the	generated	action	potentials.	
A	stimulus	with	high	intensity	will	generate	a	short	rise	time	and	a	short	refractory	
period,	thus	producing	a	high	pulse	frequency.	From	experiments	it	has	been	found	
that	the	relationship	between	the	intensity	of	the	stimulus	and	the	frequency	of	the	
action	potentials	is	linear	over	a	limited	range	with	a	saturation	characteristic	at	high	
and	low	stimulus	levels.

If	 the	 dynamical	 processes	 within	 the	 neuron	 are	 neglected,	 then	 it	 can	 be	
described	as	a	function	f:RN	→	R	that	maps	a	vector	of	N	input	variables	(stimuli)	
to	one	output	(frequency	of	action	potentials).	To	resemble	the	biological	concept	of	
neurons	this	function	is	composed	of	a	linear	part,	which	is	the	aggregation	of	the	
incoming	stimuli,	where	 the	 inputs	x	undergo	some	kind	of	 linear	 transformation	
such	as
	 a	=	wTx	 (10.1a)

to	give	 the	activation	a	 of	 this	neuron.	This	 also	 resembles	 the	processing	of	 the	
inputs	in	the	synaptic	connections,	where	connections	with	positive	weights	(wi	>	0)	
are	considered	to	be	excitatory	and	connections	with	negative	weights	(wi	<	0)	are	
inhibitory.	The	output	is	then	found	by	applying	a	usually	nonlinear	activation	func-
tion,	of	which	the	step-function	is	the	simplest:

	 y step a
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a
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As	said	before,	the	neuron	also	includes	some	kind	of	threshold	operation,	where	the	
activation	has	to	rise	above	a	specific	value,	before	an	output	is	produced.	To	inte-
grate	this	behavior	into	our	model,	Equation	(10.1a)	will	be	modified	to

	 a	=	wTx	+	b,	 (10.1c)

where	b	is	called	bias	or	offset	value.	Depending	on	whether	wTx	is	greater	than	b	
an	output	of	1	or	0	is	produced.	The	three	formulas	(10.1a–c)	constituted	the	first	
model	of	a	neuron	developed	around	1940.	However,	the	discontinuous	behavior	of	
the	step-function	made	it	hard	to	analyze	larger	structures	of	such	neurons,	in	par-
ticular	given	the	limited	computing	power	available	at	that	time.	About	30	years	later	
research	on	artificial	neurons	and	neural	networks	re-emerged	and	led	to	the	field	
that	we	now	know	as	artificial	neural	networks.

In	addition	to	the	development	of	computers,	the	most	important	structural	modi-
fication	was	the	replacement	of	the	step-function	with	a	continuous	mapping	of	acti-
vations	to	the	intervals	[0,1]	or	[–1,1].	This	has	the	computational	advantage	that	the	
output	is	not	limited	to	the	values	0	and	1,	and	that	the	function	is	continuously	dif-
ferentiable,	which	gives	rise	to	efficient	training	methods.	Commonly	used	activation	
functions	are	shown	in	Figure 10.1.

Among	them	there	are	the	unipolar	sigmoid	activation	function

	 y
e a=

+ −
1

1

and	the	bipolar	sigmoid	activation	functions

	 y
e a=

+
−−

2
1

1 	or	y	=	tanh(a).

Another	activation	function,	which	does	not	exactly	fit	into	the	scheme	introduced	
above,	is	the	radial	basis	function,	where	the	outputs	are	found	from
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Figure 10.1 Shapes	of	commonly	used	activation	functions.
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This	function	will	generate	greater	outputs	if	the	vector	of	inputs	x	is	similar	to	the	
vector	of	weights	w	and	the	distance	between	the	two	vectors	is	small.

Independent	of	 the	 specific	activation	 function	used,	 the	neurons	are	 set	up	 in	
layers	and	the	layers	are	then	combined	to	form	multilayer	networks.	This	usually	
allows	 an	 efficient	mathematical	 description	 in	 terms	of	matrix	operations.	 For	 a	
layer	of	N	neurons	and	M	inputs	the	output	of	neuron	i, i = 1,	2,	…,	N with	activation	
function	f:RM	→	R	can	be	found	by

	 y f w x bi i
T

i= +( )

or	for	the	whole	layer	f:RM→RN

	 y f Wx b= +( ),

where	W	is	the	matrix	of	weights	and	b	is	the	vector	of	offset	values.	The	activation	
function	 f is	applied	to	each	element	of	 the	resulting	vector	of	activations.	Neural	
networks	usually	consist	of	an	input	layer,	a	number	of	hidden	layers,	and	an	out-
put	layer.	For	simple	feed-forward	networks	each	layer	processes	the	outputs	of	the	
preceding	layer	and	sends	its	own	outputs	to	the	following	layer.	When	outputs	are	
directed	back	to	the	same	or	preceding	layers,	then	the	network	is	a	feedback	net-
work.	Feedback	networks,	which	have	closed	loops,	are	called	recurrent	networks.	A	
typical	structure	of	a	feed-forward	network	is	shown	in	Figure 10.2.

Learning	in	these	networks	is	done	almost	exclusively	by	variants	of	the	so-called	
backpropagation	algorithm.	The	basic	idea	is	very	simple.	The	output	of	the	network	
y	is	compared	to	a	target	vector t,	resulting	in	an	error	e	= t – y.	Based	on	this	error	
changes	for	the	weights	Δw	are	calculated	so	that	the	error	decreases.	An	additional	
error	signal	is	calculated	for	the	inputs	of	the	layer,	and	based	on	this	error	signal	
the	weights	of	the	upstream	layer	are	modified.	This	process	can	be	repeated	recur-
sively	until	we	 reach	 the	 input	 layer.	Quite	 soon	 it	was	 found	 that	 this	procedure	
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Figure 10.2 Feed-forward	network	for	optical	character	recognition	with	an	input,	a	hidden,	
and	an	output	layer.
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is	equivalent	 to	a	gradient	descent	method,	where	the	changes	for	the	weights	are	
calculated	so	as	to	proceed	in	the	direction	of	the	error	gradient,	when	minimizing	
the	sum	of	squares	error.

	 ∆ ∆w
t y

dw
and w w wk
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k k k= −
∂ −

= ++
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2

2
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Repeated	updating	of	the	weights	with	an	appropriate,	small	step	size	λ	finally	leads	
to	a	local	minimum	of	the	error	and	the	network	has	learned	to	reproduce	the	target	
vector	t.

An	 example	 of	 a	 neural	 network	 for	 optical	 character	 recognition	 is	 shown	 in	
Figure 10.2.	The	 input	 is	a	small	 image	containing	a	character	0..9.	The	 image	 is	
split	into	a	4	×	6	grid	and	the	average	gray	value	is	calculated	for	each	grid	element.	
These	24	values	constitute	the	input	to	the	network,	which	consequently	has	a	size	
of	24	neurons	in	the	input	layer.	A	small	hidden	layer	with	8	neurons	then	feeds	its	
outputs	 into	 an	 output	 layer	 with	 10	 neurons.	 Each	 output	 neuron	 represents	 one	
character	from	0	to	9	and	is	trained	to	produce	a	value	of	0.9	if	the	character	shown	
in	the	bitmap	is	the	one	represented	by	this	neuron.	Otherwise	the	value	is	trained	to	
be	0.1.	This	network	is	trained	on	3,000	images,	for	5,000	iterations	using	the	back-
propagation	algorithm,	and	achieves	an	average	recognition	rate	of	98%.	It	has	to	be	
noted	that	this	example	is	just	for	demonstrating	the	use	of	neural	networks;	it	does	
not	represent	the	state	of	the	art	with	respect	to	optical	character	recognition.

10.2.3  Properties of artificial neural networks

Adaptivity:	The	adaptation	of	artificial	neural	networks	has	been	achieved	by	
the	 different	 learning	 schemes.	 It	 can	 be	 proven	 that	 a	 sufficiently	 large	
neural	network	 is	able	 to	approximate	any	continuous	 function	 to	a	cho-
sen	degree	of	accuracy.	Clearly,	 learning	by	backpropagation	 is	not	very	
strongly	 related	 to	 the	 natural	 learning	 process,	 but	 it	 has	 proved	 to	 be	
effective	and	different	variants	of	backpropagation	are	still	the	main	train-
ing	methods	used	for	neural	networks.

Interconnected structure:	The	interconnected	structure	of	the	neural	network	
is	 the	 property	 that	 most	 closely	 resembles	 the	 natural	 properties	 of	 the	
brain.	 Similar	 to	 the	 brain,	 the	 information	 is	 stored	 in	 the	 connections	
(the	weights)	rather	than	the	neurons.	The	main	difference	between	artifi-
cial	neural	networks	and	biological	networks	is	the	number	of	connections.	
In	order	for	a	neural	network	to	be	evaluated	and	trained	in	a	reasonable	
amount	 of	 time,	 artificial	 networks	 are	 usually	 quite	 small	 compared	 to	
biological	networks.

Structural robustness:	Artificial	neural	networks	in	principle	possess	the	prop-
erty	 of	 structural	 robustness.	 Removing	 a	 neuron	 leads	 to	 a	 degradation	
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in	performance,	but	does	not	lead	to	total	failure	of	the	networks.	This	is	
sometimes	used	to	reduce	the	size	of	networks.

Hierarchical structure:	Artificial	neural	networks	possess	a	layered	structure	
of	an	input	layer,	a	varying	number	of	hidden	layers,	and	an	output	layer.	
This	layered	structure	proved	to	be	useful	in	a	wide	range	of	applications;	
however,	it	does	not	have	a	very	strong	resemblance	to	biological	neural	net-
works.	Recent	developments	of	neural	networks	try	to	recreate	the	human	
brain’s	processing	steps	in	a	much	more	precise	way	than	earlier	designs	
(Riesenhuber	&	Poggio,	1999).

Size:	The	main	difference	between	artificial	networks	and	biological	networks	
is	size.	The	number	of	connections	in	the	human	brain	is	still	unmatched	by	
artificial	networks	and	it	still	remains	to	be	seen	how	such	very	large	arti-
ficial	networks	behave.	The	second	major	difference	is	time	and	input	used	
for	learning.	Biological	networks	have	a	very	long	time	(decades)	to	learn	
and	receive	a	rich	spectrum	of	input	and	feedback,	which	is	not	present	in	
any	implementation	of	artificial	neural	networks.

Parallel computation:	This	 is	 a	well-known	 feature	of	 artificial	 neural	 net-
works.	Although	the	computations	within	each	layer	could	be	done	in	par-
allel	 and	 the	 evaluation	 of	 a	 whole	 network	 would	 then	 take	 only	 a	 few	
massively	 parallel	 computational	 steps,	 almost	 all	 neural	 networks	 are	
implemented	on	standard	computers,	where	the	evaluation	is	done	sequen-
tially.	Thus	the	mathematical	model	has	the	ability	of	parallel	computation,	
but	the	usual	implementation	does	not.

10.2.4  Fuzzy systems

Another	major	topic	in	the	area	of	soft	computing	is	fuzzy	sets.	The	purpose	of	fuzzy	
sets	is	to	capture	the	vagueness	of	linguistic	expressions	and	make	them	mathemati-
cally	accessible.	The	following	sections	describe	only	the	basics	of	fuzzy	sets;	further	
information	can	be	found	for	example,	in	Gebhart,	Kruse,	and	Klawonn	(1993).

The	invention	of	fuzzy	sets	is	attributed	to	Lotfi	Zadeh	and	was	published	in	a	
famous	paper	on	“Fuzzy	Sets”	in	1965.	The	idea	emerged	from	systems	theory	and	
was	focused	on	capturing	the	inherent	imprecision	of	biological	or	natural	systems.	
The	fundamental	idea	is	that	the	membership	of	an	element	in	a	set	is	gradual	rather	
than	binary	(crisp).	This	change	gave	rise	to	a	whole	new	field	of	mathematics,	creat-
ing	fuzzy	set	theory,	fuzzy	numbers,	fuzzy	control,	and	a	wide	range	of	associated	
mathematical	concepts	such	as	triangular	norms.

For	 a	 crisp	 set	 A	 a	 unique	 characteristic	 function	 μ:U→{0,1}	 can	 be	 defined,	
which	divides	 the	universe	of	 discourse	U	 into	 a	 group	of	members	 and	 a	 group	of	
nonmembers.
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For	a	fuzzy	set	the	membership	function	maps	each	element	to	a	degree	of	member-
ship	in	the	interval	[0,	1],	such	that	μA(x) ∈ [0,1].

This	 gradual	 transition	 enables	 mathematicians	 to	 adequately	 describe	 objects	
that	we	use	in	our	daily	communication.	An	illustrative	example	is	that	of	a	“pile	
of	sand.”	Starting	from	a	large	pile	we	remove	the	sand	grain	by	grain.	We	find	that	
there	is	no	single	moment	in	time	when	the	pile	of	sand	ceases	to	be	a	pile	of	sand	
according	to	the	commonly	accepted	meaning.	However,	once	there	are	only	a	few	
grains	left,	it	will	not	be	a	pile	any	longer.	Consequently,	the	object	under	consider-
ation	fulfills	the	property	of	being	a	pile	of	sand	to	a	certain	degree	depending	on	
how	closely	it	matches	our	expectations	in	the	current	context.

Typical	membership	functions	are	shown	in	Figure 10.3.	In	theory	membership	
functions	have	to	fulfill	only	one	very	basic	property:	that	they	map	the	objects	in	the	
universe	of	discourse	to	membership	values	in	the	range	of	0	to	1.	In	practice	there	
are	a	few	functions	that	are	used	in	almost	all	applications,	such	as	triangular-shaped	
functions,	 trapezoid	 functions,	 and	monotone	 increasing	 functions.	 In	 some	cases	
smooth	approximations	of	these	functions	are	used	to	avoid	the	problems	associated	
with	the	differentiability	of	the	corners.

10.2.5  Fuzzy sets and rules

Similar	to	concepts	of	classical	set	theory	one	can	define	intersections,	unions,	and	
other	operations	on	fuzzy	sets.	Given	two	fuzzy	sets	represented	by	their	member-
ship	 function	 μA	 and	 μB,	 defined	 on	 the	 same	 universe	 of	 discourse,	we	 may,	 for	
example,	define	their	intersection	as

	 µ µ µA B A B∩ = ⋅ .

The	product	has	a	few	properties	that	make	it	a	plausible	operation	for	calculating	the	
intersection	of	A	and	B;	for	example,	it	will	be	nonzero	only	if	μA	and	μB	are	nonzero.	
However,	this	is	not	the	only	possibility.	One	could	also	define

	 µ µ µA B A B∩ = min( , ),

which	would	lead	to	a	slightly	different	result,	but	still	preserve	the	most	relevant	
properties	 of	 an	 intersection.	 In	 fact	 there	 is	 a	whole	 class	 of	 functions	 that	may	
serve	as	 intersections;	 these	are	called	 t-norms	(Klement,	Mesiar,	&	Papp,	2000).	
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Figure 10.3 Typical	membership	functions	of	fuzzy	sets.
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Similarly,	we	may	consider	 the	different	options	 for	 calculating	 the	union	of	 two	
fuzzy	sets	A	and	B.	Two	such	options	would	be

	 µ µ µ µ µA B A B A B∪ = + − 	or	 µ µ µA B A B∪ = max( , ) .

Again	there	is	a	whole	class	of	such	functions,	which	are	called	t-conorms.
It	should	be	pointed	out	that	there	are	significant	theoretical	challenges	that	have	

to	be	considered	when	dealing	with	intersections	and	unions	of	fuzzy	sets.	For	non-
fuzzy	sets	it	is	basic	knowledge	that	the	intersection	of	a	set	A	with	itself	is	again	A.	
However,	if	we	choose	the	product	as	our	way	of	calculating	the	intersection	of	two	
fuzzy	sets,	then	we	find	that	the	intersection	of	fuzzy	set	A	with	itself	does	not	in	
general	preserve	its	membership	function,	inasmuch	as

	 µ µ µ µA A A A A∩ = ⋅ ≠ .

On	 the	other	hand,	 if	min(.,.)	 is	chosen	for	 the	 intersection,	 then	we	find	 that	 this	
property	is	preserved.

The	big	advantage	of	 fuzzy	methods	 that	makes	 them	different	 from	all	other	
mathematical	concepts	is	the	possibility	to	create	rules	in	linguistic	form.	Such	sets	
of	rules	are	also	called	“fuzzy	inference	systems.”	The	rules	can	be	easily	under-
stood	and	interpreted	by	humans	and	allow	the	discovery	of	a	priori	unknown	rela-
tionships.	A	wide	range	of	methods	exist	to	automatically	extract	such	fuzzy	rules	
from	experimental	datasets	 (Cox,	2005).	 If,	 for	 example,	one	would	 try	 to	model	
relationships	 between	 physical	 properties	 and	 human	 perception	 of	 surfaces,	 one	
might	end	up	with	rules	such	as

(R1)		IF	surface	is	ROUGH	and	color	is	RED	then	PERCEPTION	is	VERY	
WARM.

(R2)	IF	surface	is	SMOOTH	and	color	is	DARK	then	PERCEPTION	is	COLD.

The	capitalized	words	(“ROUGH”,	“DARK”,	“COLD”,	etc.)	are	fuzzy	sets	defined	
on	appropriate	universes	of	discourse.	The	input	variables	“surface”	and	“color”	are	
nonfuzzy	quantities	usually	represented	by	real	numbers.	The	output	“perception”	
is	a	fuzzy	set,	which	for	some	applications	has	to	be	converted	back	into	a	real	num-
ber.	This	process	 is	called	defuzzification	and	many	different	methods	have	been	
developed	for	this	purpose.	We	just	mention	the	center-of-gravity	defuzzification	that	
calculates	the	center	of	gravity	of	the	resulting	fuzzy	membership	function.

The	procedure	for	evaluating	such	a	rule	system	is	shown	in	Figure 10.4	and	is	
done	as	follows.	First	we	need	to	determine	the	degree	to	which	each	rule	is	fulfilled	
by	calculating	the	degree	of	membership	for	each	input	variable	in	their	respective	
fuzzy	sets.	We	may	find,	for	example,	that

	 μROUGH (surface)	=	0.8	 μSMOOTH (surface)=	0.1

	 μRED (color)	=	0.6 μDARK (color)=	0.5
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If	we	take	min(.,.) as	fuzzy	“and”,	then	we	find	that	rule	(R1)	is	fulfilled	to	a	degree	
of	min(0.8,0.6)	=	0.6	and	rule	(R2)	is	fulfilled	to	a	degree	of	min(0.5,	0.1)	=	0.1.	The	
output	 fuzzy	set	 (“VERY	WARM”,	“COLD”)	 is	 then	weighted	according	 to	 the	
degree	to	which	the	respective	rule	is	fulfilled.	This	weighting	operation	is	usually	
done	by	applying	a	t-norm,	such	as	min(0.6, μVERY_WARM(perception))	and	min(0.1, 
μCOLD(perception)).

The	second	step	is	to	aggregate	all	rules	to	obtain	a	single	fuzzy	output	member-
ship	function	for	PERCEPTION.	The	aggregation	operation	is	usually	a	t-conorm,	
such	as	max(.,.).	The	resulting	membership	function	is	thus

	 μPERCEPTION(perception)	=		max(min(0.6,	μVERY_WARM(perception)),	

min(0.1,	μCOLD(perception)))

Occasionally,	there	is	the	need	to	convert	the	output	into	a	nonfuzzy	(crisp)	real	num-
ber,	for	example,	if	such	rule	systems	are	used	in	technical	feedback	control	loops.	
Here	we	apply	the	center-of-gravity	defuzzification,	so	that	the	final	crisp	output	of	
the	fuzzy	rule	system	is	obtained	by

	
µ

µ

( )

(

perception perception perception

perc

⋅ ⋅∫ d

eeption perception) ⋅∫ d
.

Rough

Smooth

&

Surface Color

Min (.,.)
&R1

R2

Dark

Red Very Warm

Cold

Perceived warmth

min (.,.)

max (.,.)
Perceived
warmth

Center of gravity

Perceived warmth

Perception

Figure 10.4 Fuzzy	 inference	 with	 two	 rules,	 min/max	 aggregation	 and	 center-of-gravity	
defuzzification.	Evaluation	of	the	rules	R1	and	R2	for	a	surface	that	is	quite	rough	and	has	a	
somewhat	dark	red	color.	Rule	R1	applies	to	a	degree	of	0.6	and	rule	R2	applies	to	a	degree	
of	0.1.	By	combining	the	results	of	both	rules	(bottom,	right)	we	end	up	a	with	a	fuzzy	mem-
bership	function	that	describes	the	perception	of	warmth	of	the	surface.	This	fuzzy	member-
ship	 function	 may	 be	 defuzzified	 using	 the	 center-of-gravity	 method.	 See	 text	 for	 further	
explanation.
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10.2.6  Fuzziness versus probability

It	is	important	to	distinguish	between	probability	and	fuzziness.	Both	try	to	capture	
a	different	type	of	uncertainty.	Probability	(at	least	the	interpretation	as	relative	fre-
quence	of	occurrence)	applies	to	the	concept	of	large	numbers	of	objects	that	do	or	
do	not	possess	a	certain	property.	The	uncertainty	lies	in	the	fact	that	we	do	not	know	
which	object	is	actually	chosen.	Once	an	object	is	selected	from	this	large	set,	it	can	
be	determined	with	absolute	certainty	whether	the	object	fulfills	the	property.	The	
chance	of	choosing	an	object	with	the	desired	property	is	expressed	by	the	probabil-
ity	distribution.	Fuzziness	does	not	need	a	large	number	of	objects;	it	can	be	applied	
to	a	single	object.	However,	given	this	single	object,	it	is	not	fully	clear	whether	the	
object	fulfils	the	property	under	consideration.	This	fact	is	expressed	by	the	value	of	
the	membership	function	for	that	object.

This	difference	is	easily	demonstrated	by	the	example	shown	in	Figure 10.5.	The	
object	shown	in	the	image	is	somewhat	close	to	a	square.	However,	we	would	never	
say	that	“This	is	probably	a	square.”	For	this	particular	object	it	can	be	easily	deter-
mined,	that—according	to	the	mathematical	definition—it	is	not	a	square.	There	is	
no	probability	involved.

On	the	other	hand,	aside	from	the	exact	mathematical	definition,	if	we	adopt	a	
humanlike	interpretation	of	“square,”	we	would	call	this	a	“fuzzy	square.”	To	some	
degree	it	fulfils	the	most	important	properties.	It	has	four	corners,	although	not	with	
an	angle	of	exactly	90°,	and	edges	of	roughly	the	same	length.	One	could,	for	exam-
ple,	say	that	this	object	fulfils	the	properties	of	a	“square”	to	the	degree	of	0.75.

This	 raises	 the	 question	 of	 how	 the	 value	 of	 0.75	 is	 actually	 determined.	 The	
mainstream	interpretation	of	fuzzy	membership	function	is	that	of	a	statistical	quan-
tity.	If,	for	example,	one	wants	to	determine	the	fuzzy	membership	function	of	the	
property	“tall”	(if	applied	to	men),	one	could	consider	values	in	the	range	of	1.6	m	to	
2.3	m.	An	experimental	procedure	could	obtain	the	opinions	of	a	sufficiently	large	

Figure 10.5 A	fuzzy	square.
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number	of	people	about	the	meaning	of	“tall”	in	this	context.	Most	people	will	agree	
that	1.6	m	is	not	“tall,”	and	there	will	also	be	an	agreement	that	“2.3	m”	is	indeed	
“tall.”	Between	these	two	extremes	there	will	be	a	transition	from	“not	tall”	to	“tall.”	
A	membership	value	0.3	for	the	size	of	1.8	m	can	thus	be	interpreted	in	a	way	that	
30%	of	the	participants	in	the	experiment	would	call	a	man	of	1.8	m	“tall.”

Clearly,	such	experimental	procedures	are	not	often	used;	however,	in	many	tech-
nical	applications	it	is	surprisingly	easy	to	find	a	good	set	of	membership	functions.	
Quite	often	the	context	and	technical	limitations	provide	important	clues	as	to	how	
a	membership	function	should	be	chosen.

10.3  Recent models of object recognition in the visual cortex

In	this	section	we	take	a	big	step	forward,	by	almost	40	years	of	research	in	math-
ematical	modeling	of	the	human	brain	and	artificial	neural	networks.	The	original	
concept	of	modeling	the	neuron	as	a	nonlinear	function	of	a	linear	combination	of	
inputs	has	been	substantially	extended.	Much	more	is	now	understood	about	the	pro-
cessing	steps	that	go	on	in	layers	of	neurons	and	this	is	particularly	true	for	the	layers	
that	set	up	the	human	visual	cortex.	This	part	of	the	brain	has	received	a	great	deal	
of	attention	in	the	past	so	that	quite	detailed	and	surprisingly	precise	models	of	the	
human	visual	system	have	now	been	developed.	The	original	idea	of	having	a	layered	
structure	of	neurons,	however,	is	still	present	in	today’s	models.	In	the	following	we	
focus	on	artificial	neural	networks	that	model	the	task	of	object	recognition	and	give	
an	overview	of	recent	results	covering	the	steps	from	the	perceived	image	through	
various	brain	areas	to	final	recognition	(Riesenhuber	&	Poggio,	1999).	We	first	start	
with	a	description	of	 the	neurophysiological	 results	and	 then	give	a	mathematical	
representation	of	the	whole	model.

10.3.1  The visual cortex

Processing	of	 the	 retinal	 image	 is	done	along	 the	ventral	visual	pathway,	starting	
with	the	primary	visual	cortex	(V1),	followed	by	visual	areas	V2	and	V4	and	lead-
ing	on	to	the	inferotemporal	cortex.	The	inferotemporal	cortex	is	supposed	to	play	
an	important	role	in	object	recognition	and	provides	input	to	the	prefrontal	cortex	
that	links	perception	and	memory.	The	whole	process	is	shown	in	Figure 10.6	and	
described	in	the	following	paragraphs.

The	first	processing	step	in	the	primary	visual	cortex	(V1)	is	done	by	simple	cells	
(S1)	that	are	known	to	be	orientation-sensitive.	They	respond	to	edges	of	high	con-
trast	in	the	image	that	are	running	in	a	certain	direction.	The	activations	of	simple	
cells	that	respond	to	the	same	direction	are	aggregated	by	the	complex	cells	(C1)	over	
a	certain	small	area.	This	aggregation	over	a	small	area	leads	to	a	slight	invariance	
to	position.	In	the	next	step,	the	aggregation	is	done	over	cells	with	similar	position,	
but	different	orientation,	which	leads	to	so-called	“composite	feature”	cells	(S2).	The	
following	layer	(C2)	again	combines	the	activation	of	S2	cells	with	similar	features,	
but	slightly	different	position.	The	assumption	is	that	there	is	an	alternating	sequence	
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of	simple	and	complex	cells,	whose	final	output	is	sensitive	to	rotation	in	depth,	to	
changes	 in	 illumination,	 and	 to	 any	deformation	of	 the	object,	 but	 is	 invariant	 to	
translation	 and	 scale.	 The	 resulting	 units	 are	 thus	 tuned	 to	 a	 specific	 view	 of	 an	
object,	which	provides	the	selectivity	required	for	object	recognition.

In	 the	second	part	of	 the	model	 invariance	with	 respect	 to	 rotation	 in	depth	 is	
obtained	by	combining	several	different	view-tuned	units.	The	processing	 is	 sup-
posed	to	take	place	in	the	anterior	inferotemporal	cortex.	At	this	stage	the	processing	
steps	become	more	complicated,	with	feedback	loops	involved	and	task-dependent	
units	that	perform	visual	tasks	such	as	identification	or	classification.	These	higher-
level	 functions	 take	 place	 in	 the	 inferotemporal	 cortex	 and	 the	 prefrontal	 cortex.	
Learning	also	takes	place	in	these	areas.

10.3.2  Computational model of the visual cortex

The	following	description	of	a	computational	model	of	the	object	recognition	capa-
bilities	 of	 the	 visual	 cortex	 is	 taken	 from	 recent	 work	 by	 Serre,	 Wolf,	 Bileschi,	
Riesenhuber,	and	Poggio	(2007).	We	do	not	 reproduce	 the	model	 in	 the	full	 level	
of	 detail,	 but	 focus	 on	 the	 single	 neural	 mechanisms	 and	 their	 computational	
representation.

Task-related units

Object-tuned cells

View-tuned cells

Complex
composite cells C2

Composite
feature cells S2

Complex cells C1

Simple cells S1

O1

V1

O2 O3 On

V2 V3 Vn

Figure 10.6 The	standard	model	of	the	human	visual	cortex.
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The	function	of	the	S1	simple	cells	is	usually	modeled	by	Gabor	filters	that	prove	
to	be	very	good	at	reproducing	these	cells	on	a	range	of	experimental	data.	The	Gabor	
filter	 depends	 on	 scale	 (frequency)	 and	 orientation.	 Usually	 a	 whole	 set	 of	 Gabor	
filters	 is	considered	with	different	scales	and	orientations,	where	64	filters	with	16	
different	scales	and	4	different	orientations	(0°,	45°,	90°,	135°)	are	widely	used.	Each	
of	 these	64	 images	 that	 result	 from	 the	filtering	process	 has	high	values	on	 those	
areas	that	match	to	the	direction	and	scale	of	the	respective	Gabor	filters.	Depending	
on	the	scale	of	the	Gabor	filter	the	images	look	blurred,	with	largest	scales	causing	
the	strongest	blurring	effect.	Another	property	of	Gabor	filters	is	that	they	also	act	as	
edge-detectors,	causing	low	values	in	homogeneous	areas	and	higher	values	on	edges	
or	regular	patterns	that	match	their	frequency.

The	first	layer	of	complex	cells	(C1)	performs	an	aggregation	of	the	simple	cells	
and	introduces	a	slight	invariance	to	position	and	scale.	C1	complex	cells	cover	about	
twice	the	size	of	a	receptive	field	of	simple	cells.	It	thus	makes	sense	to	combine	the	
16	scales	to	8	scale	bands,	each	of	which	contains	two	adjacent	scales.	The	aggre-
gation	is	done	by	calculating	the	maximum	over	all	activations	of	 the	S1	cells,	 in	
the	scales	belonging	to	the	scale	band.	The	size	of	the	neighborhood	for	the	maxi-
mum	aggregation	is	determined	by	the	average	of	the	scales	in	the	scale	band.	This	
aggregation	over	a	neighborhood	is	not	done	at	all	possible	locations,	but	the	single	
neighborhoods	only	overlap	by	 roughly	half	 their	 size,	 such	 that	a	 staggered	grid	
is	obtained.	This	aggregation	is	done	independently	for	all	orientations.	The	result	is	
32	images	(8	scale	bands	times	4	orientations)	with	substantial	blur.	The	maximum	
aggregation	over	a	neighborhood	and	the	reduction	to	8	scale	bands	introduce	a	cer-
tain	level	of	invariance	to	translation	and	scale.

The	 following	S2	 layer	performs	 an	 aggregation	over	 all	 orientations	 and	 also	
contains	the	first	trainable	components	in	the	form	of	prototype	image	patches.	The	
S2	cells	are	represented	by	Gaussian	radial	basis	functions,	similar	to	the	one	shown	
in	Figure 10.1.	The	activation	will	be	largest	if	the	image	patch	matches	the	proto-
type	 patch.	 The	 prototypes	 are	 determined	 during	 the	 learning	 process.	 Such	 S2	
maps	are	calculated	for	all	of	the	8	scale	bands	and	for	each	prototype.	Depending	
on	the	complexity	of	the	task	this	may	be	several	thousand	maps.

The	C2	units	 introduce	a	final	shift	and	scale	 invariance	by	calculating	 the	
global	 maximum	 over	 all	 scales	 and	 positions	 and	 independently	 for	 all	 pro-
totypes.	 The	 resulting	 maxima	 for	 all	 the	 prototypes	 are	 collected	 in	 a	 single	
vector	 that	constitutes	 the	output	of	our	model.	This	vector	 is	 in	 turn	 input	 to	
a	standard	classifier,	such	as	a	 linear	classifier,	a	support	vector	machine,	or	a	
similar	classifier,	that	finally	performs	the	recognition	by	assigning	the	vector	to	
a	class	of	objects.

The	 learning	 process	 corresponds	 to	 the	 selection	 of	 the	 prototypes	 from	 the	
training	images.	In	this	model	the	selection	is	done	by	a	sampling	process,	selecting	
patches	at	random	positions	and	randomly	chosen	from	a	set	of	four	different	sizes.

This	model	was	applied	to	a	set	of	image	databases	of	varying	complexity,	con-
taining	several	thousand	images.	The	main	quality	measure	is	the	recognition	rate,	
that	is,	the	probability	with	which	the	model	correctly	recognizes	the	objects.	The	
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benchmarks	 for	 this	 assessment	 were	 standard	 approaches	 for	 object	 recognition	
(SIFT	features).	The	recognition	rates	[%]	are	given	in	Table 10.1.

Clearly,	for	some	types	of	objects	 this	model	shows	a	substantial	 improvement	
over	existing	methods.	We	consider	this	as	one	of	the	first	powerful	demonstrations	
of	how	biological	models	may	achieve	significant	progress	in	areas	that	are	currently	
dominated	by	engineered	methods.
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Table 10.1 The	human	cortex–based	model	
achieves	a	significant	improvement	over	
benchmark	methods	for	object	recognition	
(Serre	et	al.,	2007)

Object Benchmark New model

Leaves 84.0 97.0
Cars 84.8 99.8
Faces 96.4 98.2
Airplanes 94.0 96.7
Motorcycles 95.0 98.0
Faces 90.4 95.9
Cars 75.4 95.1
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11.1  Introduction

Several	domains	of	application	require	one	to	measure	quantities	that	are	representa-
tive	of	what	a	human	listener	perceives.	Sound quality evaluation,	for	instance,	stud-
ies	how	users	perceive	the	quality	of	the	sounds	of	industrial	objects	(cars,	electrical	
appliances,	electronic	devices,	etc.),	and	establishes	specifications	for	the	design	of	
these	sounds.	It	refers	to	the	fact	that	the	sounds	produced	by	an	object	or	product	
are	not	only	evaluated	in	terms	of	annoyance	or	pleasantness,	but	are	also	important	
in	 people’s	 interactions	 with	 the	 object.	 Practitioners	 of	 sound	 quality	 evaluation	
therefore	need	methods	to	assess	experimentally,	or	automatic	tools	to	predict,	what	
users	perceive	and	how	they	evaluate	the	sounds.	There	are	other	applications	requir-
ing	such	measurement:	evaluation	of	the	quality	of	audio	algorithms,	management	
(organization,	retrieval)	of	sound	databases,	and	so	on.	For	example,	sound-database	
retrieval	 systems	often	 require	measurements	of	 relevant	perceptual	qualities;	 the	
searching	process	is	performed	automatically	using	similarity	metrics	based	on	rel-
evant	descriptors	stored	as	metadata	with	the	sounds	in	the	database.

The	“perceptual”	qualities	of	the	sounds	are	called	the	auditory attributes,	which	
are	 defined	 as	 percepts	 that	 can	 be	 ordered	 on	 a	 magnitude	 scale.	 Historically,	
the	notion	of	auditory	attribute	 is	grounded	 in	 the	 framework	of	psychoacoustics.	
Psychoacoustical	 research	aims	 to	establish	quantitative	relationships	between	 the	
physical	 properties	 of	 a	 sound	 (i.e.,	 the	 properties	 measured	 by	 the	 methods	 and	
instruments	of	the	natural	sciences)	and	the	perceived	properties	of	the	sounds,	the	
auditory	attributes.	The	physical	properties	of	a	sound	that	are	related	to	the	auditory	
attributes	can	be	computed	 from	 the	sound	signal.	These	values	 therefore	predict	
the	auditory	attributes	from	the	sound	signal	alone	and	once	well	understood	can	
be	 substituted	 for	 experimental	 measurements.	 They	 are	 called	 psychoacoustical 

11
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descriptors.	Psychoacoustical	research	has	isolated	several	auditory	attributes:	loud-
ness,	pitch,	duration,	and	sharpness,	among	others.	Methods	have	been	developed	to	
measure	these	attributes	experimentally,	and	algorithms	have	been	devised	to	com-
pute	corresponding	psychoacoustical	descriptors.

Here	we	use	 the	 term	“auditory	 attribute”	 in	 a	 slightly	broader	 sense	 than	 the	
psychoacoustical	definition.	 Indeed,	 listeners	can	 recover	many	kinds	of	 informa-
tion	from	a	sound.	Not	only	do	they	perceive	percepts	that	can	be	directly	mapped	
to	the	physical	properties	of	the	sound,	but	most	of	the	time	they	also	recognize	the	
source	that	caused	the	sound	and	identify	its	properties.	Gaver	(1993a,	1993b)	ini-
tially	formalized	this	idea	by	introducing	the	concepts	of	musical listening	(focus	on	
the	sound	itself)	and	everyday listening	(focus	on	the	properties	of	the	source).	By	
measuring auditory attributes,	we	therefore	mean	here	“providing	quantities	repre-
sentative	of	what	a	user	perceives.”

The	purpose	of	this	chapter	is	to	present	the	measurement	of	these	auditory	attri-
butes	 from	an	applied	perspective.	Some	of	 these	attributes	are	easily	understood	
(and	have	a	name)	and	have	been	studied	in	depth.	For	instance,	loudness,	pitch,	and	
duration	 are	 auditory	 attributes	 for	which	 experimental	methods,	 and	 even	math-
ematical	predictive	models,	are	easily	accessible.	Section	11.1	briefly	summarizes	
some	of	the	results	and	methods	associated	with	these	attributes.	Other	attributes	are	
less	 easily	 specified	 and	 often	 require	 metaphors	 from	 other	 sensory	 modalities	
to	be	described:	brightness	 (or	 sharpness),	 roughness,	fluctuation	strength,	and	so	
on.	In	Section	11.2,	we	present	more	specifically	the	methods	used	to	explore	these	
attributes.	Because	they	cannot	be	easily	and	unequivocally	specified	to	a	listener,	
these	attributes	require	indirect	and	multidimensional	methods	that	allow	explora-
tion	of	sound	perception.	Section	11.2	presents	several	families	of	methods:	semantic	
scales,	similarity	judgments	and	multidimensional	scaling,	sorting	tasks,	and	cluster	
analyses.	Section	11.3	presents	examples	of	applications	 in	sound	quality.	Finally,	
perspectives	in	the	realm	of	sonic	interaction	design	are	briefly	introduced.

11.1  Basic knowledge and methods

11.1.1  Peripheral auditory system

We	provide	here	a	broad	overview	of	 the	peripheral	auditory	system.*	For	a	more	
complete	description,	interested	readers	should	refer	to	Moore	(2003).

11.1.1.1  Description

The	human	peripheral	auditory	system	is	composed	of	three	parts:	the	outer	ear,	the	
middle	ear,	and	the	inner	ear.	The	outer ear	is	mainly	composed	of	the	pinna	and	the	
auditory	canal	between	the	pinna	and	the	eardrum.	The	outer	ear	amplifies	the	sound	
level	at	the	eardrum	for	frequencies	around	3	kHz.	The	middle ear,	composed	of	three	

*	 Animations	by	Prof.	Herbert	Hudde	 from	Bochum	University	can	be	 found	at	 the	 following	URL:	
http://www.ruhr-unibochum.de/ika/ika/forschung/gruppe_hudde/bohear_en.htm
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very	small	ossicles,	matches	impedance	between	the	air	in	the	auditory	canal	(outer	
ear)	and	the	fluids	in	the	cochlea	(inner	ear).	It	also	improves	sound	transmission	for	
frequencies	in	the	range	of	0.5–4	kHz.	From	a	psychoacoustical	point	of	view,	the	most	
important	part	of	the	inner ear	is	the	basilar	membrane	(BM)	that	can	be	considered	
as	a	“frequency	analyzer.”	An	incoming	sound	sets	in	motion	the	BM	with	a	maxi-
mum	displacement	at	a	certain	position	that	differs	according	to	the	frequency	of	the	
sound;	the	position	of	the	maximum	varies	from	the	beginning	(base)	of	the	BM	(oval	
window)	for	high	frequencies	to	the	end	(apex)	of	the	BM	for	low	frequencies.	The	
frequency	producing	a	maximum	of	displacement	on	the	BM	is	the	center	frequency	
of	a	bandpass	filter	for	that	position.	Because	different	fibers	of	the	auditory	nerve	are	
connected	to	different	positions	along	the	basilar	membrane,	the	frequency	selectiv-
ity	of	the	basilar	membrane	results	in	a	frequency	decomposition	of	the	sounds	in	the	
auditory	nerve.	The	frequency	selectivity	of	the	auditory	system	has	very	important	
consequences	for	audition.	Particularly,	the	“masking”	phenomenon	has	introduced	
the	concepts	of	critical	bands	(CB)	and	auditory	filters	and	has	resulted	in	a	model	
that	is	the	basis	for	the	computation	of	psychoacoustical	descriptors.

11.1.1.2  Masking, critical bands, and models

Fletcher	(1940)	introduced	the	concept	of	critical	bands	to	account	for	masking	phe-
nomena.	For	very	narrow	bands,	he	showed	that	the	threshold	of	detection	for	a	pure	
tone	increases	as	the	noise	bandwidth	increases.	After	a	certain	bandwidth,	increas-
ing	the	noise	bandwidth	no	longer	changes	the	tone	threshold.	Fletcher	assumed	that	
only	an	effective	part	of	the	noise	masker,	close	to	the	frequency	of	the	tone,	has	the	
power	to	mask	the	tone.	The	corresponding	frequency	region	is	the	critical band.	
Further	investigations	showed	that	a	model	consisting	of	a	bank	of	bandpass	filters,	
the	bandwidth	of	which	increases	with	the	center	frequency,	could	account	for	mask-
ing	 (Zwicker,	 1961;	Zwicker	&	Fastl,	 1972;	Moore	&	Glasberg,	 1983,	1990).	The	
shape	of	each	filter	is	asymmetric:	roll-off	is	sharp	for	frequencies	below	the	center	
frequency	(100	dB/octave)	and	smooth	for	frequencies	above	the	center	frequencies.	
The	steepness	of	the	roll-off	decreases	as	the	level	of	the	stimulus	increases.

There	are	several	models	of	these	filters.	Third-octave	bandpass	filters	can	roughly	
model	the	auditory	filters.	Fourth-octave	bandpass	filters	have	also	been	proposed	
and	shown	to	approximate	fairly	well	the	auditory	filters	except	for	low	frequencies	
(Hartmann,	1997).	A	more	complex	model	uses	 the	Gammatone	filters	(Patterson	
&	Holdsworth,	1991).	Finally,	based	on	this	concept	of	critical	bands,	several	scales	
have	been	proposed:	the	Bark scale	(Zwicker	&	Terhardt,	1980)	and	the	Equivalent 
Rectangular Bandwidth (ERB) scale	(Moore	&	Glasberg,	1983).

11.1.1.3  Psychoacoustical descriptors

Models	of	the	auditory	system	based	on	critical	bands	are	used	to	compute	psycho-
acoustical	descriptors.	The	classical	psychoacoustical	descriptors	are	summarized	in	
Zwicker	and	Fastl	(1999)	and	Moore	(2003).
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The	descriptor	of	loudness	is	widespread.	Models	have	been	standardized:	ISO	
532-A	 (Stevens’	 model);	 ISO	 532-B	 for	 (Zwicker’s	 model).	 A	 BASIC	 program	 is	
also	available	in	Zwicker	(1984).	ANSI	S3.4-2005	is	a	revision	proposed	by	Moore	
and	 Glasberg	 (1996)	 and	 Moore,	 Glasberg,	 and	 Baer	 (1997).	 Corrections	 of	 this	
model	have	also	been	proposed	allowing	a	better	account	of	 impulsive	sounds	 in	
a	background	masking	noise	(Vos,	1998)	and	of	time-varying	sounds	(Glasberg	&	
Moore,	2002).	Another	descriptor	of	loudness	(Meunier,	Boulet,	&	Rabau,	2001)	has	
been	proposed	for	environmental	and	synthesized	impulsive	sounds.	The	loudness	
is	well	explained	by	a	combination	between	the	logarithm	of	the	release	time	and	
the	energy.

Psychoacoustical	descriptors	corresponding	to	other	auditory	attributes	are	also	
commonly	 used:	 spectral	 centroid	 and	 sharpness,	 roughness	 (Daniel	 and	 Weber,	
1997),	and	so	on	(see	Zwicker	&	Fastl,	1999,	and	Fastl,	1997,	for	summaries).	They	
have	 also	 been	 implemented	 in	 several	 commercial	 software	 packages:	 BAS	 and	
ArtemiS	by	Head	Acoustics,	dBSonic	by	01dB-Metravib,	PULSE	by	Brüel	&	Kjaer,	
and	 LEA	 by	 Genesis.	 The	 available	 descriptors	 that	 have	 been	 implemented	 are	
based	 on	 experimental	 results	 using	 abstract	 sounds,	 thus	 these	 psychoacoustical	
descriptors	sometimes	need	to	be	adapted	for	real	sounds	(see	the	work	by	Misdariis	
et	 al.,	 2010,	 on	 this	question).	Only	 the	 loudness	descriptors	have	been	 standard-
ized.	They	provide	reliable	results	for	stationary	sounds,	but	further	development	is	
needed	for	nonstationary	sounds.

11.1.2  Classical psychoacoustical methods

The	traditional	psychoacoustical	approach	is	unidimensional:	it	aims	to	establish	a	
quantitative	relationship	between	a	single	auditory	attribute	and	a	physical	property	
of	the	sound.

11.1.2.1  Indirect methods

11.1.2.1.1 Thresholds.	 The	 indirect	 method	 is	 based	 on	 the	 measurement	 of	
thresholds.	The	absolute threshold	is	the	minimum	detectable	level	of	a	sound.	For	
instance,	 for	 a	 pure	 tone	 it	 depends	 on	 the	 frequency	 of	 the	 tone.	 Under	 normal	
conditions,	a	young	listener	can	hear	frequencies	between	20	Hz	and	20	kHz.	For	
most	adults,	 the	 threshold	 increases	 rapidly	above	about	15	kHz.	The	differential 
threshold	or	difference limen	(DL)	is	the	smallest	change	in	a	sound	to	produce	a	
just-noticeable difference	(jnd)	in	the	related	auditory	attribute.

11.1.2.1.2 Confusion scaling.	 By	varying	a	physical	parameter	and	measuring	the	
DL	 for	 a	 given	 auditory	 attribute,	 a	 confusion	 scale	 for	 this	 attribute	 can	 be	 set.	
Assuming	that	all	DLs	correspond	to	equal	changes	of	the	auditory	attribute	(jnd),	
Fechner’s	law	(1860,	published	in	English	in	1966)	can	be	determined:

	 ψ	=	k	log	(ϕ)
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where	ψ	is	the	magnitude	of	the	auditory	attribute,	ϕ	is	the	physical	parameter,	and	
k	is	a	constant	specific	to	each	auditory	attribute.

11.1.2.2  Direct methods

Ratio scaling	is	a	direct	method	relying	on	the	ability	of	participants	to	make	numer-
ical	 judgments	of	 the	ratio	between	the	magnitudes	of	 their	sensations.	The	usual	
methods	are	magnitude estimation and	production.	For	magnitude	estimation,	the	
participants	 are	 required	 to	 assign	 a	 number	 proportional	 to	 their	 sensation	 (e.g.,	
loudness)	of	the	intensity	for	sounds	presented	at	different	levels.	For	the	magnitude	
production	method,	 the	participant	 is	 required	 in	 this	case	 to	adjust	 the	 level	of	a	
test	sound	to	a	specified	number	proportional	to	its	loudness.	The	relation	between	
the	expressed	sensation	(e.g.,	loudness)	using	such	methods	and	the	corresponding	
acoustical	values	(e.g.,	sound	pressure	level)	leads	to	the	well-known	psychophysical	
law,	Steven’s	law:

	 ψ	=	k	ϕα

where	ψ	is	the	magnitude	of	the	auditory	attribute,	ϕ	is	the	physical	parameter,	and	k	
and	α	are	constants	specific	to	each	auditory	attribute. For	instance,	for	the	loudness	
of	a	1-kHz	tone,	the	exponent	is	0.6:	a	10-dB	increase	leads	to	a	2-sone	increase.	For	
a	3-kHz	tone,	the	exponent	is	0.67.	Steven’s	law	for	loudness	has	led	to	the	derivation	
of	the	sone	scale.

The cross-modal matching method	was	proposed	by	S.	S.	Stevens	(1959).	The	task	
consists	 in	matching	 two	sensations	 (e.g.,	 loudness	and	muscular	 force	sensation),	
one	of	which	has	been	calibrated	beforehand	by	a	direct	estimation	method	(Stevens,	
1959).	The	matching	function	between	 the	sensations	 is	known	or	experimentally	
obtained.	Then	ratings	related	 to	 the	other	sensation	are	directly	deduced	by	way	
of	the	matching	function.	This	method	can	be	used	to	scale	the	loudness	of	time-
varying	sounds	(see	the	next	section).

11.1.3  Perspectives: Loudness of time-varying sounds

The	classical	psychoacoustical	methods	have	been	broadly	used	 to	 study	 the	per-
ception	of	short	and	stationary	sounds.	Everyday	sound	events	and	musical	pieces,	
however,	are	usually	nonstationary.	The	temporal	fluctuations	and	durations	(up	to	
20	minutes)	of	 such	nonstationary	sounds	do	not	allow	 the	use	of	classical	meth-
ods,	but	require	continuous	ratings	of	the	sounds.	The	participant	must	in	this	case	
respond	instantaneously	to	any	variation	of	the	sound.	The	methods	and	the	devices	
usually	proposed	can	be	sorted	into	five	categories.

	 1.	The	 method of continuous judgment using categories was	 proposed	 by	
Kuwano	and	Namba	(1978,	1985)	with	the	aim	of	studying	temporal	fluc-
tuations	of	the	level	of	urban	sounds.	In	this	procedure,	participants	judge	
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the	loudness	at	each	instant	using	a	response	box	with	seven	buttons	cor-
responding	to	seven	categories:	very,	very	loud–very	loud–loud–medium–
soft–very	soft–very,	very	soft.	This	process	is	applicable	to	long-duration	
stimuli,	because	the	task	is	not	difficult	and	participants	experience	little	
fatigue.	The	participants	modify	their	judgment	as	soon	as	they	perceive	a	
change	equivalent	to	the	distance	between	two	categories.	The	main	disad-
vantage	of	the	continuous	category	judgment	method	is	that	it	does	not	allow	
one	to	obtain	analogical	responses	as	a	function	of	the	signal	contour.

	 2.	The	audiovisual adjustment method	was	developed	by	Kuwano	and	Namba	
(1990).	In	this	method,	participants	express	their	judgment	by	continuously	
adjusting	 the	 length	 of	 a	 line	 with	 a	 cursor	 so	 that	 the	 length	 is	 propor-
tional	to	the	auditory	sensation.	The	main	problem	with	this	method	comes	
from	 the	 clipping	 or	 ceiling	 effect	 at	 the	 top	 end	 of	 the	 judgment	 scale,	
because	the	length	of	the	line	is	limited	(computer	screen,	sheet	of	paper,	
etc.).	To	get	around	this	limitation,	Kuwano	and	Namba	(1990)	elaborated	
a	device	with	which	the	line	presented	on	the	terminal	screen	is	projected	
on	 a	 large	 screen	with	 an	overhead	projector.	 In	 a	 similar	manner,	Fastl	
(1989,	1991)	performed	an	experiment	in	which	the	participant	judged	the	
instantaneous	 loudness	by	associating	 in	 real	 time	 the	displacement	of	 a	
potentiometer	on	a	mixing	table.	However,	this	device	provides	little	feed-
back	(aside	from	hand/arm	position)	to	the	user.

	 3.	The	 continuous cross-modal matching method	 proposed	 by	 Susini,	
McAdams,	and	Smith	(2002)	is	based	on	the	cross-modal	matching	method	
with	a	force-feedback	device.	The	participant	has	to	adjust	a	muscular	force	
sensation	to	the	perceived	loudness.	This	device	was	used	to	assess	1-kHz	
pure	 tones	 (Susini,	 McAdams,	 &	 Smith,	 2002),	 urban	 sound	 sequences	
(Susini	 &	 Maffiolo,	 1999),	 and	 sounds	 of	 accelerating	 cars	 (Susini	 &	
McAdams,	 2008).	 The	 method	 has	 proved	 to	 be	 a	 flexible	 experimental	
procedure	allowing	an	individual	calibration	of	the	device	as	a	function	of	
each	participant’s	perceptual	scale,	with	the	aim	of	avoiding	compression	or	
saturation	effects	in	the	responses.

	 4.	The	analog categorical scaling	proposed	by	Weber	(1991)	combines	the	
categorical	and	analogical	methods.	Participants	can	slide	a	cursor	con-
tinuously	along	five	discrete	categories	labeled	(for	example):	very	loud–
loud–medium–soft–very	 soft.	 The	 distance	 between	 each	 category	 is	
considered	as	equivalent.	This	method	has	been	widely	used:	for	loudness	
evaluation	of	variable-amplitude	sinusoidal	sounds	(Susini,	McAdams,	&	
Smith,	2002,	2007),	for	assessing	speech	quality	(Hansen	&	Kollmeier,	
1999;	 Gros	 &	 Chateau,	 2001),	 for	 assessing	 the	 comfort	 of	 an	 urban	
sequence	of	a	running	bus	(Parizet,	Hamzaoui,	Segaud,	&	Koch,	2003),	
and	for	brightness	ratings	of	various	sounds	(Hedberg	&	Jansson,	1998).

	 5.	The	 semantic scale used in real-time	 was	 introduced	 by	 several	 authors	
to	 study	 more	 complex	 auditory	 attributes	 than	 loudness,	 and	 more	 spe-
cifically	 to	 study	 real-time	emotional	 response	 to	music.	The	continuous	
response	 digital	 interface	 (CRDI)	 developed	 by	 Madsen	 (1996)	 allows	 a	
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continuous	tracking	of	temporal	variations	of	musical	works,	as	does	the	
two-	dimensional	 emotional	 space	 (2DES)	 proposed	 by	 Schubert	 (1996)	
with	 which	 musically	 evoked	 emotions	 are	 evaluated	 in	 real	 time	 in	 a	
two-dimensional	 semantic	 space.	 Several	 authors	 used	 continuous	 rating	
to	measure	emotional	 force	 in	music	pieces	 (Sloboda	&	Lehmann,	2001;	
McAdams,	Vines,	Vieillard,	Smith,	&	Reynolds,	2004).

11.2  Multidimensional and exploratory methods

It	is	not	always	easy	to	specify	an	auditory	attribute	a	priori.	Apart	from	pitch	and	
loudness,	very	few	words	are	specific	to	sound	or	easily	understood	by	nonspecial-
ists.	Therefore,	unidimensional	techniques	such	as	described	above	cannot	be	used	
to	measure	auditory	attributes	not	easily	communicated	to	participants,	or	those	that	
are	simply	unknown	to	the	experimenter.	This	section	reports	methods	to	explore	or	
measure	unspecified	auditory	attributes	and	more	generally	to	determine	the	psycho-
logical	aspects	of	sound	perceived	by	listeners.

11.2.1  Judgments on multiple semantic scales

The	use	of	multiple	semantic	scales	is	a	fruitful	technique	to	assess	different	psycho-
logical	aspects	of	sounds:	auditory	attributes	 (e.g.,	 loudness,	 roughness),	appraisal	
(e.g.,	preference),	emotional	response	(e.g.,	beauty,	arousal),	and	connotative	dimen-
sions	of	the	sound	source	(e.g.,	the	power	of	a	sports	car).

Semantic	scales	are	category	scales	defined	either	by	a	single	semantic	descrip-
tor	(unipolar	scale)	or	by	a	pair	of	antonymic	descriptors	(bipolar	scale).	The	scales	
usually	have	between	three	and	seven	categories.	It	is	usually	preferred	to	use	an	odd	
number	of	intervals	to	include	the	middle	point	of	the	scale.

11.2.1.1  Method and analysis

The	most	used	technique	is	the	semantic	differential	(SD).	Participants	are	asked	to	
judge	each	stimulus	directly	along	a	set	of	scales	labeled	with	two	opposed	semantic	
descriptors.	Usually	true	antonym	labels	are	used	(e.g.,	good–bad,	pure–rich,	etc.),	
but	alternatives	have	been	proposed	(e.g.,	good–not	good).

The	labels	of	the	scales	are	called	semantic descriptors.	The	ratings	of	a	stimulus	
on	the	different	semantic	scales	yield	a	multidimensional	representation	called	the	
semantic profile;	an	example	is	presented	in	Figure 11.1.	A	factor	analysis	can	com-
bine	semantic	scales	into	main	factors.	A	multiple	regression	analysis	can	highlight	
relationships	between	 factors	 corresponding	 to	cognitive	aspects	 (e.g.,	preference)	
and	factors	corresponding	to	auditory	attributes	(e.g.,	loudness,	roughness).	The	lat-
ter	factors	are	interpreted	by	looking	for	acoustical	or	psychoacoustical	descriptors	
that	are	correlated	with	them.	Each	semantic	descriptor	is	hypothesized	to	be	psy-
chologically	 relevant	 to	 the	whole	set	of	 stimuli	under	examination.	On	 the	other	
hand,	it	has	to	be	understood	by	the	participants	of	the	experiment.
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11.2.1.2  Examples of semantic scales used to describe sounds

Since	Solomon	(1958)	and	von	Bismarck	(1974),	the	semantic	differential	technique	
proposed	 by	 Osgood	 (1952)	 has	 been	 widely	 used	 in	 the	 realm	 of	 sound	 percep-
tion	to	describe	the	multidimensional	character	of	the	timbre	of	musical	instruments	
(Wedin	&	Goude,	1972;	Pratt	&	Doak,	1976;	Kendall	&	Carterette,	1992;	Stepánek,	
2006),	environmental	sounds	(Björk,	1985;	Zeitler	&	Hellbrück,	2001),	and	sound	
products,	 such	 as	 cars,	 vacuum	 cleaners,	 air	 conditioning	 noises,	 or	 refrigerators	
(Chouard	&	Hempel;	1999;	Kyncl	&	Jiricek,	2001;	Siekiersky,	Derquenne,	&	Martin,	
2001;	Jeon,	2006).

Typically,	results	from	the	different	studies	have	shown	that	the	set	of	semantic	
differentials	can	be	combined	into	three	or	four	main	factors	that	account	for	a	great	
deal	of	the	variance	in	the	judgments.	For	instance,	in	von	Bismarck’s	study	on	the	
timbre	of	synthetic	sounds,	 results	 revealed	four	 independent	scales:	“dull–sharp”	
(44%	 of	 the	 variance	 explained),	 “compact–scattered”	 (26%),	 “full–empty”	 (9%),	
and	“colorful–colorless”	(2%).	Only	the	scales	referring	to	sharpness	were	consid-
ered	as	candidates	 for	a	generally	usable	scale	 for	 the	measurement	of	 timbre.	 In	
Pratt	and	Doak	(1976),	three	scales	(“dull–bright”,	“pure–rich”,	“cold–warm”)	were	
selected	to	be	the	more	significant	descriptors	for	instrumental	timbres.	In	summary,	
results	from	different	studies	revealed	that	descriptors	related	to	sharpness	(“sharp,”	

Intrusive

Dully

Bright

Speed

Rough

Hard

Vol

Fluct

Hum_L

Hum_P

Whisp_L

Whisp_P

Figure 11.1 (See color insert.) Sensory	 profiles	 obtained	 for	 three	 air-conditioning	
noises	from	Siekierski,	Derquenne,	and	Martin	(2001).	Labels	of	 the	semantic descriptors	
are	 Intrusive,	 Dully,	 Brightness,	 Speed,	 Roughness,	 Hardness,	 Voluminous,	 Fluctuation,	
Humming,	Whispering.	The	letters	L	and	P	correspond	to	the	Level	and	Pitch,	respectively,	
of	the	whispering	(noise)	part	and	the	humming	(motor)	part.
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“bright,”	“metallic,”	or	at	the	opposite,	“dull,”	“muffled,”	“round”)	are	appropriate	to	
describe	the	most	salient	aspect	of	timbre.

Kuwano	 and	 Namba	 (2001)	 report	 three	 main	 factors	 (“powerful,”	 “metallic,”	
and	“pleasant”)	 that	had	consistently	been	extracted	 in	most	of	 their	 former	stud-
ies	of	sound	quality.	Furthermore,	the	semantic	descriptor	“powerful”	was	usually	
well	 correlated	 with	 computed	 loudness	 (Zwicker’s	 loudness	 level	 based	 on	 ISO	
532B),	and	 the	semantic	descriptor	“metallic”	was	well	correlated	with	computed	
sharpness.	 The	 “pleasant”	 factor	 was	 related	 to	 cognitive	 and	 cultural	 factors	 as	
well	as	to	physical	properties	of	sounds.	In	Zeitler	and	Hellbrück’s	study	(2001)	on	
environmental	 sounds,	 four	 factors	were	 linked,	 respectively,	 to	 a	 hedonic	 aspect	
(“ugly”–“beautiful”),	timbre	(“dark–light”),	power	(“weak–strong”),	and	rapid	tem-
poral	 variations	 (“unstable–stable”).	 The	 three	 latter	 factors	 were	 well	 correlated	
with	three	calculated	descriptors,	sharpness,	loudness,	and	roughness,	respectively.	
Results	from	other	studies	on	sounds	(speech	or	sonar	sounds)	are	quite	similar:	the	
most	important	factors	were	generally	interpreted	as	representing	loudness,	timbre	
(sharpness)	or	pitch,	and	an	overall	subjective	impression.

11.2.1.3  Prerequisites to use semantic scales

11.2.1.3.1 Controlling loudness, pitch, and duration.	 First,	 acoustical	 param-
eters	such	as	loudness	and	pitch,	as	well	as	variations	over	time,	strongly	affect	the	
perception	of	timbre.	To	study	auditory	attributes	independently	of	those	obvious	
parameters,	 it	 is	 therefore	recommended	to	control	 them	and	to	use	steady-state	
sounds,	equalized	in	loudness,	pitch*	and	duration.	This	statement	is	in	agreement	
with	 the	 current	 ANSI	 definition	 and	 summarized	 by	 Krumhansl	 (1989,	 p.	 44):	
timbre	 is	“the	way	in	which	musical	sounds	differ	once	 they	have	been	equated	
for	 pitch,	 loudness	 and	 duration.”	 Otherwise,	 it	 is	 recommended	 to	 ask	 partici-
pants	to	ignore	these	parameters,	following	the	proposal	by	Pratt	and	Doak	(1976),	
who	define	timbre	as	“that	attribute	of	auditory	sensation	whereby	a	listener	can	
judge	that	two	sounds	are	dissimilar	using	any	criteria	other	than	pitch,	loudness	
or	duration.”

11.2.1.3.2 Selecting an appropriate number of semantic scales.	 Second,	a	restricted	
number	of	semantic	pairs	suitable	for	describing	timbre	have	to	be	selected.	Indeed,	
the	 preselection	 of	 semantic	 descriptors	 by	 the	 experimenter	 may	 strongly	 affect	
the	results,	for	these	descriptors	may	not	necessarily	conform	with	those	a	partici-
pant	would	use	spontaneously.	For	instance,	Pratt	and	Doak	(1976)	investigated	(by	
a	 questionnaire)	 what	 were	 the	 most	 appropriate	 adjectives	 for	 describing	 timbre	
of	instruments	among	a	list	of	19	commonly	used	terms.	Seven	words	emerged	as	
favorites:	rich,	mellow,	colorful,	brilliant,	penetrating,	bright,	and	warm.	Similarly,	

*	 For	pitch,	this	can	be	done	as	for	loudness	by	an	adjustment	procedure	using	the	real-time	SuperVP	
software	program	based	on	the	phase	vocoder	technique;	it	is	then	possible	to	transpose,	stretch,	or	
shorten	sounds	in	real-time.
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in	von	Bismark	(1974),	participants	were	asked	to	rate	each	of	69	semantic	scales	in	
terms	of	their	suitability	for	describing	timbre.	Finally,	28	scales	were	considered	
as	representative.	However,	it	should	be	noted	that	in	von	Bismarck’s	study,	the	69	
scales	were	rated	independently	of	the	sound	selected	for	the	study	and	thus	may	not	
be	relevant	for	describing	the	perceptual	dimensions	of	these	sounds.

11.2.1.3.3 Selecting relevant descriptors.	 The	third	prerequisite	consists	in	asking	
participants	to	judge	the	relevance	of	the	semantic	descriptors	concerning	the	sounds	
used	in	the	study.	Faure	(2010)	gathered	a	set	of	semantic	descriptors	from	a	free	ver-
balization	experiment	on	12	musical	sounds.	They	were	used	to	build	semantic	scales.	
The	relevance	of	these	scales	was	then	judged	for	the	same	set	of	sounds.	Comparison	
between	the	relevance	judgments	of	the	scales	and	the	vocabulary	produced	sponta-
neously	showed	that	several	semantic	descriptors	that	were	spontaneously	produced	
(such	as	“strong”,	“loud”,	etc.)	were	not	considered	as	relevant	when	presented	with	
the	scales,	even	by	the	participants	who	produced	them.	Inversely,	several	semantic	
descriptors	that	were	rarely	used	spontaneously	were	judged	to	be	globally	relevant	
by	 the	 majority	 of	 participants	 (e.g.,	 “soft,”	 “muffled/dull	 sounding,”	 “metallic,”	
“nasal”).	In	another	study	(Kyncl	&	Jiricek,	2001),	participants	freely	described	six	
vacuum	cleaner	sounds.	Among	the	33	pairs	of	semantic	oppositions	obtained	from	
the	vocabulary	spontaneously	produced,	only	5	were	consistently	judged	as	relevant	
for	describing	the	sounds	(“fuzziness,”	“atypicality,”	“inefficiency,”	“loudness,”	and	
“pleasantness”).	These	studies	highlight	the	importance	of	judging	the	relevance	of	
descriptors	used	in	SD-scales	for	a	specific	corpus	of	sounds.

11.2.1.3.4 Defining the meaning of the scales.	 The	 fourth	prerequisite	concerns	
the	definition	of	the	scales.	Indeed,	it	is	crucial	that	the	participants	correctly	under-
stand	the	meaning	of	the	labels.	For	instance,	in	Faure	(2010),	the	stimuli	were	equal-
ized	in	loudness.	Surprisingly,	the	participants	spontaneously	used	the	word	“loud”	
to	 describe	 the	 sounds.	 Actually,	 the	 participants’	 comments	 revealed	 that	 they	
used	“loud”	to	describe	different	perceptions:	“strong	in	sonic	presence,	the	attack,”	
“evokes	the	power	and	persistence	of	the	sound.”	Similarly,	in	von	Bismarck	(1974),	
although	the	sounds	were	equalized	in	loudness,	participants	used	the	scale	“soft–
loud”	to	describe	attributes	other	than	loudness,	such	as	“unpleasant.”	Therefore,	the	
experiment	must	clearly	define	the	meaning	of	the	semantic	scales	to	eliminate	any	
risk	of	semantic	ambiguity.	Presenting	them	in	a	sentence	can	help	define	the	mean-
ing	of	the	descriptors.	For	instance	Parizet	and	Nosulenko	(1999)	showed	that	ratings	
of	internal	noises	of	vehicles	were	more	reliable	when	the	semantic	descriptors	were	
presented	in	a	sentence	than	when	presented	in	isolation.	Susini,	Houix,	Misdariis,	
Smith,	and	Langlois	(2009)	introduced	the	semantic	descriptor	“loud”	by	the	sen-
tence	 “The	 TV	 is	 too	 loud,	 we	 can’t	 have	 a	 discussion.”	 This	 sentence	 aimed	 at	
clearly	indicating	that	“loud”	referred	to	the	sound	level	and	not	the	unpleasantness.

In	addition	to	the	several	prerequisites	presented	above,	other	recommendations	
should	be	taken	into	consideration	when	using	the	SD-scale	technique	to	rate	a	cor-
pus	of	sounds.
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•	 Several	 studies	have	 shown	 that	 subjects	 feel	 uncertain	 in	giving	 ratings	
unless	they	can	refer	them	to	the	whole	sample	of	sounds.	Thus	the	entire	
range	of	sounds	has	to	be	presented	before	the	main	experiment,	and	par-
ticipants	must	be	instructed	to	use	the	full	range	of	the	scale.	In	addition,	it	
is	recommended	that	the	range	of	sensitivity	corresponding	to	each	seman-
tic	descriptor	of	the	selected	set	of	sounds	be	broad	enough.

•	 Many	studies	on	timbre	have	used	the	traditional	semantic	differential	para-
digm	 (e.g.,	 dull–sharp).	Bipolar	 adjective	pairs	 raise	 the	question	of	pre-
senting	the	right	antonym	labels	(is	dull	the	opposite	of	sharp	when	used	
to	describe	sounds?).	In	Chouard	and	Hempel	(1999),	clear	antonyms	were	
found	in	about	23%	of	the	cases	for	a	list	of	242	adjectives	produced	by	the	
participants	to	describe	interior	car	sounds.	Thus	an	important	problem	in	
the	use	of	bipolar	opposites	is	that	the	“opposite”	is	sometimes	unobtainable	
or	not	always	a	good	antipode.	To	solve	this	problem,	Kendall	and	Carterette	
(1992)	proposed	using	a	scale	bounded	by	an	attribute	and	its	negation	(e.g.,	
sharp–not	sharp)	to	rate	the	timbre	of	musical	sounds.	The	authors	termed	
this	method	verbal attribute magnitude estimation	(VAME),	because	the	
task	for	 the	participant	 is	 to	rate	 the	degree	 to	which	an	attribute	 is	pos-
sessed	by	a	stimulus.

•	 Finally,	we	recommend	presenting	the	whole	set	of	sounds	for	each	seman-
tic	 descriptor	 instead	 of	 the	 classical	 way	 consisting	 in	 presenting	 one	
sound	to	the	participant,	who	has	to	evaluate	it	on	the	whole	set	of	semantic	
descriptors.	In	a	study	by	Parizet	and	colleagues	(1999,	2005),	the	compari-
son	of	the	two	methods	showed	that	the	former	proved	to	be	more	accurate	
and	with	a	shorter	duration	than	the	classical	one,	because	listeners	were	
focused	on	one	semantic	descriptor	at	a	time	while	hearing	a	new	stimulus.	
In	addition,	to	measure	subject	reliability	or	accuracy,	random	presentation	
of	the	stimuli	can	be	repeated.	Cross-correlation	coefficients	are	calculated	
between	the	data	from	both	presentations	of	the	repeated	stimuli	to	com-
pute	subject	reliability.

11.2.2  Dissimilarity judgments and multidimensional scaling technique

Semantic	scales	compare	stimuli	along	dimensions	directly	described	semantically.	
It	is	therefore	possible	to	assess	various	psychological	aspects	of	a	corpus	of	sounds,	
ranging	from	elementary	auditory	attributes	to	cognitive	and	emotional	aspects.	The	
disadvantage	is	that	the	number	of	scales	is	often	too	high	and,	with	the	exception	
of	a	few	studies	mentioned	in	the	previous	section,	some	of	the	selected	semantic	
descriptors	are	not	perceptually	relevant	 to	 the	corpus	studied	and	are	sometimes	
redundant	in	relation	to	each	other.	However,	this	approach	is	appropriate	to	study	
the	perception	of	various	environmental	sounds,	as	long	as	several	prerequisites	are	
taken	into	account.

In	contrast,	the	multidimensional	scaling	technique	(MDS)	is	based	on	dissimi-
larity	ratings	and	thus	does	not	require	a	priori	assumptions	concerning	the	number	
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of	perceptual	dimensions	or	their	nature,	unlike	the	methods	that	use	ratings	along	
specified	dimensions.

11.2.2.1  MDS and auditory perception

The	 multidimensional	 scaling	 technique	 is	 a	 fruitful	 tool	 for	 studying	 perceptual	
relations	among	stimuli	and	 for	analyzing	 the	underlying	auditory	attributes	used	
by	the	participants	to	rate	the	perceived	similarity	between	two	sounds.	MDS	rep-
resents	 the	perceived	similarities	 in	a	 low-dimensional	Euclidean	space	(so-called	
perceptual space),	 so	 that	 the	 distances	 among	 the	 stimuli	 reflect	 the	 perceived	
similarities	 (see	McAdams,	Winsberg,	Donnadieu,	Soete,	&	Krimphoff,	1995,	 for	
a	review	of	the	different	MDS	algorithms).	Each	dimension	of	the	space	(so-called	
perceptual dimension)	is	assumed	to	correspond	to	a	perceptual	continuum	that	is	
common	to	the	whole	set	of	sounds.	It	is	also	assumed	that	each	dimension	can	be	
well	explained	by	an	acoustic	parameter	or	a	psychoacoustical	descriptor.	In	other	
words,	the	MDS	technique	is	appropriate	for	describing	sounds	that	are	comparable	
along	continuous	auditory	attributes,	which	means	that	it	is	appropriate	for	studying	
homogeneous	corpora	of	sounds,	that	is,	those	made	of	sounds	produced	by	the	same	
type	of	source.

11.2.2.2  Method and analysis

Participants	rate	the	perceived	dissimilarity	between	each	pair	of	sounds	under	con-
sideration,	 that	 is,	N(N	–	1)/2	 ratings	 for	N	 stimuli,	on	a	continuous	scale	 labeled	
“Very	Similar”	at	the	left	end	and	“Very	Dissimilar”	at	the	right	end.	Then,	the	dis-
similarities	are	modeled	as	distances	in	a	Euclidean	space	of	R	dimensions	expected	
to	be	the	most	relevant	perceptual	dimensions	shared	by	the	sounds.	In	the	percep-
tual	 space,	 a	 large	 dissimilarity	 is	 represented	 by	 a	 large	 distance.	 The	 final	 and	
the	most	difficult	part	of	 this	approach	 lies	 in	matching	perceptual	dimensions	 to	
acoustical	or	psychoacoustical	descriptors.

11.2.2.3  Example of MDS studies to describe timbre of musical sounds

Many	researchers	have	applied	the	MDS	technique	to	characterize	 the	perceptual	
dimensions	of	sounds,	since	the	seminal	studies	by	Peters	(1960)	and	Plomp	(1970).	
Peters	(1960)	started	to	apply	the	MDS	technique	to	a	corpus	of	sounds	with	a	known	
dimensionality	(16	pure	tones	composed	of	4	frequencies	at	4	sound	pressure	levels:	
the	acoustical	dimensionality	is	therefore	2).	The	analysis	of	the	dissimilarity	judg-
ments	from	39	participants	successfully	highlighted	the	two	expected	auditory	attri-
butes:	pitch	and	loudness.	He	therefore	concluded	that	the	MDS	technique	might	be	
useful	to	explore	sets	of	sounds	the	auditory	attributes	of	which	would	be	unknown.	
To	 test	 this	 idea,	 he	 applied	 the	 technique	 to	 other	 corpora	 of	 sounds,	 for	 which	
the	salient	auditory	attributes	were	unknown	(synthetic	complex	sounds	and	speech	
sounds).	The	results	were	less	easily	interpretable	(he	found	between	three	and	six	
dimensions	for	the	complex	sounds).	But	compared	to	what	he	obtained	with	more	
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traditional	approaches	(free	verbal	description,	partition	scaling,	magnitude	estima-
tion),	 he	 concluded	 that	 “the	 most	 promising	 approach	 for	 the	 isolation	 and	 defi-
nition	of	perceptual	dimensions	of	complex	sounds	was	 the	MDS	model”	 (p.	52).	
Plomp	(1970)	applied	MDS	to	sets	of	musical	sounds,	which	yielded	three	orthogo-
nal	dimensions.

Since	 then,	 several	 psychoacoustical	 studies	 using	 MDS	 have	 shown	 clearly	
that	 musical	 timbre	 is	 a	 multidimensional	 attribute.	 Grey	 (1977)	 identified	 three	
salient	 dimensions	 shared	 by	 a	 corpus	 of	 musical	 sounds.	 Using	 a	 refinement	 of	
the	classical	MDS	technique	(EXSCAL,	developed	by	Winsberg	&	Carroll,	1989),	
Krumhansl	(1989)	also	found	a	space	with	three	dimensions	shared	by	a	corpus	of	
synthesized	musical	 sounds	 (winds,	 bowed	 string,	 plucked	 strings,	mallet	 percus-
sion).	The	same	set	of	sounds	was	analyzed	by	McAdams,	Winsberg,	Donnadieu,	
Soete,	and	Krimphoff	(1995),	who	also	found	a	3-D	space.	The	first	dimension	of	
the	perceptual	space	was	correlated	with	the	centroid	of	the	amplitude	spectrum.	It	
has	generally	been	 reported	 to	correspond	 to	 the	 semantic	descriptors	“metallic,”	
“sharp,”	or	“brilliant.”	The	second	dimension	was	correlated	with	the	logarithm	of	
the	attack	time	of	the	amplitude	envelope,	and	corresponds	to	the	semantic	descrip-
tors	“fast-slow	attack,”	“resonant,”	or	“dry.”	The	third	dimension	was	correlated	with	
the	spectral	 irregularity	(logarithm	of	 the	spectral	deviation	of	component	ampli-
tudes	from	a	global	spectral	envelope	derived	from	a	running	mean	of	the	amplitudes	
of	three	adjacent	harmonics)	or	the	spectral	flux	(average	of	the	correlations	between	
amplitude	spectra	in	adjacent	time	windows).

11.2.2.4  Prerequisites for using MDS to study auditory perception

11.2.2.4.1 Controlling loudness, pitch, and duration.	 It	is	important	to	emphasize	
that	the	musical	sounds	used	in	the	studies	previously	mentioned	were	equalized	in	
pitch,	subjective	duration,	and	loudness,	so	that	ratings	would	only	concern	the	dif-
ferences	in	timbre.	Indeed,	certain	auditory	attributes,	such	as	loudness,	might	domi-
nate	and	overpower	less	salient	ones,	as	mentioned	in	Section	11.2.1.3	for	semantic	
scales.	Two	sounds	that	differ	mainly	in	terms	of	loudness	will	be	judged	obviously	
different	according	to	this	dimension,	with	little	contribution	from	other	dimensions	
of	variation	being	taken	into	account.

11.2.2.4.2 Selecting a homogeneous corpus of sounds.	 As	mentioned	earlier,	MDS	
is	hypothesized	to	represent	a	corpus	of	sounds	by	a	limited	number	of	continuous	
auditory	dimensions	that	are	common	to	all	the	sounds.	That	means	the	corpus	has	to	
be	composed	of	homogeneous	sound	objects	(sounds	produced	by	the	same	type	of	
object	or	stimuli	that	sound	rather	similar,	e.g.,	a	class	of	car	sounds)	in	order	to	avoid	
a	perceptual	structure	that	is	strongly	categorical	for	which	the	MDS	approach	is	not	
adapted	(see	next	section).	A	cluster	analysis	on	the	similarity	ratings	can	reveal	the	
degree	of	homogeneity	of	the	sound	corpus.	If	the	tree	structure	obtained	reveals	a	
strong	categorization	of	the	corpus,	it	is	advisable	to	determine	which	categories	best	
represent	the	objectives	of	the	study	in	order	to	obtain	appropriate	stimuli.
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11.2.2.4.3 Limiting the number of sounds.	 As	participants	may	become	fatigued	
or	 lose	motivation	over	 time,	 application	of	 the	MDS	 technique	 is	 restricted	 to	 a	
rather	small	number	of	sounds	(more	or	 less	20	well-chosen	sounds),	because	 the	
number	of	pairs	(N(N	–	1)/2)	grows	rapidly	with	the	number	of	sounds	(N).	Thus	a	
preliminary	categorization	experiment	may	be	advisable	in	order	to	select	the	most	
representative	sounds	(see	Susini,	McAdams,	Winsberg,	Perry,	Vieillard,	&	Rodet,	
2004).	Another	possibility	to	avoid	being	confined	to	a	small	number	of	stimuli	is	
to	use	sorting	tasks.	Indeed,	the	validity	of	using	sorting	tasks	for	sounds	instead	of	
paired	comparisons	has	been	tested	and	shown	to	be	effective	with	two	different	sets	
of	auditory	stimuli	(Bonebright,	1996).	However,	further	tests	have	to	be	performed	
in	order	to	confirm	the	validity	for	collecting	data	using	sorting	tasks.

11.2.2.4.4 Collecting information from participants.	 Once	 the	 perceptual	 con-
figuration	 is	 obtained,	 it	 is	 important	 to	 identify	 the	 perceptual	 meaning	 of	 each	
dimension	or	even	to	label	the	dimensions	using	semantic	descriptors,	and	also,	to	
give	a	physical	interpretation	by	establishing	systematic	relations	between	the	stimu-
lus	characteristics	and	their	locations	in	the	space.	Knowledge	and	familiarity	with	
the	sound	corpus	and	perceptually	relevant	acoustic	parameters	are	thus	necessary	
in	order	to	characterize	the	dimensions	of	the	space	objectively.	Another	option	is	
to	directly	ask	the	participants	to	describe	which	sensation	they	attended	to	while	
judging	the	dissimilarities.

11.2.3 Sorting tasks

The	MDS	 technique	 is	not	 appropriate	 for	 sets	of	 sounds	 caused	by	very	differ-
ent	 and	 obviously	 identified	 sources.	 For	 instance,	 Susini,	 Misdariis,	 McAdams,	
&	 Winsberg	 (1998)	 applied	 an	 MDS	 analysis	 to	 an	 extremely	 heterogeneous	 set	
of	environmental	sounds	(trains,	cars,	and	planes).	The	analysis	yielded	a	strongly	
categorical	perceptual	structure:	listeners	identified	the	sound	sources	rather	than	
comparing	them	along	continuous	dimensions.	Therefore,	this	predominant	cogni-
tive	factor—recognition,	classification,	and	identification	of	the	sound	source	(see	
McAdams,	1993)—violated	 the	assumption	of	underlying	continuous	dimensions	
required	by	 the	MDS	technique.	 In	 this	case,	other	experimental	approaches	are	
needed	and,	particularly,	the	sorting	tasks.

11.2.3.1  Sorting task, categorization, and auditory cognition

Sorting	tasks	are	very	commonly	used	in	cognitive	psychology	to	address	the	ques-
tions	 of	 identification	 and	 categorization	 of	 sound	 sources.	 These	 questions	 are	
tightly	bound:	 identifying	 the	source	of	sound	can	be	viewed	as	connecting	audi-
tory	perception	to	concepts,	and	concepts	to	language,	in	a	bidirectional	relationship	
(McAdams,	1993;	Goldstone	&	Kersten,	2003).	Several	approaches	to	the	organiza-
tion	and	processing	of	concepts	and	categories	have	been	developed	(see	Goldstone	
&	Kersten,	2003,	or	Komatsu,	1992	for	a	review).	Before	presenting	the	technical	
procedure	of	sorting	tasks,	we	briefly	recall	the	general	principles	of	the	prototypical	
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approach	to	categorization	developed	by	Rosch	(1978),	which	is	very	often	used	as	
an	underlying	framework	in	sorting	tasks.	This	approach	is	based	on	the	notion	of	
similarity	and	is	therefore	well	adapted	to	account	for	perceptual	concepts	such	as	
those	used	to	describe	sounds.

Rosch’s	approach	to	categorization	relies	on	two	principles.	First	categorization	
is	based	on	the	cognitive economy	principle:	categories	allow	organisms	to	handle	
the	infinite	number	of	stimuli	by	treating	them	as	equivalent	when	the	differentia-
tion	is	irrelevant	for	the	purpose	at	hand.	The	second	principle	is	that	the world has 
structure.	Categorization	of	the	world	is	thus	not	arbitrary,	but	relies	on	its	perceived	
structure	(Rosch,	Mervis,	Gray,	Johnson,	&	Boyes-Braem,	1976).

Two	concepts	are	often	borrowed	from	Rosch’s	work:	first,	Rosch	and	her	col-
leagues	have	experimentally	identified	three	levels	in	taxonomies	of	objects:

•	 The	base	level:	items	in	these	categories	share	many	elements	in	common.
•	 The	superordinate	level:	this	level	is	more	inclusive	than	the	base	level,	but	

items	in	the	categories	at	this	level	share	fewer	elements	in	common.
•	 The	subordinate	level:	items	in	the	categories	at	this	level	share	many	ele-

ments	in	common,	but	the	classes	are	less	inclusive.

Second,	Rosch	has	introduced	the	notion	of	analog	category	membership:	catego-
ries	are	internally	structured	into	a	prototype	and	nonprototype	members.	For	these	
latter	members,	there	is	a	gradient	of	category membership	(Rosch	et	al.,	1978).

11.2.3.2  Method and analysis

In	a	sorting task,	listeners	are	required	to	sort	a	set	of	sounds	and	to	group	them	into	
classes.	When	the	experimenter	does	not	specify	any	specific	criteria	that	the	listen-
ers	have	to	use,	the	task	is	called	a free-sorting task.	Usually,	the	listeners	are	also	
required	to	indicate	the	meaning	of	each	class.*	Sometimes,	the	listeners	also	have	to	
select	a	prototype	in	each	category	(the	most	representative	member).

Technically,	because	personal	computers	are	widespread	in	the	lab,†	 the	proce-
dure	amounts	to	providing	the	listeners	with	an	interface	allowing	them	to	listen	to	
the	sounds	by	clicking	on	icons	and	moving	the	icons	so	as	to	form	groups.

To	analyze	the	results,	the	partition	of	the	sounds	created	by	each	listener	is	coded	
in	an	incidence matrix	(in	the	matrix,	0	indicates	that	two	sounds	were	in	separate	
groups	and	1	 that	 they	were	 in	 the	 same	group).	A	co-occurrence	matrix	 is	 then	
obtained	by	summing	the	incidence	matrices,	which	can	be	interpreted	as	a	proxim-
ity	matrix	(Kruskal	&	Wish,	1978).	Therefore,	as	with	dissimilarity	ratings,	sorting	
tasks	 result	 in	estimating	 similarities	between	 the	 sounds.	However,	 the	 structure	
of	these	data	might	be	different	depending	on	the	procedure.	For	instance,	Aldrich,	

*	 A	classification	of	the	sounds	is	the	result	of	a	sorting	task.	“Categories	are	equivalence	classes	of	
different	(i.e.,	discriminable)	entities	and	categorization	is	the	ability	to	form	such	categories	and	treat	
discriminable	entities	as	members	of	an	equivalence	class”	(Sloutsky,	2003,	p.	246).

†	 Things	were	rather	more	complicated	without	computers;	see	Vanderveer	(1979).
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Hellier,	and	Edworthy	(2009)	showed	that	dissimilarity	ratings	encouraged	partici-
pants	 to	use	acoustical	 information,	whereas	a	free-sorting	procedure	emphasized	
categorical	 information.	 Different	 techniques	 are	 available	 to	 visualize	 the	 prox-
imity	data.	When	the	data	follow	the	triangular	inequality,	but	not	the	ultrametric	
inequality,*	they	are	best	represented	in	a	low-dimensional	geometrical	space	(e.g.,	
by	using	MDS).	When	they	also	follow	the	ultrametric	inequality,	they	are	best	rep-
resented	in	a	tree	representation	(Legendre	&	Legendre,	1998).	Cluster	analyses	cre-
ate	such	representations.	The	most	popular	tree	representation	is	 the	dendrogram.	
It	consists	in	representing	the	data	in	a	hierarchical	tree.	In	such	a	tree,	the	leaves	
represent	the	sounds,	and	the	height	of	the	node	that	links	two	leaves	represents	the	
distance	between	the	two	sounds.	The	representation	is	hierarchical,	well	suited	to	
represent	class	inclusion,	and	therefore	fits	well	with	Rosch’s	framework.

11.2.3.3  Examples of urban soundscape categorization

Sorting	tasks	have	been	largely	used	to	study	the	categorization	of	everyday	sounds	
and	 soundscapes†	 (Guyot,	 1996;	Guyot,	Castellengo,	&	Fabre,	 1997;	Vogel,	 1999;	
Maffiolo,	 Dubois,	 David,	 Castellengo,	 &	 Polack,	 1998;	 Guastavino,	 2007;	 see	
Schulte-Fortkamp	&	Dubois,	2006,	for	a	review	of	recent	advances).

More	recently,	Tardieu,	Susini,	Poisson,	Lazareff,	and	McAdams	(2008)	conducted	
an	experiment	 that	aimed	 to	highlight	 the	different	 types	of	auditory	 information	
that	are	perceived	in	the	soundscapes	of	train	stations.	The	goal	was	also	to	deter-
mine	the	information	that	participants	used	in	the	recognition	of	the	space	typology.	
Sixty-six	soundscape	samples	were	presented	to	participants	in	a	free-categorization	
task	with	verbalization.	The	results	showed	that	the	listeners	grouped	together	the	
samples	into	eight	global	categories.	Further	analysis	aimed	to	explain	the	categories	
on	the	basis	of	the	free	verbalizations.	Each	verbalization	was	reduced	to	the	words	
that	contained	a	descriptive	meaning.	For	example,	 the	 text	“I	have	grouped	here	
the	sequences	that	took	place	in	a	ticket	office.	We	clearly	hear	people	talking	about	
price	and	 ticket”	 is	 reduced	 to	 the	words	“ticket	office,	clearly	hear,	people,	 talk-
ing	about	price.”	This	reduction	was	made	with	the	help	of	the	software	LEXICO	
(2003),	which	automatically	counts	every	word	in	a	text.	Then,	words	are	grouped	
into	 semantic	 fields	 that	 are	 deduced	 from	 the	verbal	 descriptions.	 Five	 semantic	
fields	 were	 deduced	 (Figure  11.2):	 sound	 sources	 (e.g.,	 trains,	 departure	 boards,	
ticket-punching	machines,	whistle,	etc.),	human	activities	(e.g.,	conversations,	steps,	

*	 The	triangular	inequality	states	that	for	any	three	points	A,	B,	and	C,	d(A,C)	≥	d(A,B)	+	d(B,C),	where	
d	is	the	distance	between	the	two	points.	In	a	Euclidean	space,	the	length	of	any	side	of	a	triangle	can-
not	be	greater	than	the	sum	of	the	other	two	sides.	In	an	ultrametric	space,	this	inequality	is	replaced	
by	d(A,C)	≤	max{d(A,	B),	d(B,	C)}.	In	this	kind	of	space,	any	given	side	must	be	less	than	or	equal	to	
the	longer	of	the	other	two	sides.	Note	that	this	is	less	constraining	than	the	Euclidean	case.	The	ultra-
metric	inequality	is	to	most	forms	of	hierarchical	clustering	what	the	triangle	inequality	is	to	two-way	
multidimensional	scaling.

†	 The	term	“soundscape”	was	introduced	in	the	late	1970s	by	the	Canadian	composer	R.	Murray	Schafer	
(1977),	who	defined	soundscape	as	the	auditory	equivalent	to	landscape.	Beside	Schafer’s	project,	the	
term	soundscape	perception	is	used	in	a	scientific	context	to	characterize	how	inhabitants	perceive,	
experience,	and	appraise	their	sonic	environment.
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transaction,	departure,	etc.),	room	effect	(e.g.,	reverberation,	confined,	exterior/inte-
rior,	etc.),	type	of	space	(e.g.,	waiting	room,	platforms,	halls,	etc.),	and	personal	judg-
ment	(e.g.,	annoying,	pleasant,	beautiful,	musical,	etc.).

11.2.3.4  Prerequisites for using sorting tasks

The	sorting	task	is	very	intuitive	for	the	listeners,	and,	in	the	case	of	the	free-sorting	
task,	has	the	great	advantage	of	leaving	the	listeners	free	to	arrange	the	sounds	as	
they	wish.	Contrary	 to	dissimilarity	ratings,	a	 large	number	of	 the	sounds	can	be	
handled	by	the	listeners	in	a	session.

11.2.3.4.1 Considering a large number of existing sounds.	 It	 is	 possible	 with	
sorting	tasks	to	test	many	existing	sounds	that	are	representative	of	the	variety	of	
sounds	under	consideration.	For	instance	74	environmental	sounds	were	presented	
in	Bonebright’s	study	(2001),	150	recorded	sound	effects	in	Scavone,	Lakatos,	and	
Harbke’s	study	(2002),	48	alarm	sounds	in	Susini,	Gaudibert,	Deruty,	and	Dandrel’s	
study	(2003),	and	66	train	station	soundscapes	in	Tardieu	et	al.’s	study	(2008).

11.2.3.4.2 Collecting information on the type of similarities used for each cate-
gory.	 From	a	practical	point	of	view,	contrary	to	the	MDS	approach,	categorization	
tasks	are	well	adapted	to	describe	perceptually	heterogeneous	corpora	of	sounds	and	
to	reveal	different	levels	of	similarities	between	the	sounds.	However,	great	care	has	
to	be	taken	when	analyzing	the	categories	because	the	type	of	similarities	used	by	the	
participants	may	vary	from	one	category	to	another,	depending	on	the	difficulty	in	
identifying	the	sounds	and	on	the	expertise	of	the	participants	(more	or	less	skill	with	
sound	evaluation).	Indeed,	three	types	of	similarities	have	been	identified	(Lemaitre	
et	al.,	2010),	based	on	acoustical	properties	(loudness,	roughness,	intensity	fluctua-
tions,	etc.),	identified	physical	interactions	causing	the	sound	(impact	sound	on	glass,	
rattle	sound	on	metal,	sound	effect,	etc.)	and	meanings	associated	with	the	identified	
sound	sources	(sounds	of	breakfast,	sounds	that	remind	one	of	childhood,	etc.).

11.2.3.4.3 Selecting the type of similarities.	 Semantic	analyses	of	the	verbal	descrip-
tions	of	the	categories	provide	rich	insights	that	reveal,	on	the	one	hand,	the	strategy	
used	by	the	participants	to	form	the	categories,	and	on	the	other	hand,	the	type	of	
information	used.	However,	semantic	analyses	are	often	time	consuming	and	have	to	
be	done	rigorously	by	experts.	Lemaitre	et	al.	(2010)	proposed	an	alternative,	which	
consists	of	asking	the	participants	to	rate	for	each	category	which	type	of	similarity	
(acoustical,	causal,	semantic)	they	had	used.	The	results	may	help	the	experimenter	to	
understand	the	level	of	the	perceptual	structures	underlying	each	category.

11.3  Application: Sound quality of environmental sounds

The	quality	of	the	acoustic	environment	is	currently	an	important	issue.	Efforts	are	
being	made	 to	account	 for	 the	annoyance	caused	by	noises	 (Guski,	1997).	At	 the	
same	time,	designers	are	seeking	to	improve	the	sound	quality	of	industrial	products.	
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The	idea	of	sound	quality	has	emerged	relatively	recently.	It	refers	to	the	fact	that	the	
sounds	produced	by	an	object	or	product	are	not	only	annoying	or	unpleasant,	but	are	
also	a	way	for	people	to	interact	with	an	object.	In	the	case	of	industrial	products,	it	is	
therefore	of	major	importance	to	design	sounds	to	meet	consumer	expectations.

Since	the	beginning	of	the	1990s,	sound	quality	has	been	conceived	of	mainly	in	
the	paradigm	of	psychoacoustics.	This	has	led	to	the	design	of	experimental	meth-
ods	and	auditory	descriptors	 relevant	 to	 sound	quality.	For	 instance,	Zwicker	and	
Fastl	(1999)	asked	participants	to	rate	pleasantness	on	a	unidimensional	scale	(e.g.,	
ratio	 scale).	 Then	 the	 pleasantness	 scores	 were	 correlated	 with	 psychoacoustical	
descriptors.	 Ellermeier,	 Mader,	 and	 Daniel	 (2004)	 gathered	 preference	 judgments	
of	 environmental	 sounds	using	a	2AFC	 (two	alternative	 forced	choice)	procedure	
and	analyzed	them	using	the	BTL	technique	(Bradley–Terry–Luce).	This	technique	
represented	the	perceived	unpleasantness	on	a	ratio	scale.	The	unpleasantness	scores	
were	then	predicted	by	a	linear	combination	of	psychoacoustic	descriptors	(rough-
ness	 and	 sharpness).	 The	 semantic	 differential	 technique	 is	 also	 used	 to	 evaluate	
sound	quality.	It	has	been	largely	used	for	cars	(Bisping,	1997;	Chouard	&	Hemepl,	
1999),	vacuum	cleaners	(Ih	et	al.,	2002),	and	refrigerators	(Jeon,	2006).	However,	as	
noted	in	Section	11.2.3.1,	defining	the	appropriate	semantic	descriptors	of	the	scales	
must	be	done	carefully.

Most	of	the	studies	use	psychoacoustical	descriptors	(loudness,	roughness,	etc.)	
to	explain	unpleasantness	scores	or	semantic	ratings.	These	descriptors	are	currently	
included	in	most	sound	quality	software	packages,	yet	they	are	not	always	adapted	to	
describing	all	kinds	of	everyday	sounds.	Indeed,	it	appears	that	relevant	perceptual	
dimensions	are	different	from	one	study	to	another	according	to	the	corpus	of	sounds	
under	consideration.	Therefore,	there	are	no	“universal”	acoustical	or	psychoacousti-
cal	descriptors	that	can	be	used	to	measure	relevant	auditory	attributes	for	all	catego-
ries	of	environmental	sounds,	and	which	would	thus	provide	the	same	effect	on	the	
sound	quality	of	any	product.

11.3.1  Application of the MDS technique to describe 
environmental sounds

A	crucial	aspect	for	the	research	in	sound	quality	is	to	determine	the	relevant	audi-
tory	 attributes	 related	 to	 a	 specific	 family	 of	 environmental	 sounds.	 The	 MDS	
technique	has	been	shown	to	be	a	fruitful	tool	for	revealing	and	characterizing	the	
unknown	perceptual	dimensions	underlying	the	timbre	of	musical	sounds.	During	
the	last	decade,	the	MDS	technique	has	been	successfully	applied	to	different	kinds	
of	environmental	sounds:	everyday	sounds	(Bonebright,	2001),	interior	car	sounds	
(Susini,	McAdams,	and	Smith,	1997),	air-conditioning	noises	(Susini	et	al.,	2004),	
car	 door	 closing	 sounds	 (Parizet,	 Guyader,	 and	 Nosulenko,	 2006),	 and	 car	 horn	
sounds	(Lemaitre,	Susini,	Winsberg,	McAdams,	and	Letinturier,	2007).	For	all	the	
mentioned	studies,	MDS	analyses	led	to	3-D	perceptual	spaces	(Figure 11.3	pres-
ents	the	3-D	space	obtained	for	car	sounds)	and	all	the	dimensions	except	one	were	
described	by	different	acoustical	parameters.
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The	 spectral	 centroid*	 is	 the	 acoustical	 descriptor	 shared	 by	 all	 the	 percep-
tual	spaces	 related	 to	environmental	sounds.	Therefore,	 this	descriptor	appears	 to	
describe	musical	sounds	as	well	as	environmental	sounds	and	is	related	to	the	seman-
tic	descriptors	“metallic,”	“sharp,”	or	“brilliant.”	Aside	from	the	spectral	centroid,	
no	universal	auditory	attributes	exist	to	characterize	the	timbre	of	any	sound,	and	
an	inventory	of	the	different	salient	auditory	attributes	to	describe	the	different	fam-
ily	of	sounds	is	needed.	A	meta-analysis	of	10	published	timbre	spaces	conducted	
by	McAdams,	Giordano,	Susini,	Peeters,	and	Rioux	(2006)	using	multidimensional	
scaling	 analyses	 (CLASCAL)	 of	 dissimilarity	 ratings	 on	 recorded,	 resynthesized	
or	synthesized	musical	instrument	tones,	revealed	four	primary	classes	of	descrip-
tors:	 spectral	 centroid,	 spectral	 spread,	 spectral	 deviation,	 and	 temporal	 envelope	
(effective	duration/attack	time).

*	 The	spectral	centroid	is	the	weighted	mean	frequency	of	the	spectrum	of	the	signal;	each	partial	tone	is	
weighted	by	its	corresponding	amplitude.	The	calculation	of	this	feature	can	be	more	or	less	complex	
(see	the	work	by	Misdariis	et	al.,	2010),	but	the	basic	expression	is:
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Figure 11.3 (See color insert.) Three-dimensional	 space	 for	 car	 sounds:	 dimension	 I	 is	
explained	by	 the	energy	 ratio	between	 the	harmonic	and	noisy	parts,	dimension	 II	by	 the	
spectral	centroid,	and	dimension	III	by	the	decrease	in	the	spectral	envelope.
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11.3.2  A general framework for sound quality

In	a	more	general	framework,	the	MDS	technique	may	be	combined	with	another	
approach	based	on	a	semantic	study	of	 the	corpus	of	sounds	under	consideration,	
in	order	to	map	preference	judgments	onto	both	relevant	objective	descriptors	and	
appropriate	 semantic	 descriptors.	 Figure  11.4	 presents	 the	 framework	 of	 the	 dif-
ferent	 stages	 of	 these	 related	 approaches.	 This	 general	 framework	 was	 applied	
using	air-conditioning	noises	as	an	example	in	a	three-part	study	by	Susini,	Perry,	
Winsberg,	Vieillard,	McAdams,	and	Winsberg	(2001),	Siekierski	et	al.	(2001),	and	
Junker,	Susini,	and	Cellard	(2001).

The	first	step	consists	in	determining	the	perceptual	space	using	the	MDS	tech-
nique.	 Then,	 in	 a	 second	 step,	 the	 acoustical	 descriptors	 that	 are	 correlated	 with	
the	positions	of	 the	sounds	along	 the	perceptual	dimensions	are	determined.	 In	a	
parallel	third	step,	the	sounds	are	verbally	described	through	a	descriptive	analysis	
that	involves	a	small	number	of	trained	listeners.	This	step	provides	a	list	of	selected	
semantic	descriptors—which	will	be	used	to	define	relevant	semantic	scales—and	
a	verbal	description	of	 the	auditory	cues	used	by	 the	participants	 to	compare	 the	
sounds	 in	order	 to	guide	 the	 research	of	 the	objective	descriptors	correlated	with	
the	auditory	dimensions	obtained	in	the	previous	stage.	In	the	last	step,	participants	
rate	 their	 preference	 (or	 annoyance)	 of	 the	 sounds.	 The	 degree	 of	 preference	 (or,	
inversely,	annoyance)	associated	with	each	sound	is	related	to	a	function	of	the	sig-
nificant	objective	descriptors	on	the	one	hand,	and	the	semantic	descriptors	on	the	
other.	The	advantage	of	this	global	approach	is	that	it	does	not	limit	the	exploration	
and	characterization	of	the	components	of	sound	quality	to	acoustical	and	semantic	
descriptors	that	are	already	known.	It	provides	a	method	for	finding	new	objective	

Semantic description

Relevant objective descriptors ( 1,   2,  …)

Acoustical descriptionMultidimensional description

Relevant auditory dimensions

Pref

Preference judgments ( 1,    2, …), (S1, S2, …) S2

S1

2

1

Description of the auditory
cues used to compare the

sounds

Relevant semantic
descriptors (S1, S2, …)

Figure 11.4 Framework	for	a	global	sound	quality	approach,	involving	multidimensional,	
acoustical,	and	semantic	descriptions	combined	with	preference	judgments,	based	on	Susini	
et	al.	(2001)	and	Siekiersky	et	al.	(2001).
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and	semantic	descriptors	that	are	perceptually	relevant	for	describing	and	evaluating	
a	sound	object	in	the	design	process.

11.4  Perspectives: Sounds in continuous interactions

The	methods	reported	in	this	chapter	all	address	the	measurement	of	quantities	rep-
resentative	of	what	a	human	listener	perceives.	The	evaluation	of	the	perceived	sound 
quality	of	industrial	objects	is	a	very	important	domain	in	which	these	methods	are	
applied.	Traditionally,	the	paradigm	of	sound	quality	evaluation	considers	a	listener	
passively	 receiving	 information	 from	 the	 sounds	of	 the	product.	Such	evaluations	
would,	for	instance,	study	the	acoustical	properties	of	a	car	engine	roar	that	a	user	
prefers	(aesthetics)	and	that	are	representative	of	a	sports	car	(functionality).

New	technologies	for	sensing	and	embedded	computation,	however,	have	made	
it	possible	for	designers	to	consider	sonic	augmentations	of	a	much	wider	array	of	
everyday	objects	that	incorporate	electronic	sensing	and	computational	capabilities.	
Where	continuous	auditory	feedback	is	concerned,	the	sound	is	no	longer	produced	
in	a	static	or	isolated	way,	but	is	rather	coupled	to	human	action	in	real	time.	This	
new	domain	of	applications	is	called	sonic interaction design.

From	the	standpoint	of	perception,	the	level	of	dynamical	interactivity	embodied	
by	such	artifacts	is	very	different	from	the	situation	of	passive	listening	in	which	most	
of	the	methods	reported	are	carried	out.	In	sonic	interactions,	participants	are	not	lis-
tening	to	sequences	of	static	sounds	selected	by	an	experimenter,	but	instead	dynami-
cally	explore	the	sounds	of	an	interactive	object.	This	context	may	be	thought	to	be	
more	closely	allied	with	enactive	views	of	perception	(e.g.,	Bruner,	1966)	than	with	
some	of	the	more	traditional	approaches	found	in	experimental	auditory	psychology.

The	study	of	sonic	interaction	entails	an	understanding	of	perceptual–motor	behav-
ior,	because	 these	processes	underlie	any	form	of	human	 interaction.	New	methods	
may	 therefore	 be	 required.	 Such	 methods	 experimentally	 study	 how	 users	 perform	
when	required	to	do	a	task	involving	sonic	interaction.	An	interesting	example	is	pro-
vided	in	work	by	Rath	(Rath	&	Rocchesso,	2005;	Rath,	2006,	2007;	Rath	&	Schleicher,	
2008).	They	describe	the	Ballancer,	a	tangible	interface	consisting	of	a	wooden	plank	
that	may	be	tilted	by	its	user	in	order	to	drive	a	virtual	ball	rolling	along	the	plank.	The	
authors	used	this	interface	to	study	participants’	abilities	to	use	this	auditory	feedback	
in	a	task	involving	guiding	the	ball	to	a	target	region	along	the	length	of	the	plank,	
depending	on	 the	kind	of	 sound	used.	Lemaitre	et	 al.	 (2009)	used	another	 tangible	
interface	(the	Spinotron)	implementing	the	metaphor	of	a	child’s	spinning	top	to	study	
how	continuous	sonic	interactions	guide	the	user	in	making	a	precise	gesture.
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12.1  Introduction

Body	perception,	or	 interoception,	 is	made	up	of	a	multitude	of	sensory	systems,	
coarsely	sorted	by	functional	aspects	into	proprioception,	visceroception,	and	noci-
ception	(Sherrington,	1906).	Proprioception,	in	its	modern	interpretation,	 includes	
the	 haptic-somatic	 sensitivity,	 with	 tactile	 and	 thermal	 submodalities	 of	 the	 skin	
senses,	 as	well	 as	 the	 sensitivity	 for	movement	 and	position	of	 the	 joints	 and	 the	
limbs	and	for	body	posture.	Visceroception	relates	to	the	perception	of	signals	from	
the	intestines,	originating	from	receptors	in	the	hollow	organs,	which	are	sensitive	
for	pressure	and	distension	(Hölzl,	Erasmus,	&	Möltner,	1996).	Nociception,	finally,	
is	the	processing	of	intense,	noxious	stimuli	that	may	originate	from	all	parts	of	the	
body,	thus	encompassing	aspects	of	somatic-haptic	sensitivity	and	visceroception.

A	modern	view	of	interoceptive	sensitivity	is	given	by	Craig	(2003a,	2002),	who	
postulates	 from	 neurophysiologic	 criteria	 the	 existence	 of	 a	 phylogenetic	 ancient	
“homeostatic”	system	of	small	nerve	fibers,	including	nociception,	temperature	sen-
sitivity,	and	other	interoceptive	receptor	systems	maintaining	bodily	functions.	This	
neurophysiologic	 coherent	 system	 of	 “homoeostatic	 afferents”	 is	 related	 to	 limbic	
brain	areas	involved	in	affective	processing	(e.g.,	anterior	cingulate	cortex,	 insula),	
and	 with	 brain	 areas	 modulating	 affect	 (e.g.,	 amygdala,	 orbitofrontal	 cortex).	 The	
anterior	insula	is	assumed	to	be	central	for	the	integration	of	body	perception	in	the	
sense	of	an	“interoceptive	cortex”	(Craig,	2003b).	This	brain	area	mediates	homeo-
static	emotions,	where	pleasant	bodily	feelings	indicate	homeostasis	and	unpleasant	
feelings	indicate	a	disturbance	of	homeostasis.	In	this	view	of	a	homeostatic	small	
fiber	system,	nociceptive	and	thermoceptive	sensitivity	play	a	central	role,	being	at	the	
core	of	body	perception	itself.	Another	central	feature	of	nociception	is	its	plasticity:	
nociception	includes	a	multitude	of	dynamic	mechanisms	on	peripheral	and	central	

12
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levels	of	processing	that	are	capable	of	changing	nociceptive	transmission	and	pain	
perception.	This	 feature	 is	not	 always	adaptive	 for	 the	organism,	and	maladaption	
may	lead	to	hyperalgesia	and	chronic	pain	under	conditions	not	yet	fully	understood.

This	 chapter	 focuses	 on	 nociception,	 thermoception,	 and	 the	 pain	 experience,	
being	a	central	component	of	body	perception.	It	is	organized	in	three	parts:	the	first	
part	sketches	the	neurophysiology	of	nociception	and	the	physical	conditions	activat-
ing	nociception.	The	second	part	focuses	on	mechanisms	of	dynamic	change	over	
time	in	nociception	and	pain.	Dynamic	change	in	nociception	and	pain	is	exempli-
fied	by	three	mechanisms	on	different	levels	of	processing:	neuronal	plasticity	on	a	
cellular	level,	automatic	processes	in	perception,	leading	to	sensitization	and	habitu-
ation,	and	associative	 learning	of	altered	pain	perception.	The	 third	part	presents	
three	psychophysical	procedures,	 based	on	experimental	 contact	 heat pain	 stimu-
lation,	for	the	assessment	of	the	three	selected	mechanisms	of	dynamic	change	in	
nociception	and	pain.

12.2  Neurophysiology of nociception

The	 neuronal	 structures	 involved	 in	 the	 processing	 of	 nociceptive	 information	 are	
explained	here.	Together	with	the	description	of	the	specific	physical	stimuli	eliciting	
nociception,	this	is	part	of	the	objective	physiology	of	the	senses.	The	neurophysiology	
of	nociception	is	described	for	three	levels	of	the	nervous	system	which	are	organized	
in	ascending	order.	Each	level	depends	on	the	lower	one	and	provides	more	complex	
capabilities	of	adaptive	processing:	first,	peripheral	nociception	deals	with	the	trans-
mission	from	the	receptor	via	afferent	nerve	fibers	to	the	first	central	neuron	in	the	spi-
nal	cord;	second,	spinal	nociception	relates	to	the	neurons	and	nervous	tracts	within	
the	spinal	cord	ascending	to	the	brain	stem	and	the	brain;	and	third,	the	structures	
of	the	brain	that	are	involved	in	pain	processing.	The	relationship	of	the	neurophysi-
ological	aspects	of	nociception	with	qualities	of	pain	perception	is	also	presented.

12.2.1  Peripheral nociception

The	term	nociception	was	introduced	to	differentiate	the	“neural	processes	of	encod-
ing	and	processing	noxious	stimuli”	from	“the	perception	of	pain”	(Loeser	&	Treede,	
2008).	Peripheral	nociception	comprises	the	neuronal	transmission	from	the	periph-
eral	 receptor	 to	 the	 presynaptic	 endings	 of	 the	 peripheral	 nerve	 fiber	 on	 the	 first	
central	neuron	in	the	spinal	cord.

Noxious	events	are	detected	and	coded	in	the	nervous	system	by	a	specific	type	of	
receptor,	the	nociceptor.	Nociceptors	are	described	as	sensitive	nerve	endings	whose	
morphology	is	not	yet	completely	clarified.	Nociceptors	are	found	mainly	in	the	skin,	
in	the	entire	musculature	of	the	body,	and	in	the	joints,	as	well	as	in	internal	organs	
and	the	intestines.	Specific	stimuli	for	nociceptors	are	strong	thermal,	mechanical,	
or	 chemical	 stimuli	 that	 might	 cause	 damage	 to	 the	 organism	 (Torebjörk,	 1994).	
The	majority	of	nociceptors	are	simultaneously	responsive	to	mechanical,	thermal,	
and	chemical	stimuli.	For	their	multisensitivity	these	nociceptors	are	termed	poly-
modal nociceptors.	To	a	much	lesser	degree,	there	are	also	unimodal	mechano-	or	
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thermosensitive	nociceptors	(Heppelmann,	Messlinger,	Schaible,	&	Schmidt,	1991;	
Zimmermann	&	Handwerker,	1984).

Activation	of	nociceptors	is	not	solely	due	to	exogenous	stimulation.	Noxious	events	
might	damage	tissue	and	in	this	line	trigger	inflammation,	with	chemical	mediators	
acting	as	algetic	substances	 in	 the	surrounding	 tissue	(e.g.,	histamine,	prostaglan-
dine,	bradykinin,	and	serotonin).	These	proinflammatory	and	algetic	substances	are	
synthesized	in	the	organism	and	can	be	considered	as	endogenous	noxious	events,	
which	are	capable	of	 triggering	action	potentials	 in	nociceptive	fibers.	This	might	
occur	with,	but	also	without	additional	exogenous	noxious	stimulation	(Heppelmann	
et	al.,	1991;	Mense,	Hoheisel,	Kaske,	and	Reinert,	1997).

The	most	common	class	of	nociceptors	consists	of	the	polymodal	C-fiber	nocicep-
tors	sensible	for	mechanical	and	thermal	stimuli	(C-fiber	mechano-heat	nociceptors,	
CMHs;	Raja,	Meyer,	&	Campbell,	1990).	The	threshold	of	their	neuronal	response	to	
contact	heat	stimulation,	as	measured	by	microneurography,	lies	in	a	wide	physical	
temperature	range	of	38–50°C.	This	means	that	these	nociceptors	might	be	active	at	
nonpainful	temperatures	normally	not	even	perceived	as	hot.	Therefore	it	requires	
considerable	 spatial	 and	 temporal	 summation	 of	 afferent	 influx	 for	 perception	 of	
thermal	pain	to	occur	(Nielsen	&	Arendt-Nielsen,	1998).

The	second	common	class	of	nociceptive	fibers	is	among	the	Aδ-fibers,	covering	
the	high	intensity	range	of	noxious	temperatures.	The	polymodal	Aδ-fiber	nocicep-
tors	(A-fiber	mechano-heat	nociceptors,	AMHs)	will	respond	only	above	tempera-
tures	of	48°C.	These	fibers	are	 further	 subdivided	 in	 two	classes	of	AMH	fibers,	
according	to	their	temporal	response	properties:	Type	I	AMH	fibers	will	characteris-
tically	respond	(within	600	ms)	and	adapt	slowly	to	an	intensive	nociceptive	stimulus.	
In	type	I	AMHs,	an	increased	sensitivity	is	observed	after	repeated	noxious	stimula-
tion,	which	mediates	at	least	in	part	the	hyperalgesia	and	sensitization	observed	after	
such	stimulus	series	(Meyer	&	Campbell,	1981;	Raja	et	al.,	1990).	Type	II	AMHs,	
on	the	contrary,	respond	fast	(<200	ms)	and	adapt	quickly	(Raja	et	al.,	1990),	thus	
mediating	the	characteristic	pinpricking	or	stinging	quality	of	“first	pain.”

The	 specific	 nociceptive	 fibers	 innervating	 nociceptors	 belong	 to	 the	 group	 of	
so-called	small nerve fibers,	constituting	the	homeostatic	small	fiber	system	postu-
lated	by	Craig	(2003a).	Small	nerve	fibers	comprise	the	fast	conducting	myelinated	
Aδ-fibers	and	slow	conducting	unmyelinated	C-fibers	(Figure 12.1).	In	humans,	50%	
of	all	Aδ-fibers	are	estimated	to	be	nociceptive,	whereas	for	C-fibers,	a	much	higher	
proportion	of	90%	is	assumed	to	be	nociceptive.

Aside	from	signaling	physiological	information	for	maintaining	homeostasis	(e.g.,	
blood	pressure,	O2	saturation),	small	fibers	also	innervate	nonnoxious	warm-	and	cold	
receptors	in	the	skin:	warm	receptors	respond	via	afferent	C-fibers,	and	cold	receptors	
via	afferent	Aδ-fibers	(Darian-Smith,	1984).	Small	fibers	therefore	mediate	the	per-
ception	of	a	wide	temperature	range	one	might	experience	on	the	skin,	ranging	from	
noxious	cold	over	nonnoxious	cold	to	warmth,	heat,	painful	heat,	and	noxious	heat.

There	is	considerable	overlap	of	the	physical	response	properties	of	the	contrib-
uting	receptors	(Figure 12.1)	and	also	highly	integrative	processing	of	the	afferent	
activation	pattern	in	the	different	receptor/fiber	systems	subserving	temperature	and	
pain	 perception.	 The	 basic	 properties	 of	 the	 small	 fiber	 subsystems	 are	 therefore	
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classified	by	the	sensory	modality	and	by	the	intensity	range	to	which	they	respond.	
Another	criterion	for	classification	is	the	conduction	velocity	of	the	afferent	fiber	and	
its	response	properties	(Raja	et	al.,	1990;	Table 12.1).

12.2.2  Spinal nociception

The	peripheral	nociceptive	nerve	fibers	enter	the	spinal	cord	via	the	dorsal	root	gan-
glion	and	the	dorsal	horn	of	the	spinal	cord,	where	they	have	presynaptic	endings	
on	central	transmission	neurons.	Within	the	spinal	cord,	10	histologically	different	
cell	layers	(laminae)	are	described	which	differ,	among	other	characteristics,	by	the	
proportion	of	afferent	influx	(Rexed,	1952).	The	nociceptive	neurons	of	the	dorsal	
horn	 lie	 in	 the	superficial	 layers	of	 the	spinal	cord,	mainly	 in	 layers	I	and	II,	and	
also	partially	in	the	deep	lamina	V	of	the	spinal	cord	(Cervero,	1986;	Millan,	1999).	
The	dorsal	horn	transmission	neurons	are	subdivided	in	classes,	according	to	their	
sensory	properties	(Mendell,	1966;	Cervero,	1986):

Class 1 of spinal transmission neurons	 receives	 input	 from	 low-threshold	
mechanoceptive	neurons,	but	shows	no	nociceptive	responses.

Noxious Cold (CMH, AMH)

Noxious Heat (AMH I)

Noxious Heat (CMH)

Warmth (C)

Cold (Aδ)

Pain

Heat Pain

Hot

Warm

Cold
0 10 20 30

Temperature (°C)
40 50 60

Noxious Heat (AMH II)

Figure 12.1 Response	properties	of	thermo-nociceptive	small	fiber	receptors	over	tempera-
ture.	Single	curves	indicate	cumulated	receptor	activity	dependent	on	temperature.	Sensitivity	
curves	are	stacked	in	ascending	order	corresponding	to	the	perceptual	qualities	on	the	right	
ordinate,	indicating	warm,	hot,	or	painful	sensations.	There	is	considerable	overlap	of	sensi-
tivity	ranges	for	the	different	receptor	classes,	especially	in	the	noxious	temperature	range,	
starting	approximately	around	45°C	(Data	sources:	Kleinböhl,	1996;	Treede	et	al.,	1998;	Raja	
et	al.,	1990).
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Class 2 of spinal transmission neurons	 receives	 convergent	 afferent	 influx	
from	noci	ceptors	and	from	low-threshold	mechanoreceptors.	These	multi-
receptive	neurons,	also	termed	“low	threshold”	or	“wide	dynamic	range”	
(WDR),	 may	 increase	 their	 sensitivity	 under	 certain	 stimulus	 conditions	
and,	therefore,	have	been	discussed	as	candidate	mediators	for	hyperalgesia	
and	chronic	pain.	Class	2	neurons	are	found	in	laminae	II	and	V,	the	affer-
ent	influx	to	lamina	II	(also	termed	the	“substantia	gelatinosa”)	originating	
particularly	from	C-fibers	of	the	skin	(Cervero,	1986).

Class 3 spinal transmission	 neurons	 are	 innervated	 exclusively	 from	 high-
threshold	nociceptors,	either	purely	mechanosensitive	(class	3a)	or	mech-
ano-	 and	 thermosensitive	 (class	 3b).	 These	 neurons	 transfer	 information	
about	intense	noxious	stimuli	only.	Therefore,	they	are	also	called	“nocicep-
tive	specific”	(NS)	neurons.	They	are	mostly,	but	not	exclusively,	located	in	
lamina	I	and	receive	predominantly	afferent	influx	from	Aδ-fibers	(Hylden,	
Hayashi,	Bennett,	&	Dubner,	1985).

Nociceptive	 information	 is	 already	 processed	 on	 the	 level	 of	 the	 spinal	 cord,	
allowing	an	immediate	response	of	the	organism	to	noxious	stimuli.	Response	chan-
nels	for	the	release	of	sympathetic	and	nocifensive	motor	reflexes	are	activated	via	
interneurons.	The	latter	allow	a	quick	motor	response	such	as	pulling	away	of	the	
hand	from	a	hot	plate.	Vegetative	responses	to	noxious	stimuli	such	as	acceleration	
of	breathing	and	heartbeat	or	an	increase	in	blood	pressure	are	modulated	by	a	small	
part	 of	 the	 ascending	 nociceptive	 fibers,	 joining	 the	 medulla	 oblongata	 (Droste,	
1988).	Finally,	vigilance	and	awareness	are	modulated	by	nociceptive	input	via	the	
ascending	reticular	activating	system	(ARAS)	in	the	formatio	reticularis	of	the	brain	
stem	(Zimmermann,	1993).

12.2.2.1  Ascending nociceptive pathways

The	 transmission	 of	 nociceptive	 information	 from	 the	 spinal	 cord	 to	 the	 brain	 is	
performed	by	two	functionally	and	anatomically	distinct	pathways	(lat.	“tractus”),	

Table 12.1 Properties	of	peripheral	nociceptive	nerve	fibers

Property AMH1-type I AMH1-type II CMH2

Conduction	velocity	[m/s] 15.2	±	9.9 31.1	±	1.5 0.8	±	0.1
Thermal	threshold	[°C] >	49	 43 43.6	±	0.6
Mechanical	threshold	[bar] 3.5	±	0.3 1.7 6.0	±	0.6
Rise-time	receptor	[ms] Slow:	>	600 Fast:	<	200 >	50
Skin	type Hairy,	glabrous Hairy	only Hairy,	glabrous
Perceptual	qualities Primary	hyperalgesia First	pain Second	pain

Note:	 Overview	compiled	by	Kleinböhl	(1996),	based	on	a	table	from	Raja	et	al.	(1990).
1	 AMH:	A-fiber-mechano-heat,	a	nerve	fiber	with	a	myelin	sheath,	allowing	for	fast-action	poten-

tial	conduction	velocities.
2	 CMH:	C-fiber-mechano-heat,	an	unmyelinated	nerve	fiber,	and	therefore	allowing	only	for	slow	

conduction	velocities.
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which	are	termed	medial	and	lateral	system	according	to	their	target	nuclei	in	the	
thalamus.	In	the	evolutionary	older	medial	system	(tractus	palaeospinothalamicus),	
mainly	nerve	tracts	from	the	formatio	reticularis,	but	also	from	tractus	spinothalam-
icus	and	tractus	trigeminothalamicus,	go	to	the	medial	nuclei	of	the	thalamus	(nuclei	
centralis	lateralis,	centralis	medialis,	and	parafascicularis).	These	nuclei	are	assumed	
to	be	connected	with	limbic	areas	of	the	brain	and	with	the	hypothalamus.	In	the	
evolutionarily	younger	lateral	system	(tractus	neo-spinothalamicus)	the	trajectories	
of	 the	 tractus	 spinothalamicus	and	 tractus	 trigeminothalamicus	 join	 in	 the	 lateral	
somatosensory	nuclei	of	the	thalamus	(ventro-basal-nucleus)	and	then	connect	with	
the	somatosensory	cortex	in	the	postcentral	gyrus	(e.g.,	Apkarian,	1995).

12.2.2.2  Descending inhibitory pathways

An	important	mechanism	of	regulating	the	nociceptive	input	to	the	brain	is	mediated	
by	 a	 system	 of	 brain	 stem	 nuclei,	 exerting	 inhibition	 by	neuronal	 fibers	 descend-
ing	to	the	segments	of	the	spinal	cord.	This	“descending	inhibition”	is	regulated	by	
the	nociceptive	influx	and	is	normally	exerted	by	opiate-mediated	inhibition	of	the	
transmission	neurons	in	the	spinal	cord.	The	axons	of	these	nociceptive	dorsal	horn	
cells	 connect	via	 the	 anterolateral	 tract	 of	 the	 spinal	 cord	 (tractus	 anterolateralis)	
with	the	formatio	reticularis	in	the	brain	stem	(tractus	spinoreticularis)	and	with	the	
thalamus	(tractus	spinothalamicus).	Collateral	fibers	from	the	anterolateral	tract	go	
to	the	periaquaeductal	gray	(PAG,	substantia	grisea)	to	initiate	the	inhibition.	There	
are	connections	from	the	PAG	to	the	locus	coeruleus,	another	brain	stem	nucleus.	It	
operates	synergistically	with	the	PAG	in	the	opiodergic	modulation	of	pain	(Bodnar,	
Paul,	&	Pasternak,	1991).	Nucleus	raphe	magnus	(NRM)	is	the	third	brain	stem	area	
involved	in	pain	inhibition	(Basbaum,	Marley,	O’Keefe,	&	Clanton,	1977;	Abbott,	
Melzack,	&	Leber,	1982).	From	this	area,	inhibitory	fibers	descend	within	the	dor-
solateral	funiculus	(DLF)	to	the	nociceptive	neurons	in	the	dorsal	horn	of	the	spinal	
cord	where	they	inhibit	the	afferent	influx	(Watkins	&	Mayer,	1982).

12.2.3  Brain areas involved in nociception and pain

In	Craig’s	view	of	the	homeostatic	small	fiber	system,	there	is	a	specific	area	in	the	
brain	representing	body	perception—the	insula	cortex	in	the	depth	of	the	sylvian	fis-
sure—however,	this	is	not	an	exclusive	center	of	pain	representation.	Modern	imag-
ing	methods	such	as	magnetic	resonance	imaging	or	positron-emission-	tomography	
have	 shown	 that	 there	 is	 no	 “pain	 center”	 in	 the	 brain,	 but	 a	 “neuromatrix”	 of	
functional	 brain	 areas	 subserving	 the	 various	 components	 of	 the	 pain	 experience	
(Derbyshire,	2000;	Treede,	Kenshalo,	Gracely,	&	Jones,	1999).

The	primary somatosensory cortex (area	SI)	is	the	part	of	the	brain	in	the	central	
area	where	most	of	the	afferent	information	from	the	ventral	posterior-lateral	nuclei	
of	the	thalamus	(VPL)	reaches	the	cortex	(Millan,	1999;	Apkarian,	1995,	1996).	This	
brain	area	is	assumed	to	mediate	the	sensory-discriminative	aspects	of	pain	such	as	
localization	of	a	stimulus	or	estimating	its	magnitude.	The	secondary somatosensory 
cortex (area	SII)	receives	parallel	nociceptive	input	mainly	from	the	medial	nuclei	
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of	the	thalamus	(ventral	posterior	inferior,	VPI;	ventral	medial	posterior,	VMPo)	a	
smaller	part	from	VPL.	The	SII	area	is	supposed	to	be	involved	in	pain-related	atten-
tion	and	learning	(Treede	et	al.,	1999).	The	insula cortex	is	reciprocally	connected	
with	SII	(therefore	sometimes	called	area	SIII),	but	receives	also	afferents	from	the	
posterior	thalamic	nuclei	and	projects	to	the	amygdala	and	to	the	perirhinal	cortex.	
Therefore	the	insula	is	supposed	to	be	a	higher-order	integration	area	for	somatosen-
sation,	which	also	modulates	affective	and	motor	pain	responses	(Derbyshire,	Jones,	
Gyulai,	Clark,	Townsend,	and	Firestone,	1997).

The	anterior cingulate cortex (ACC)	influences	vegetative	functions	and	also	psy-
chomotoric	und	locomotoric	drive	(Treede	et	al.,	1999;	Treede,	Apkarian,	Bromm,	
Greenspan,	&	Lenz,	2000).	The	ACC	includes	an	activation	system	which	is	located	
in	the	more	posterior	parts	of	the	ACC	and	is	supposed	to	be	specific	for	pain.	The	
anterior	parts	of	the	ACC	mediate	general	activation	and	attention.

The	amygdala	is	well	known	to	be	involved	in	affective-motivational	processing	
of	information	in	general	and	especially	in	mediating	fear	and	aversive	condition-
ing.	The	extended	connectivity	between	the	amygdala,	ACC,	insula,	and	prefrontal	
cortex	provides	 the	neurophysiological	foundation	for	 the	 integration	of	pain	with	
fear,	context	information,	and	higher	cognitive	and	motivational	functions	mediated	
by	the	prefrontal	areas.

12.2.4  Nociception and perceptual qualities

Some	qualities	of	pain	perception	are	dependent	on	specific	properties	of	the	noci-
ceptive	structures	involved,	such	as	the	type	of	active	nociceptor,	the	type	of	afferent	
fiber,	and	the	organ	system	affected	(Willis,	1988).	The	different	nerve	conduction	
velocities	 in	 nociceptive	 Aδ	 and	 C-fibers	 are	 assumed	 to	 determine	 two	 specific	
qualities	of	pain:	First pain	 is	a	well-localized	pricking	pain	quality	which	is	due	
to	activation	of	myelinated	fast	conducting	(15–31	m/s)	and	fast	adapting	Aδ-fibers.	
Second pain is	mediated	by	slow	C-fibers	(0.8	m/s),	experienced	as	a	slowly	waxing	
and	waning	pain	quality	that	has	a	pronounced	burning	component	in	skin	areas,	and	
a	dull,	throbbing	quality	in	musculature,	skeleton,	or	intestines	(Table 12.1).

The	 physiological	 processes	 underlying	 the	 perception	 of	 pain	 have	 been	 fur-
ther	specified	by	comparative	studies	of	humans	and	animals.	In	these	studies,	the	
subjective	pain	judgments	in	humans	have	been	compared	with	the	discharge	fre-
quencies	of	CMH-fibers,	measured	directly	by	 small	needle	electrodes	applied	 to	
the	nerve	fiber	 in	 animals.	This	 technique	 is	 termed	 “microneurography.”	 In	 this	
way,	the	subjective	pain	intensity	has	been	shown	to	be	connected	with	the	CMH-
fiber	 activity	 at	 comparable	 physical	 intensities.	 This	 finding	 is	 corroborated	 by	
selective	 blockade	 of	 AMH-fibers	 and	 CMH-fibers	 during	 thermal	 stimulation	 in	
humans:	heat	pain	perception	mainly	depends	on	the	activation	of	CMH-fibers,	at	
least	at	stimulus	intensities	near	the	pain	threshold	(Raja	et	al.,	1990).	Furthermore,	
the	perceived	pain	intensity	and	the	discharge	frequency	in	CMHs	show	a	concur-
rent	increase	with	stimulus	intensity,	showing	that	a	coding	of	intensity	is	also	per-
formed	in	these	fibers	(Zimmermann	&	Handwerker,	1984;	LaMotte	&	Campbell,	
1978a,	1978b;	Raja	et	 al.,	1990).	These	findings	demonstrate	 that	pain	perception	
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is	functionally	connected	with	response	thresholds	and	response	characteristics	of	
C-fiber	nociceptors	(LaMotte	&	Campbell,	1978a,	1978b;	van	Hees	&	Gybels,	1981;	
Raja	et	al.,	1990).

However,	 receptor	 excitation	 and	 subjective	 pain	 perception	 cannot	 be	 simply	
equated,	and	the	deviations	in	this	relationship	are	not	yet	fully	clarified.	For	instance,	
a	 low-level	 excitation	of	CMH-fibers	 is	not	yet	perceived	as	painful	 (van	Hees	&	
Gybels,	1981;	Raja	et	al.,	1990).	Therefore,	the	nociceptive	receptor	threshold	is	not	
the	same	as	the	subjective	pain	threshold.	Furthermore,	the	time	course	of	CMH-
fiber	activation	does	not	correspond	to	the	perceived	time	course	of	pain	in	repeti-
tive	or	tonic	stimulation	models.	The	discharge	frequency	of	the	CMHs	decreases	
slowly	 during	 tonic	 contact	 heat;	 however,	 pain	 perception	 during	 the	 same	 time	
interval	increases	(LaMotte,	Thalhammer,	&	Robinson,	1983)	or	remains	constant	
(Meyer	&	Campbell,	1981).	The	same	is	valid	for	tonic	mechanical	stimulation	(Raja	
et	al.,	1990).	These	inconsistencies	between	perceived	pain	and	nociceptive	activity	
require	the	assumption	of	neuronal	mechanisms	as	temporal	and	spatial	summation	
of	 afferent	 signals	 to	 explain	 the	 constituents	 of	 the	 pain	 experience	 (Raja	 et	 al.,	
1990;	LaMotte	et	al.,	1982).

12.3  Dynamic processes in nociceptive sensory networks

During	the	last	two	decades,	important	insight	into	the	physiological	and	pathologi-
cal	processes	of	the	nociceptive	system	has	been	gained.	This	has	been	achieved	by	
diverse	methods,	ranging	from	single	cell	and	nerve	fiber	recordings	to	functional	
neuroimaging.	However,	a	complete	picture	of	all	the	interwoven	processes	is	still	
not	in	sight.	Particularly,	the	connections	between	the	microscopic	processes	on	a	
cellular	level	and	the	macroscopic	processes	in	medium	and	large-scale	assemblies	
of	neurons	are	widely	unexamined,	not	to	speak	of	an	integration	of	psycho(physio)
logical	 aspects.	 In	 the	 following,	 mechanisms	 mediating	 dynamic	 change	 in	 the	
nociceptive	sensory	networks	are	discussed	under	the	heading	of	neuronal	plastic-
ity,	 and	 dynamic	 change	 in	 perception	 is	 discussed	 under	 the	 aspect	 of	 learning.	
These	 mechanisms	 demonstrate	 the	 far-reaching	 capabilities	 of	 the	 nociceptive	
system	to	reorganize	itself,	or	in	other	words,	to	adapt	continuously	to	altered	gen-
eral	conditions.	Normally,	these	processes	of	dynamic	change	are	adaptive	and	have	
some	benefit	for	the	organism,	for	example,	when	a	functional	deficit	caused	by	the	
impairment	of	one	specific	brain	area	is	being	compensated	by	cortical	reorganiza-
tion	(Flor,	2003).	But	the	various	mechanisms	of	dynamic	change	may	also	lead	to	
maladjustment	and	a	dysfunctional	state,	as	in	chronic	pain	syndromes.

12.3.1 Neuronal mechanisms of dynamic change

In	peripheral	and	spinal	nociception,	certain	stimulus	configurations	or	activation	
patterns	 in	 the	 afferent	 nerve	 may	 cause	 short-lived	 and	 reversible	 changes	 and	
modulations,	but	also	long-term	and	irreversible	modifications	of	the	neuronal	trans-
mission	pathways	(see	figure	inset	in	Table 12.2,	representing	the	peripheral,	spinal,	
and	 cerebral	 levels	 of	 the	 nociceptive	 pathways).	 The	 underlying	 neurobiological	
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processes	have	been	termed	“neuronal	plasticity,”	which	can	be	classified	into	three	
categories,	according	to	their	time	course	and	potential	reversibility	(Woolf	&	Salter,	
2000;	see	columns	in	Table 12.2).

	 1. Activation-dependent plasticity refers	 to	 transient	 dynamic	 changes	 in	
nociceptive	processing,	being	 fully	 reversible	within	seconds	or	minutes.	
Such	 mechanisms	 include	 both	 facilitatory	 and	 inhibitory	 processes	 on	
all	levels	of	nociception.	In	the	periphery,	the	nociceptor	excitability	may	
increase	(autosensitization)	or	decrease	(fatigue)	during	repetitive	stimula-
tion	of	the	same	skin	area.	Skin	damage	by	repetitive	noxious	stimuli	or	by	
burning	may	trigger	inflammatory	processes,	increasing	the	sensitivity	of	
the	nociceptor	(heterosensitization)	by	contact	with	the	algetic	substances	

Table  12.2 	Taxonomy	of	mechanisms	mediating	dynamic	change	in	nociception	
and	pain	perceptiona

Activation Modulation Modification

Pain	
perception

Perceptual	
sensitization	

Hyperalgesiab Hyperalgesiab

Allodyniab Allodyniab

Habituation

Brain	
neuromatrixc

Automatic	
processes

Associative	
learning

Associative	
learning

Cortical	
reorganization	

Cortical	
reorganization

Descending	
inhibition

Descending	
inhibition

Descending	
inhibition

Spinal	
nociceptionc

Wind-up	in	
dorsal	horn	
neurons

Central	
sensitization

Structural	changes	
in	spinal	
transmission

Facilitation Long-term	
potentiation

Long-term	
depression

Peripheral	
nociceptionc

Autosensitization	
of	nociceptors

Heterosensitization	
of	nociceptors

Structural	changes	
in	nociceptors

Fatigue	of	
nociceptors

Fatigue	of	
nociceptors

a	 Extended	version	of	a	table	based	on	Woolf	&	Salter	(2000).	Facilitative	and	inhibiting	mechanisms,	the	
latter	given	in	shaded	layout.

b	 A	hypersensitivity	to	painful	stimulation	is	called	hyperalgesia,	whereas	a	hypersensitvity	to	normally	
nonpainful	stimuli	is	called	allodynia.

c	 Three	main	levels	of	nociceptive	pathways:	peripheral	cutaneous	nociceptor	fibers	entering	the	dorsal	
horn	of	the	spinal	cord	and	ascending	via	the	anterolateral	tract	to	the	thalamus	in	the	brain.	From	there	
on,	a	neuromatrix	of	various	brain	areas	receive	nociceptive	influx.
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mediating	inflammation	(e.g.,	bradykinine,	prostaglandine,	and	others).	An	
ongoing	afferent	input	from	a	peripheral	nociceptor	might	also	trigger	sen-
sitization	in	dorsal	horn	transmission	neurons,	which	is	well	known	from	
animal	 experiments	 as	 the	 so-called	 “wind-up”	 phenomenon	 (Mendell,	
1966).	Comparative	studies	in	humans	and	animals	have	shown	that	wind-
up	 is	 the	 neuronal	 correlate	 of	 the	 subjective	 short-term	 sensitization	
experienced	under	 repetitive	or	 tonic	stimulation	conditions	 (Price,	Mao,	
Frenk,	&	Mayer,	1994;	see	also	Section	12.2.2).

	 2. Modulations	are	termed	dynamic	changes	in	nociception	lasting	for	min-
utes,	hours,	or	even	days,	which	may	still	be	fully	reversible.	Again,	there	
are	 facilitating	 and	 inhibiting	 processes	 at	 work.	 Long-term	 potentiation	
(LTP)	is	the	strengthening	of	the	synaptic	connectivity	between	two	neu-
rons	by	applying	a	high-frequency	stimulus	pattern	to	one	spinal	neuron	in	
animal	experiments	or	by	corresponding	electrical	stimulation	of	the	skin	
in	human	experiments	(Klein,	Magerl,	Hopf,	Sandkühler,	&	Treede,	2004).	
By	 changing	 the	 stimulus	 properties	 to	 low-frequency	 stimulation,	 the	
conditions	can	be	reversed:	a	long-term	depression	(LTD)	inhibits	synap-
tic	connectivity,	which	might	be	of	therapeutic	value	by	modulating	spinal	
transmission	by	transcutaneous	electric	nerve	stimulation	(TENS).

	 3. Modification,	 finally,	 includes	 non-	 or	 only	 slowly	 reversible	 changes	 in	
nociception,	 caused	 by	 altered	 gene	 regulation	 in	 the	 cell,	 which	 have	 a	
long-lasting	 influence	 on	 the	 excitability	 and	 connectivity	 of	 a	 neuron.	
These	 mechanisms	 are	 assumed	 to	 be	 central	 in	 establishing	 persistent	
pathological	pain.

The	neurophysiological	processes	underlying	neuronal	plasticity	in	nociception	are	
well	examined	in	animal	models,	usually	comprising	the	same	molecular	processes	
as	known	from	the	neurobiology	of	memory	formation	in	the	brain.	The	N-methyl-
d-aspartate	(NMDA)	receptor	mechanism	underlying	the	wind-up	phenomenon,	or	
the	LTP,	is	a	prominent	example	of	these	processes	(e.g.,	Kandel,	2001).	This	origin	
of	the	plasticity-in-pain	research	has	also	led	to	the	term	“pain	memories”	for	these	
mechanisms	(Sandkühler,	2000;	Kleinböhl,	Baus,	Hornberger,	&	Hölzl,	2005).

12.3.2  Psychological mechanisms of dynamic change

In	the	taxonomy	of	learning	mechanisms	and	related	memory	systems,	the	simplest	
mechanisms	 are	 the	 so-called	 automatic processes,	 represented	 in	 perception	 by	
habituation	and	perceptual	sensitization	(Milner,	Squire,	&	Kandel,	1998).

12.3.2.1  Automatic processes: Perceptual sensitization

Sensitization	 in	 perception	 is	 defined	 as	 an	 increase	 of	 the	 subjective	 stimulus	
intensity	during	constant	repetitive	or	continuous	stimulation.	In	body	perception,	
sensitization	 is	 a	 characteristic	 feature	 of	 the	 pain	 sensation	 (Greene	 &	 Hardy,	
1962;	LaMotte,	1979).	 In	fact,	sensitization	seems	so	closely	 linked	with	 the	pain	
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experience	 that	attempts	were	made	 to	use	 the	occurrence	of	 sensitization	during	
tonic	stimulation	as	an	objective	criterion	for	the	pain	threshold	(Severin,	Lehmann,	
&	Strian,	1985).	Perceptual	sensitization	is	usually	examined	with	repetitive	phasic	
or	continuous	tonic	stimulation	with	thermal,	mechanical,	or	chemical	stimulation	of	
the	skin	or	the	musculature.	In	such	stimulus	models,	a	reversible	short	time	sensiti-
zation	in	the	time	interval	below	one	minute	is	prominent,	which	can	be	measured	
again	after	a	short	break	(Kleinböhl,	Hölzl,	Möltner,	Rommel,	Weber,	&	Osswald,	
1999;	Kleinböhl,	Baus,	Hornberger,	&	Hölzl,	R.,	2005).

In	accordance	with	its	assumed	neural	cause	this	effect	has	also	been	termed	tem-
poral summation.	The	underlying	neural	mechanism	has	been	identified	in	the	above-
mentioned	wind-up	phenomenon	already	known	from	animal	experiments.	There	is	
an	activation-dependent	increase	of	sensitivity	of	class	2	or	wide	dynamic	range	neu-
rons	in	the	dorsal	horn	of	the	spinal	cord,	which	is	found	with	repetitive	nociceptive	
stimulation	at	frequencies	faster	than	0.	3	Hz	(Mendell,	1966).	Continuous	excitation	
of	these	neurons	by	nociceptive	C-fiber	afferents	removes	the	block	of	an	ion	chan-
nel	with	a	receptor	sensitive	for	NMDA.	This	allows	for	an	influx	of	calcium	ions	
into	the	cell,	thus	further	depolarizing	the	cell	membrane	and	leading	to	an	acceler-
ated	release	of	action	potentials,	the	so-called	wind-up.	This	neural	process	and	its	
modulation	or	blockade	by	NMDA	receptor	antagonists	 (e.g.,	MK	801,	ketamine,	
memantine,	amantadine)	are	well	examined	in	animal	experiments	(e.g.,	Woolf	&	
Thompson,	1991;	Ren,	1994).	Psychophysical	experiments	 in	humans	have	shown	
that	subjective	sensitization	might	be	at	least	in	part	a	perceptual	correlate	of	this	
spinal	mechanism	(Price	et	al.,	1994).

12.3.2.2  Automatic processes: Habituation

Habituation	 is	defined	as	a	decrease	of	 the	 subjective	 intensity	experience	during	
repetitive	or	continuous	stimulation	at	constant	intensities.	Thus	habituation	can	be	
regarded	as	a	perceptual	process	complementary	to	sensitization,	although	the	under-
lying	neuronal	processes	are	supposed	to	be	very	different.	In	the	classical	interpre-
tation	of	habituation,	a	sequential	comparison	process	between	a	stored	image	of	a	
stimulus	and	 its	 repetitive	presentation	 is	assumed.	The	 result	of	 this	comparison	
process	determines	the	response	to	the	actual	stimulus:	an	agreement	of	stored	and	
actual	stimulus	image	leads	to	a	decrease	in	response	intensity	(Sokolov,	1960).	The	
response	to	new	stimulation	(orienting	response)	and	habituation	are	well	examined	
for	nearly	all	sense	modalities	(e.g.,	Lang,	Davis,	&	Öhman,	2000).	For	pain	percep-
tion,	there	are	only	a	limited	number	of	studies	available,	probably	because	sensitiza-
tion	normally	dominates	in	pain	perception.

12.3.2.3  Associative learning: Operant conditioning

In	the	taxonomy	of	higher-order	learning	mechanisms	and	related	memory	systems,	
operant	 and	 classical	 conditioning	 are	 termed	 associative	 learning	 mechanisms	
(Milner	et	al.,	1998).	Since	the	work	of	Fordyce	and	others,	operant	conditioning	
is	considered	an	important	psychological	mechanism	for	the	development	and	also	
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for	 the	 treatment	of	chronic	pain	(Fordyce,	1984;	Philips,	1987;	Philips	&	Grant,	
1991).	 Although	 this	 is	 common	 knowledge	 in	 pain	 research,	 studies	 on	 operant	
conditioning	 of	 pain	 are	 scarce	 and	 mostly	 limited	 to	 modifying	 the	 observable	
pain	behavior.

Operant	reinforcement	of	pain	has	been	examined	so	far	particularly	with	exter-
nal	social	reinforcement,	where	reward	and	punishment	were	performed	by	means	
of	verbal	comments	on	pain	behavior	(extrinsic	reinforcement).	An	example	is	the	
verbal	comment	on	the	participant’s	rating	of	pain	intensity	on	a	rating	scale,	such	as	
“very	well	done”	(reinforcement)	or	“badly	performed”	(punishment).	The	resulting	
dynamic	change	has	been	operationalized	by	explicit	judgments	of	perceived	pain	
intensities,	 which	 implies	 the	 possibility	 of	 various	 distortions	 in	 quantifying	 the	
judgment.	Usually,	with	this	type	of	study,	it	cannot	be	decided	whether	pain	percep-
tion	or	only	the	linguistic	judgment	criterion	has	been	modified	by	operant	learning.	
This	issue	has	been	resolved	by	the	operant	procedure	presented	in	Section	12.4.3.

Several	other	mechanisms	of	dynamic	change	in	nociception	and	pain	exist,	but	
we	 limit	 the	 presentation	 to	 those	 for	 which	 appropriate	 validated	 procedures	 of	
assessment	are	available,	which	are	presented	in	the	next	section.

12.4  Measurement of dynamic processes in pain

A	 thorough	 examination	 of	 the	 functions	 of	 the	 nociceptive	 system	 in	 humans	
requires	a	versatile	 toolbox	of	psychophysical	and	psychophysiological	measuring	
procedures.	Specific	stimulus	patterns	have	to	be	defined	as	probes,	to	tap	selected	
mechanisms	of	nociception	and	pain	on	various	levels	of	processing.	This	experi-
mental	pain	stimulation	provides	a	powerful	framework	to	shed	light	on	the	multi-
dimensional	functionality	and	interaction	of	these	mechanisms.	Far	from	providing	a	
complete	compendium	of	psychophysical	pain	assessment,	this	section	rather	focuses	
on	a	selection	of	three	psychophysical	procedures,	which	capture	dynamic	properties	
of	one	or	more	of	the	previously	described	neuronal	mechanisms	and	learning.

12.4.1  Assessment of pain dynamics during repetitive phasic stimulation

Measuring	sensitization	has	a	long	tradition	in	animal	research	on	pain,	with	Mendell’s	
discovery	of	the	neuronal	wind-up	phenomenon	being	a	major	milestone	(Mendell,	
1966).	However,	psychometric	evaluations	of	time	course–intensity	interactions	in	
humans	have	only	been	addressed	occasionally	in	the	last	two	decades	(e.g.,	Arendt-
Nielsen,	Andersen,	&	Jensen,	1996;	Nielsen	&	Arendt-Nielsen,	1998).	The	classical	
approach	in	measuring	perceptual	sensitization	in	humans	makes	use	of	short	stimu-
lus	pulses	that	are	repetitively	presented.	Infrared	lasers	emitting	thermal	radiation	
are	highly	useful	for	this	kind	of	stimulus	model	because	they	provide	stimulus	dura-
tions	in	the	millisecond	range	and	selectively	activate	nociceptive	fibers	(AMH-II	in	
hairy	skin;	Bromm	&	Treede,	1983;	1984).	The	related	experimental	models	based	on	
this	technique	have	been	termed	temporal-summation models,	representing	a	prom-
ising	approach	to	assess	dynamic	processes	in	the	nociceptive	system.	Assessment	
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of	temporal	summation	focuses	on	the	perceptual	sensitization	experienced	during	
repetitive	stimulation	with	constant	intensity.	This	strategy	leaves	aside	various	other	
mechanisms	of	dynamic	change,	which	are	assumed	to	overlay	the	perceptual	mea-
sures	of	habituation	and	sensitization	to	varying	degrees.	Therefore,	a	modified	tem-
poral	summation	procedure	has	been	conceived	which	could	capture	this	overlay	of	
several	dynamic	nociceptive	processes	working	concurrently	to	produce	altered	pain	
perception	(Kleinböhl,	Trojan,	Konrad,	&	Hölzl,	2006).

In	the	new	psychophysical	procedure,	repetitive	heat	pulses	of	100	ms	duration	
were	applied	to	the	skin	by	a	PC-controlled	CO2-laser	system.	The	laser	beam	was	
projected	to	the	radial	nerve	area	of	the	left	hand	by	a	scanning	device	that	allowed	
automatic	change	of	stimulation	areas	on	the	skin.	This	changing	of	stimulus	site	
is	usually	performed	to	avoid	local	sensitization	(auto-	and	heterosensitization;	c.f.	
Section	 12.3.1	 and	 Table	 12.2).	 A	 repetitive	 series	 of	 heat	 pulses	 is	 called	 a	 trial	
(Figure 12.2).	Participants	estimated	the	perceived	magnitude	of	a	first	single	pulse	
on	a	scale.	This	judgment	served	as	a	reference	point	for	the	perceived	change	dur-
ing	the	subsequent	repetitive	series	of	ten	pulses.	The	series	was	applied	at	the	same	
intensity	as	the	initial	reference	pulse	and	at	one	of	three	frequencies	of	repetition	
(Figure 12.2).	Participants	were	instructed	to	focus	their	judgment	on	a	gradual	tem-
perature	change	experienced	between	the	first	stimulus	and	the	last	of	the	repetitive	
stimulation	trial.

Psychophysical	scaling	was	performed	with	visual	analog	scales	(VAS)	presented	
on	 a	 computer	 screen.	 Participants	 were	 asked	 for	 four	 perceptual	 judgments:	 an	
intensity	rating	of	the	first	and	the	last	single	laser	pulse	of	the	series,	an	estimate	
of	 the	perceived	 intensity	 change	during	 the	 repetitive	pulse	 series,	 and	finally,	 a	
rating	of	 the	aversiveness	of	 the	pulse	series.	Two	measures	of	perceptual	change	
were	derived	from	these	judgments:	first,	the	difference	between	the	ratings	of	the	
first	and	the	last	laser	pulse,	reflecting	dynamic	change	in	first	pain	perception,	and	
second,	the	subjective	rating	of	the	dynamic	change	experienced	during	repetitive	
stimulation,	rather	connected	to	slow	second	pain.

The	results	in	healthy	participants	showed	that	short-term	sensitization	occurred	
at	stimulus	frequencies	above	0.3	Hz,	the	typical	edge	frequency	for	spinal	wind-up	
to	occur	(Figure 12.3).	Moreover,	stimulus	frequency	had	an	overall	influence	on	both	
measures	of	perceived	dynamic	change:	The	change	of	sensory	magnitude	(VAS)	
and	the	perceived	temperature	change	ΔS	both	increased	with	stimulus	frequency	
at	all	 intensities	used.	 In	contrast,	stimulus	 intensity	effects	were	different	for	 the	
measures	of	perceptual	change:	the	change	of	sensory	magnitude	(VAS)	depended	
on	intensity	only	at	the	highest	frequency	(1.8	Hz).	For	the	direct	rating	of	perceived	
change	(the	ΔS	response,	“S”	stands	for	“sensation”),	stimulus	intensity	had	a	signifi-
cant	effect,	showing	an	increase	of	perceptual	sensitization	with	increasing	intensity	
at	all	repetition	rates	(Figure 12.3).

The	controlled	stimulation	protocol	further	allowed	assessing	the	effects	of	mul-
tiple	stimulations	of	the	same	skin	area	during	medium-term	time	spans,	showing	
habituation	for	these	specific	stimuli.	Over	the	blocks	of	trials,	each	one	related	with	
a	change	in	stimulated	skin	area,	no	long-term	perceptual	changes	occurred.
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Figure 12.2 Psychophysical	 phasic	pain	procedure	with	 radiant	 heat	 stimulus	protocol	 and	
psychophysical	scaling.	One	session	consists	of	5	runs,	including	9	trials	per	run	and	11	single	
laser	pulses	per	trial.	Trial:	A	series	of	10	laser	pulses	at	one	of	three	frequencies	f	(0.2,	0.6,	or	
1.8	Hz)	was	applied	after	an	initial	reference	pulse.	Within	each	trial,	a	set	of	psychophysical	
ratings	was	obtained:	absolute	magnitude	estimation	of	 the	 initial	 reference	pulse	 (VAS(S1))	
and	the	last	pulse	(VAS(S2))	of	the	repetitive	series;	direct	estimation	of	perceived	temperature	
change	during	repetitive	stimulation	(ΔS),	and	a	magnitude	estimate	of	the	overall	“aversiveness”	
of	the	entire	trial	(VAS(A)).	Perceptual	change	during	repetitive	stimulation	was	assessed	first,	
by	the	difference	of	stimulus	magnitude	ΔVAS	=	VAS(S2)	–	VAS(S1),	and	second,	by	the	mea-
sure	of	perceived	temperature	change	ΔS.	Run:	Within	a	fixed	pseudorandom	sequence	of	9	tri-
als,	each	of	the	3	frequency	×	3	intensity	conditions	of	the	design	was	applied	once.	Session:	Five	
runs	were	applied	during	one	experimental	session.	The	stimulation	patch	in	the	left-hand	radial	
nerve	area	consisted	of	5	successively	stimulated	spots,	which	were	additionally	moved	laterally	
with	the	start	of	each	run	(start	positions	1–3–5	in	the	inset).	All	locations	were	positioned	on	
a	regular	grid	(1	cm).	Perceptual	measures	were	analyzed	per	trial	(short-term	effects;	<1	min),	
per	run	(medium-term	effects;	1–15	min),	and	per	session	(long-term	effects;	15-90	min).	(Figure	
from	Kleinböhl	et	al.,	2006:	Clinical Neurophysiology 117, p.	122,	fig.1;	Elsevier	Ireland	Ltd.)
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Figure 12.3 Repetitive	 phasic	 pain	 stimulation	 and	 the	 overlay	 of	 dynamic	 mechanisms	
of	 perceptual	 change.	 Sensitization	 and	 habituation	 occur	 concurrently	 in	 this	 procedure,	
depending	on	the	time	interval	observed,	the	frequency	applied,	the	intensity,	skin	area,	and	
the	repetitive	stimulation	of	the	same	skin	patch.	(a)	Difference	of	magnitude	estimates	ΔVAS	
(mean	 ±	 SD),	 related	 to	 first	 pain	 sensations	 of	 laser	 pulses,	 over	 stimulus	 frequency	 for	
non-painful	intensity	(▿),	pain	threshold	intensity	(⦁),	and	painful	intensity	(▵).	Perceptual	
sensitization	increases	with	repetition	rate	above	0.2	Hz.	(b)	Perceived	difference	rating	of	
temperature	change	ΔS	(mean	±	SD)	related	to	second	pain	sensations	during	repetitive	stim-
ulation,	over	stimulus	frequency.	Second	pain-related	perceptual	sensitization	increases	with	
frequency	in	the	same	dose-dependent	manner	as	the	index	of	first	pain-related	sensitization,	
but	an	additional	 intensity	effect	 is	seen	(p	<	 .05).	Data	collapsed	over	2	sessions,	N	=	10	
participants,	90	trials	each.	(c)	Medium-term	habituation	of	sensory	magnitude	estimates	of	
the	reference	pulse	at	a	constant	stimulus	location	over	the	9	pseudorandomized	trials	within	
a	run	(trial	within	run	main	effect:	F	=	17.8;	p	<	.05	adjusted).	Dotted	lines:	exponential	fit	
of	the	habituation	curve	for	the	two	upper	intensity	classes.	(d)	Long-term	effects	of	sensory	
magnitude	estimates	of	the	reference	pulse	over	5	runs	during	a	session	(run	within	session	
main	effect:	F	=	1.41;	p	>	.10	n.s.).	The	brackets	in	(c)	and	(d)	indicate	the	adjusted	signifi-
cance	of	contrasts	over	trials	(nonpain	versus	pain	threshold:	F	=	31.0;	p	<	.01;	pain	threshold	
vs.	pain:	F	=	55.9;	p	<	.001;	nonpain	vs.	pain:	F	=	59.6;	p	<	.001).	(Figures	from	Kleinböhl	
et	al.,	2006:	Clinical Neurophysiology 117,	p.	124,	figs.1,	2;	Elsevier	Ireland	Ltd.)

Y116134.indb   269 10/10/11   2:12 PM



270 Measurement with persons: Theory, methods, and implementation areas

The	procedure	permits	the	concurrent	assessment	of	short-,	medium-,	and	long-
term	 dynamic	 processes	 of	 sensitization	 and	 habituation	 in	 pain	 processing	 by	
dissecting	 these	 mechanisms	 with	 a	 sophisticated	 stimulus	 protocol	 of	 repetitive	
stimulation	(Figure 12.3).	The	main	underlying	neuronal	mechanisms	are	assumed	
to	be	related	to	spinal	wind-up	and	cutaneous	nociceptive	fiber	fatigue,	respectively.	
The	method	 is	 therefore	 suitable	 for	quantitative	 sensory	 testing	of	dynamic	pain	
processing	over	different	time	spans,	which	is	relevant	in	clinical	testing	of	pain	and	
in	drug	assessment.

12.4.2  Assessment of pain dynamics during tonic stimulation

Tonic	stimulation	is	a	constant	stimulus	in	the	minutes	or	subminute	range,	during	
which	dynamic	changes	in	pain	processing	can	be	observed.	Several	experimental	
pain	measurement	procedures	with	tonic	stimulation	have	been	developed,	but	most	
of	them	are	limited	in	their	applications,	because	the	control	of	the	stimulus	charac-
teristics	is	rather	crude.	Examples	for	those	tonic	pain	procedures	are	the	“submaxi-
mal	effort	tourniquet	test”	and	the	“cold	pressor	test”	(Handwerker	&	Kobal,	1993).	
The	 tourniquet	 test	makes	 the	musculature	of	 a	 cuffed	arm	work	under	 ischemic	
conditions,	leading	to	a	deep	aching	pain.	The	cold	pressor	achieves	similar	pain	by	
placing	the	arm	in	cold	water	near	the	freezing	point	(approx.	4°C).	Both	methods	
assess	 the	 time	until	participants	cannot	bear	 the	pain	anymore,	as	a	 threshold	of	
pain	tolerance.	These	methods	cannot	easily	be	repeated	and	by	capturing	only	one	
threshold	parameter	in	the	intensity	continuum	of	pain,	no	dynamic	processes	can	
be	assessed.	Variants	using	continuous	ratings	during	these	tonic	stimulation	modes	
produce	highly	variable	estimates	 and	are	difficult	 to	 interpret	 (e.g.,	Davis,	Pope,	
Crawley,	&	Mikulis,	2004).

Based	 on	 an	 earlier	 method	 for	 the	 measurement	 of	 subjective	 sensitization	
(Severin	et	al.,	1985),	a	new	tonic	heat	pain	test,	the	“dual	sensitization	procedure”	
(Kleinböhl	et	al.,	1999)	was	developed	(Figure 12.4).	The	procedure	incorporates	an	
assessment	of	pain	threshold,	and	an	assessment	of	a	stimulus-response	function	for	
tonic	stimuli	as	well	as	a	twofold	measure	of	pain	sensitization	or	habituation.

Tonic	 heat	 stimuli	 are	 applied	 with	 a	 contact	 heat	 thermode	 to	 the	 skin,	 for	
instance,	to	the	thenar	of	the	hand.	The	stimulator	is	a	small	metal	plate	with	a	pre-
cisely	adjustable	temperature,	controlled	by	a	PC	system.	Each	heat	stimulus	starts	
from	baseline	(40°C)	to	a	preset	temperature,	typically	one	of	several	values	above	
and	below	the	previously	assessed	pain	threshold.	During	a	“reference	interval”	of	
5	s	participants	are	instructed	to	memorize	the	sensation	on	their	hand.	During	the	
next	25	s	of	constant	tonic	stimulation,	participants	will	typically	perceive	changes	
in	temperature,	an	increase	indicating	sensitization	and	a	decrease	indicating	habitu-
ation.	At	the	end	of	the	tonic	stimulation	the	perceived	dynamic	change	is	assessed	
in	a	twofold	way.

First,	a	direct	and	overt	scaling	of	the	perceived	temperature	change	is	performed;	
participants	are	asked	to	rate	the	amount	of	change	(in	1/10°C)	after	30	s	of	constant	
stimulation	by	comparing	the	present	sensation	with	the	sensation	in	the	reference	
interval.	 A	 negative	 perceived	 temperature	 change	 indicates	 habituation,	 whereas	
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positive	 ratings	 indicate	 sensitization	 (ΔS	 response,	 “S”	 again	 stands	 for	 “sensa-
tion”).	Second,	an	indirect	and	covert	scaling	of	the	perceived	temperature	change	is	
acquired.	The	task	of	the	participants	is	to	actively	readjust	the	thermode	tempera-
ture	to	reproduce	their	initial	sensation	during	the	reference	interval.	The	measure	
of	perceived	change	is	then	computed	as	the	difference	of	end-temperature	T(end)	
minus	initial	temperature	T(init),	negative	values	indicating	sensitization	and	posi-
tive	values	habituation	(ΔT	response,	where	T	stands	for	“temperature”).	The	latter	
technique,	termed	“behavioral	discrimination,”	avoids	the	common	response	bias	of	
subjective	ratings	by	inferring	the	perception	of	participants	covertly	by	their	behav-
ior	(Kleinböhl	et	al.,	1999).

Repeating	this	procedure	at	several	intensities	below	and	above	subjective	pain	
threshold	 allows	 the	 assessment	 of	 individual	 response	 profiles	 for	 sensitization	
and	habituation	 in	 the	domain	of	overt	 subjective	 evaluation	of	perceived	 change	
(ΔS),	as	well	as	for	its	counterpart	of	behavioral	discrimination	(ΔT).	This	measure-
ment	of	dynamic	change	in	pain	perception	is	able	to	capture	profound	differences	
between	healthy	participants	and	chronic	pain	patients	with	musculoskeletal	pain	
(Figure 12.5).	Healthy	participants	are	characterized	by	habituation	in	the	first	place,	
whereas	patients	 display	 a	 strong	 sensitization	 (Figure 12.5).	Both	 subjective	 and	
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Figure 12.4 Psychophysical	“dual	sensitization”	procedure	for	the	assessment	of	perceptual	
changes	in	humans	(Kleinböhl	et	al.,	1999).	In	this	procedure,	the	change	in	perceived	inten-
sity	is	assessed	during	constant	contact	heat	stimuli	of	30	s	duration.	A	subjective	measure	
of	perceived	 change	ΔS	 is	 assessed	on	 a	magnitude	 scale	 (explicit	 judgment).	The	 second	
measure	of	perceived	change	(ΔT)	is	acquired	by	method	of	production,	where	participants	
reproduce	 the	 same	 temperature	 sensation	as	perceived	during	 the	 reference	 interval.	The	
difference	between	the	two	temperatures	is	the	second	measure	of	perceived	change	(implicit	
measure).
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behavioral	measures	differentiate	patients	with	normal	phasic	pain	thresholds	from	
healthy	persons.	In	particular,	 in	patients	with	spine-related	musculoskeletal	pain,	
enhanced	sensitization	appeared	already	well	below	pain	 threshold	and	 increased	
further	with	stimulus	intensity	(Figure 12.5).

These	results	show	that	chronic	musculoskeletal	pain	is	not	only	characterized	by	
an	increased	sensitivity	toward	painful	and	nonpainful	stimuli,	but	also	by	altered	
characteristics	of	information	processing	in	the	nociceptive	system.	The	temperature	
where	sensitization	is	elicited	is	generally	shifted	to	lower	values,	and	the	increase	
of	sensitization	with	higher	temperatures	is	more	pronounced.	This	enhanced	sensi-
tization	in	chronic	pain	must	reflect	an	overlay	of	different	mechanisms	of	dynamic	
change	in	pain	and	nociception.	At	the	least,	the	short	time	dynamics	mediated	by	
spinal	 wind-up	 seems	 to	 be	 present	 in	 the	 data,	 obviously	 amplified	 in	 patients	
by	other	mechanisms	on	the	spinal	or	even	cerebral	level.

12.4.3  Assessment of pain dynamics mediated by operant learning

Assessing	operant	 learning	mechanisms,	 the	third	class	of	dynamic	change	mecha-
nisms	in	nociception	and	pain,	requires	a	complex	psychophysical	procedure,	com-
bined	with	operant	reinforcement.	In	the	development	of	such	an	operant	conditioning	
procedure,	a	starting	point	has	been	the	pathogenetic	marker	of	enhanced	sensitiza-
tion,	which	has	been	found	mainly	in	patients	with	musculoskeletal	pain	(Kleinböhl	
et	al.,	1999).	From	previous	pharmacological	studies	it	had	become	clear	that	spinal	
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Figure 12.5 Sensitization	to	tonic	heat	as	a	function	of	relative	temperature	in	chronic	back	
pain	patients	and	controls.	Mean	temperature	gradients	of	the	behavioral	sensitization	mea-
sure	with	linear	regressions	(thick	lines)	and	95%	confidence	intervals	(thin	lines).	Symbols	
indicate	mean	values	over	relative	stimulus	temperature	for	the	groups	(–1°C	<<	pain	thresh-
old	=	0	<<	+	1°C).	Behavioral	 sensitization	differentiates	back	pain	patients	 from	healthy	
controls,	with	patients	showing	enhanced	sensitization	already	at	nonpainful	temperatures.
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wind-up	 cannot	 be	 the	 exclusive	 cause	 of	 enhanced	 pain	 sensitization	 (see	 Section	
12.3.1	on	neuronal	mechanisms	of	pain).	A	modification	of	perceptual	sensitization	
during	tonic	heat	pain	by	an	operant	learning	procedure	would	be	strong	proof	for	the	
relevance	of	such	learning	mechanisms	for	the	emergence	of	pain	hyperalge		sia	and	for	
a	modulation	of	pain	perception	leading	to	chronic	pain.	To	show	this	experimentally,	
the	“dual	sensitization”	procedure	described	previously	has	been	modified	in	several	
ways	(Figure	12.6).

	 1.	The	pathogenetic	marker,	enhanced	sensitization	measured	by	behavioral	
discrimination,	has	been	chosen	as	the	behavior	to	be	modified	by	its	con-
sequences,	determined	by	an	operant	schedule	of	reinforcement.

	 2.	Sensitization	has	been	measured	in	a	twofold	way,	as	in	the	dual	sensitization	
procedure,	by	an	overt	subjective	and	by	a	covert	procedure.	Participants	
were	instructed	to	keep	the	sensation	constant	during	tonic	heat	stimulation	
by	continuous	adjustment	of	the	temperature.	Dynamic	change	during	this	
adjustment	phase	is	therefore	measured	indirectly	as	the	difference	between	
start	and	end	temperature.

	 3.	Reinforcement	has	been	operationalized	as	intrinsic	reinforcement,	that	is,	
within	 the	 sensory	modality	under	examination.	A	 reduction	 in	 stimulus	
intensity	or	pain	served	as	negative	reinforcement,	and	an	increase	of	stim-
ulus	 intensity	as	punishment.	This	was	combined	with	standard	methods	
of	operant	response	shaping	of	increased	sensitization	and	habituation	(see	
Hölzl,	Kleinböhl,	&	Huse,	2005,	for	details).

Healthy	participants	(24)	were	randomly	assigned	to	two	groups	taking	part	in	
either	operant	sensitization	or	habituation	learning.	Painful	and	not	painful	 initial	
stimulus	temperatures	were	compared	in	participants	in	two	separate	sessions,	each	
including	 80	 trials	 of	 thermal	 stimulation	 applied	 with	 a	 thermode	 system	 to	 the	
thenar	eminence	(see	Figure 12.7).

The	 experimental	 study	 demonstrated	 for	 the	 first	 time	 an	 “implicit”	 operant	
modulation	of	pain	perception;	both	habituation	and	sensitization	learning	have	been	
successful.	The	sensitization	response	(ΔT)	was	varied	thereby	in	only	1–2	hours	of	
operant	conditioning	in	an	order	of	magnitude	resembling	the	enhanced	sensitization	
found	as	a	pathogenetic	marker	in	chronic	back	pain	patients.	Pain	perception	has	
been	changed	by	operant	learning	in	two	specific	ways:	first,	the	specific	learning	
conditions	increased	the	occurrence	of	behavior	indicating	sensitization	or	habitua-
tion.	Second,	subjective	magnitude	estimation	and	actual	stimulus	temperature	fell	
apart	with	progressive	training	during	sensitization	learning:	with	stimulus	tempera-
ture	decreasing,	the	perceived	intensity	remained	constant	(Figure 12.7).	Participants	
were	not	aware	of	 the	causality	between	 their	 temperature	 regulation	and	 the	fol-
lowing	reinforcement;	 the	 learning	 therefore	occurred	without	 their	awareness,	or	
implicitly.	All	test	persons	had	adhered	to	provide	exact	sensory	judgments,	moti-
vated	by	the	cover	instruction	to	perform	a	quantitative	sensory	testing.

The	study	demonstrated	that	it	is	possible	to	shape	short-term	sensitization	and	
habituation	 to	 tonic	 thermo-nociceptive	stimuli	 in	healthy	participants	by	 implicit	
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operant	reinforcement	of	discriminative	behavior	with	contingent	acute	pain	reduc-
tion	and	without	participants’	knowledge	of	contingencies.	Consequently,	 implicit	
learning	of	enhanced	pain	sensitization	may	be	a	suitable	model	to	assess	operant	
plasticity	of	pain	perception,	in	addition	to	basic	sensory	and	neuronal	mechanisms	
mediating	dynamic	change	in	nociception	and	pain.

12.5  Summary and final considerations

The	assessment	of	dynamic	mechanisms	in	nociception	and	pain	has	been	presented	
in	three	sections.	First,	the	complex	neuronal	structures	subserving	nociception	and	
pain	have	been	described	on	the	level	of	peripheral	nociception,	the	level	of	spinal	
nociception,	 and,	 finally,	 the	 level	 of	 the	 brain.	 This	 first	 section	 has	 been	 com-
plemented	by	 an	overview	of	 the	 few	neurophysiological	 properties	 that	 translate	
directly	 into	perceptual	qualities.	Second,	 the	prominent	mechanisms	of	dynamic	
change	in	nociception	and	pain	were	presented	on	a	neurophysiological	level,	namely	
the	mechanisms	of	neuronal	plasticity,	which	are	triggered	under	certain	stimulus	
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Figure 12.6 Trial	structure	of	operant	conditioning	procedure.	Stimuli	start	from	baseline	
temperature	T0	=	37°C	up	to	a	preset	initial	stimulus	temperature	Tinit	(0.7°C/s).	Participants	
continuously	adjust	the	thermode	temperature	under	the	instruction	to	keep	temperature	con-
stant.	The	adjusted	change	ΔT	is	the	difference	of	end	temperature	Tend	and	start	temperature	
Tinit.	Reinforcement	as	a	specified	 temperature	decrease	or	 increase	 is	made	contingent	on	
criterion	responses	 to	be	enhanced	or	weakened	(downregulation	in	sensitization	learning,	
upregulation	in	habituation	learning).	The	perceived	change	ΔS	is	a	visual	analog	rating	of	
perceived	temperature	change	during	reinforcement	(Hölzl	et	al.,	2005).	(Figure	from	Hölzl	
et	al.,	2005,	Pain 115,	p.	14,	fig.1;	Elsevier	Ireland	Ltd.).
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conditions	and	affect	nociception	and	pain	within	different	time	spans.	Basic	mech-
anisms	 of	 learning	 were	 selected	 as	 higher-order	 psychological	 mechanisms	 of	
dynamic	change	in	pain:	nonassociative	learning	or	automatic	processes	represented	
by	habituation	 and	 sensitization,	 and	 associative	 learning,	 represented	 by	operant	
conditioning.	Third,	 the	assessment	of	 some	of	 the	 typical	dynamic	properties	of	
nociceptive	processing	has	been	exemplified	by	three	psychophysical	measurement	
procedures	and	their	implementation.	Although	there	are	many	more	psychophysical	
methods	for	assessing	various	aspects	of	pain	processing,	the	focus	has	been	put	on	
three	procedures	that	were	specifically	developed	for	measuring	dynamic	change	in	
pain	perception	(Table 12.3).

The	 procedures	 introduced	 here	 capture	 several	 mechanisms	 mediating	
dynamic	 change	 in	 pain	 to	 various	 degrees.	 The	 selectivity	 for	 circumscribed	
mechanisms	depends	on	 factors	 such	as	 the	physical	 stimulation	model	 (phasic,	
tonic),	the	specific	procedural	properties	and	the	operationalization	of	target	effect	
variables	(e.g.,	 rating	scales	for	sensitization	or	habituation).	The	resulting	mea-
surement	parameters	hardly	represent	“pure”	properties	of	a	certain	mechanism.	
It	must	be	assumed	that	these	parameters	will	always	be	constituted	by	an	over-
lay	 of	 several	 mechanisms	 working	 in	 parallel	 and	 affecting	 the	 perception	 of	
dynamic	change	(Table 12.3).	Therefore,	exact	proportions	of	the	influence	of	spe-
cific	neuronal	mechanisms	on	pain	cannot	easily	be	given.	However,	the	dissection	
of	 the	 specific	 neuronal	 and	 psychological	 contributions	 to	 perceptual	 phenom-
ena	can	be	improved	by	validating	the	psychophysical	procedures	under	specific	
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Figure 12.7 Time	course	of	stimulus	temperatures	in	operant	learning	of	short-term	sensiti-
zation	and	habituation.	(A)	Learning	curves	as	block	to	block	means	(linear	regression	trend	
with	95%	confidence	intervals).	Stimulus	temperatures	differ	significantly	after	50	trials	or	
five	blocks	(*p	<	.05,	**p	<	.01;	linear	trend	contrast:	p	=	.0007**).	Implicit	(w/o	awareness	
of	 contingencies)	 operant	 shaping	 of	 short-term	 sensitization	 or	 habituation	 by	 contingent	
decrease	or	increase	of	stimulus	intensity	is	effective	(Hölzl	et	al.,	2005).	(Figure	from	Hölzl	
et	al.,	2005,	Pain 115,	p.	16,	fig.2b;	p.	17,	fig.	3b;	Elsevier	Ireland	Ltd.).
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experimental	conditions	or	in	specific	samples.	This	strategy	might	be	pursued	by	
pharmacological	interventions	such	as	blocking	the	spinal	wind-up	with	NMDA-
antagonists,	and	also	by	investigating	patient	groups	with	chronic	pain	syndromes.	
The	methodological	principles	of	measuring	pain	dynamics	 in	human	are	 sum-
marized	as	follows:

	 1.	Stimulus model:	The	spatiotemporal	characteristics	of	experimental	pain	
stimulation	 provide	 a	 first	 selection	 of	 the	 specific	 nociceptive	 pathways	
to	be	addressed.	This	 is	achieved	by	defining	 intensity,	 time	course,	and	
stimulation	site	on	the	body	appropriately.	Mechanisms	of	dynamic	change	
in	pain	can	be	measured	with	phasic	pain	repetitive	stimulation	at	different	
frequencies	or	with	constant	tonic	stimulation	over	different	time	spans.

	 2.	Psychophysical scaling:	 Two	 types	 of	 subjective	 judgments	 of	 perceived	
change	are	used.	Direct	 scaling	 techniques,	measuring	 the	magnitude	of	
perceived	change	by	asking	participants	to	make	a	subjective	judgment	on	a	
scale	are	usually	prone	to	various	kinds	of	bias	(Poulton,	1989).	In	contrast,	
indirect	behavioral	measurement	of	perceived	change	can	be	operational-
ized	 as	 unbiased	 no-knowledge	 procedures,	 where	 subjects	 operate	 on	 a	
task	 such	 as	 keeping	 apparent	 temperature	 constant,	 giving	 information	

Table 12.3 Assessment	of	dynamic	change	mechanisms	in	pain	perceptiona

Repetitive stim. 
(phasic pain)

Dual sensitization 
(tonic pain)

Operant 
conditioning 
(tonic pain)

Pain	
perception

Sensitization Sensitization Sensitization

Habituation Habituation Habituation

Brain	
neuromatrix

Automatic 
processes

Automatic 
processes

Automatic 
processes

Associative 
learning

Descending	
inhibition

Descending	
inhibition

Descending	
inhibition

Spinal	
nociception

Wind-up Wind-up
Central	
sensitization?

Wind-up
Central	
sensitization?

(Descending)	
inhibition

(Descending)	
inhibition

(Descending)	
inhibition

Peripheral	
nociception

Autosensitization	
of	nociceptors

Autosensitization	
of	nociceptors

Autosensitization	
of	nociceptors

Fatigue of 
nociceptors

a	 Psychophysical	procedures	and	mechanisms	of	dynamic	change	they	are	assumed	to	assess	in	the	first	
place	(indicated	in	boldface).	Facilitative	and	inhibiting	mechanisms	are	given	(inhibition	in	shaded	
layout).
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about	 perceived	 change	 by	 their	 temperature	 regulation	 behavior	 during	
the	task.

	 3.	Experimental modulation	 of	 dynamic	 change	 in	 pain	 perception	 can	 be	
used	to	dissect	underlying	subprocesses	mediating	the	change,	for	instance,	
by	 applying	 pharmacological	 probes,	 including	 the	 topical	 application	
of	 capsaicin	 in	 peripheral	 nociception,	 or	 the	 application	 of	 NMDA-
antagonists	 (ketamine,	 amantadine)	 affecting	 mainly	 spinal	 nociception.	
More	complicated	interventions	are	made	on	higher-order	processes,	such	
as	the	modulation	of	pain	perception	achieved	by	operant	learning.	These	
specific	interventions	or	probes	allow	a	certain	degree	of	differentiating	cir-
cumscribed	components	of	pain	processing	and	the	underlying	nociceptive	
mechanisms	(Table 12.3).

	 4.	The	 experimental	 pain	 psychophysical	 procedures	 and	 the	 most	 relevant	
mechanisms	 they	 capture	 are	 validated	 by	 comparing	 the	 measures	 of	
dynamic	change	for	healthy	participants	and	chronic	pain	patients.	Thus,	
the	 relevant	 measurement	 parameters	 having	 differential	 validity	 can	 be	
isolated,	 which	 may	 point	 to	 the	 pathogenetic	 relevant	 mechanisms	 of	
altered	dynamic	change	in	chronic	pain	syndromes.
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13.1  Introduction

In	humans,	as	in	all	higher	primates,	vision	is	the	dominant	sensory	modality.	The	
essential	role	of	eye	movements	in	visual	perception	has	been	well	known	for	a	long	
time	and	has	been	repeatedly	demonstrated	(e.g.,	Findlay,	1998;	Hayhoe	&	Ballard,	
2005).	 This	 natural	 sampling	 of	 information	 from	 the	 environment	 requires	 that	
visual	perception	is	investigated	within	the	framework	of	“active	vision”	(Findlay,	
1998).	Due	to	the	uneven	distribution	of	light-sensitive	receptors	across	the	retina,	
the	highest	visual	acuity	is	limited	to	the	small	foveal	area	(about	two	degrees	of	arc	
or	double	the	thumbnail	size	of	an	extended	arm).	With	increasing	eccentricity—in	
parafoveal	 and	peripheral	 regions—vision	becomes	blurred	and	 the	perception	of	
color	is	reduced.	These	constraints	make	eye	movements	mandatory	for	perceiving	
the	environment.	Therefore,	 saccades—fast	ballistic	movements—are	executed	 to	
bring	the	gaze	from	one	point	to	another.	The	relatively	stable	periods	in	between	
are	called	fixations.	The	intake	of	visual	information	occurs	within	fixations	but	is	
largely	suppressed	during	saccades.	 In	many	everyday	situations,	 such	as	 reading	

13
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a	 text	 or	 inspecting	 an	 image,	 oculomotor	 activity	 can	 be	 described	 as	 interplay	
between	fixations	and	saccades.

Sometimes,	 additional	 mechanisms	 are	 necessary	 to	 achieve	 clear	 and	 stable	
perception.	For	instance,	if	the	object	of	interest	is	moving	relative	to	a	stationary	
background,	smooth-pursuit	movements	 (dynamic fixations)	are	observed	(Lencer	
&	Trillenberg,	2008),	whereas	movements	of	the	head	or	body	are	compensated	by	
the	vestibulo-ocular	reflex	(Goldberg	&	Hudspeth,	2000).	Within	fixations,	the	eyes	
are	not	completely	stationary,	but	 they	undergo	several	 types	of	micromovements	
(for	a	recent	review	see	Collewijn	&	Kowler,	2008).	However,	for	the	purpose	of	this	
chapter,	the	focus	is	on	fixations	and	saccades,	both	of	which	can	be	characterized	
by	several	measurement	parameters.

In	relation	to	saccades,	frequently	measured	parameters	are	the	amplitude,	maxi-
mum	(or	peak)	velocity	and	direction,	as	well	as	the	latency	until	a	saccade	is	triggered.	
With	 respect	 to	 fixations,	 the	 prominent	 parameters	 are	 their	 duration	 and	 spatial	
distribution.	Visual	tasks	are	normally	accompanied	by	the	execution	of	saccadic	eye	
movements	about	3–4	times	per	second.	In	an	everyday	task,	such	as	tea-making,	the	
amplitudes	of	saccades	vary	in	size	from	only	a	few	degrees	up	to	130	degrees	(Land,	
2004),	although	in	the	latter	cases	the	viewing	is	also	supported	by	coordinated	motion	
of	the	head	and	shoulders.	The	amplitude	of	saccades	is	directly	related	to	variation	of	
the	size	and	overall	shape	of	the	image	(von	Wartburg,	Wurtz,	Pflugshaupt,	Nyffeler,	
Lüthi,	&	Müri,	2007).	A	positive	correlation	between	the	amplitude	of	saccades	and	
the	saccadic	velocity	has	been	repeatedly	demonstrated	and	is	also	known	as	main 
sequence,	a	term	that	has	been	adopted	from	astrophysics	(Bahill,	Clark,	&	Stark,	
1975).	In	most	situations,	allocation	of	visual	attention	seems	to	be	in	a	good	corre-
spondence	with	the	direction	of	the	eyes	(e.g.,	Fischer,	1999).

The	time	that	the	eyes	are	stationary	in	relation	to	a	particular	region	or	object	
is	denominated	fixation duration.	This	 time	varies	 from	less	 than	100	ms	 to	sev-
eral	seconds,	resulting	in	a	positively	skewed	distribution	with	a	pronounced	peak	
between	200	and	300	ms.	Because	the	intake	of	visual	information	is	mostly	limited	
to	the	time	of	fixations,	the	understanding	of	factors	that	influence	the	duration	of	
fixation	is	essential	in	research	on	visual	perception	and	gaze	control.	The	duration	
of	fixations	is	related	to	the	difficulty	of	the	ongoing	task	(Just	&	Carpenter,	1976;	
Velichkovsky,	 1999).	 Investigations	 of	 different	 tasks,	 such	 as	 reading	 (Rayner,	
1978),	 visual	 search	 (Vaughan,	 1982),	 driving	 (Velichkovsky,	 Joos,	 Helmert,	 &	
Pannasch,	2005;	Velichkovsky,	Rothert,	Kopf,	Dornhoefer,	&	Joos,	2002)	and	static	
scene	 perception	 (Henderson,	 Weeks,	 &	 Hollingworth,	 1999)	 have	 produced	 dif-
ferent	models	to	explain	the	control	of	fixation	duration.	It	has	been	suggested	that	
fixations	are	controlled	by	the	extraction	of	sensory	information	(Just	&	Carpenter,	
1980),	 cognitive	 processes	 such	 as	 memory	 storage	 (Shebilske,	 1975),	 and	 by	 the	
processes	of	eye	movement	programming	(Zingale	&	Kowler,	1987).

In	this	chapter,	we	provide	an	overview	of	three	classes	of	measurement	issues	
that	 are	 central	 to	 investigation	 of	 eye	 movements	 and	 active	 vision:	 (1)	 physical	
measurements	related	to	potential	optical	hazards	to	eyes	and	the	related	safety	con-
cerns,	as	well	as	statistical	evaluation	of	natural-image	parameters;	(2)	approaches	to	
the	analysis	and	interpretation	of	behavioral	data	on	distribution	of	visual	fixations	
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across	 the	 image;	 and	 (3)	 the	 need	 for	 additional	 neurophysiological	 recordings.	
These	latter	problems	currently	are	the	focus	of	interest	of	the	scientific	community	
as	their	solution	is	a	prerequisite	for	enhancing	our	understanding	of	brain	mecha-
nisms	of	visual	cognition	and	control	of	eye	movements.

13.2  Issues in eyetracking, optical measurement, and image statistics

Interest	in	active	vision	has	a	long	history	(for	a	review	see	Wade	&	Tatler,	2005).	The	
first	devices	to	make	eye	movement	recordings	were	developed	over	100	years	ago	
(e.g.,	Dodge,	1900;	Stratton,	1906).	The	early	use	of	eyetracking	 in	psychological	
research	 was	 often	 accompanied	 by	 severe	 inconveniences	 (e.g.,	 vacuum	 devices	
were	directly	attached	to	the	eyeball).	Thus	recording	time	was	limited	up	to	a	few	
minutes.	Nowadays	registering	eye	movements	is	more	comfortable	and	often	does	
not	require	any	contact	of	the	system	to	the	head	or	body.	These	advantages	make	
it	possible	 to	measure	eye	movements	for	 longer	periods;	 in	fact	 there	are	no	lon-
ger	any	time	limits.	This	technological	progress	makes	eyetracking	more	and	more	
appropriate	for	practical	applications	in	industrial	settings,	as	well	as	in	studies	of	
infants	and	of	various	patient	groups.	For	 instance,	patients	suffering	from	a	 lack	
of	possibilities	to	communicate	with	the	environment	can	benefit	from	eye	typing	
systems	to	recover	a	part	of	their	communicative	abilities	(Bates,	Donegan,	Istance,	
Hansen,	&	Räihä,	2007;	Pannasch,	Helmert,	Velichkovsky,	Malischke,	&	Storch,	
2008).	With	the	everyday	application	of	eyetracking,	questions	concerning	the	safety	
of	this	technique	arise,	especially	when	it	is	used	frequently	for	longer	time	periods	
of	days,	months,	and	years.

As	a	rule,	today’s	contactless	eyetracking	systems	use	an	infrared	(IR)	illumina-
tion	produced	via	IR	light-emitting	diodes	(LEDs).	There	are	 two	reasons	for	 this	
type	of	lighting	in	eyetracking	systems.	First	of	all,	the	use	of	a	light	source	in	the	
scene	enhances	the	quality	of	the	image	in	terms	of	contrast	and	intensity	levels,	and	
it	facilitates	detailed	image	analysis	and	gaze	estimation.	On	the	other	hand,	IR	opti-
cal	radiation	is	invisible	to	the	human	eye,	so	that	the	lighting	is	comfortable	and	does	
not	distract	the	user’s	attention.	In	addition,	IR	radiation	is	reflected	by	the	corneal	
surface,	 creating	bright	 reflection	points,	 termed	glints	 (see	Figure 13.1).	 It	 is	 fre-
quently	assumed	that	the	glint	positions	in	the	image	do	not	change	with	eye	rotations	
but	only	with	eyeball	translations,	thus	giving	an	easily	measured	reference	for	head	
position.	Recently,	the	initial	assumption	has	been	revisited	(Guestrin	&	Eizenman,	
2006;	Shih	&	Liu,	2004).	In	these	alternative	models	for	gaze	estimation,	the	move-
ment	of	the	glint	due	to	eyeball	rotations	is	introduced	and	measured	accordingly.

One	particular	measurement	problem	is	related	to	biophysical	aspects	of	video-
based	eyetracking.	As	illustrated	by	Figure 13.2,	current	guidelines	identify	a	number	
of	potential	hazards	to	the	eye	from	optical	sources;	these	hazards	have	to	be	evalu-
ated	to	assure	safety	(see	Mulvey,	Villanueva,	Sliney,	Lange,	Cotmore,	&	Donegan,	
2008).	Human	vision	is	biologically	adapted	to	protect	itself	against	intense	broad-
band	optical	radiation	(ultraviolet,	visible,	and	infrared	radiant	energy)	from	the	nat-
ural	environment.	In	addition,	humans	use	protection,	such	as	hats	and	sunglasses,	
to	 shield	 against	 the	 harmful	 effects	 upon	 the	 eye	 from	 intense	 ultraviolet	 (UV)	
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radiation	and	blue	light	present	in	sunlight	over	snow	or	sand.	The	aversion	reflex	
effectively	limits	the	light	exposure	of	retina	to	a	fraction	of	a	second	(about	200	ms	
or	less)	and	thus	protects	the	eye	against	injury	from	viewing	bright	light	sources,	
such	as	the	sun,	lamps,	and	welding	arcs.	The	infrared	LEDs	of	modern	eyetrackers	
do	not,	however,	produce	an	aversion	response,	as	they	are	barely	visible,	and	their	
emission	is	limited	to	the	near-infrared	(IR-A,	from	760	to	1400	nm)	spectral	band.	
If	incandescent	or	discharge	lamps	that	have	been	filtered	to	block	most	visible	light	

Figure 13.1 An	image	of	the	human	eye	in	video-based	measurement	of	the	ocular	motility	
and	the	pupil	diameter	(two	IR	light	sources	are	used).
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Figure 13.2 The	 photobiological	 bands	 of	 the	 Commission	 Internationale	 de	 l’Éclairage	
(CIE)	with	spectral	regions	of	optical	hazards	to	human	eyes	and	skin	tissues	(after	Mulvey	
et	al.,	2008).
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and	transmit	IR-A	are	employed,	some	noticeable	emissions	are	possible	outside	the	
IR-A.	These	emissions	must	be	measured	and	evaluated	separately.

Because	the	saccades	are	the	movements	that	bring	our	eyes	to	a	new	location,	the	
spatial	position	of	landing	is	of	particular	interest.	The	early	work	on	eye	movements	
already	showed	that	our	eyes	are	guided	to	specific	locations	that	are	not	randomly	
distributed	over	the	whole	scene	(Buswell,	1935).	Two	possible	sources	that	might	
influence	saccadic	target	selection	can	be	assumed:	the	task	of	the	observer	and	the	
“saliency”	of	objects.	The	study	by	Alfred	Yarbus	(1967)	revealed	that	presenting	
the	 same	 image	 with	 various	 instructions	 significantly	 affects	 the	 landing	 points	
of	 the	saccades.	For	 instance,	when	 the	age	of	 the	people	 in	 the	 image	had	 to	be	
rated,	the	faces	were	more	often	targeted	by	the	gaze	than	if	the	material	circum-
stances	of	the	depicted	family	had	to	be	estimated.	In	the	latter	case,	saccades	were	
guided	mostly	to	furniture	and	other	background	objects	(for	a	recent	replication,	see	
DeAngelus	&	Pelz,	2009).	The	other	influencing	factor	is	related	to	saliency,	that	is,	
the	physical	properties	of	the	stimulus:	the	distinctiveness	and	prominence	of	physi-
cal	features	(e.g.,	contrast,	shape,	color,	etc.)	make	an	object	more	likely	to	become	a	
saccade	target	than	another	object	with	other	features	(Itti	&	Koch,	2000).

Throughout	evolution,	environmental	regularities	have	shaped	sensory	systems,	
and	 thereby	 have	 had	 a	 tremendous	 influence	 on	 visual	 perception	 and	 cognition	
(Geisler,	2008;	Gibson,	1979).	Hence,	studying	the	statistical	regularities	present	in	
natural	scenes	has	great	potential	in	the	investigation	of	active	vision.	Accurate	mod-
els	of	image	statistics	at	the	level	appropriate	for	machine	implementation	may	also	
reveal	new	mechanisms	of	visual	processing	in	the	brain	(Karklin	&	Lewicki,	2009).	
In	the	current	approaches,	saliency	maps	of	images	are	computed	on	a	pixel-by-pixel	
basis.	However,	many	perceptual	tasks	are	concerned	with	a	rougher	impression	of	
visual	content	rather	than	the	exact	image	details.	For	example,	scene	categorization,	
such	as	knowing	that	a	forest	is	a	forest,	generalizes	over	the	various	visual	quali-
ties	of	 trees.	Natural-image	 statistics	 are	 able	 to	 capture	 the	 appearance	of	many	
scene	categories,	although	we	only	have	a	vague	sort	of	understanding	why.	Another	
example,	the	perception	of	textures	and	materials,	such	as	grass	and	trees,	does	not	
sort	out	every	tiny	leaf	and	twig,	but	captures	some	sort	of	impression	of	the	visual	
image.	As	demonstrated	by	 the	work	of	 impressionists	 and	Gestalt	psychologists,	
much	of	what	we	perceive	is	captured	by	a	rough	impression	(Greene	&	Oliva,	2009;	
Koffka,	1935;	Pelli	&	Tillman,	2008),	rather	than	by	precise	depiction	or	exact	pic-
torial	assessment.	However,	what	are	 the	statistics	gathering	an	 impression	of	 the	
scene?	And	how	are	these	statistics	used	when	we	determine	where	to	look	next?

Natural	 images	 are	 highly	 structured	 in	 their	 spatial	 configuration.	 Where	
one	 would	 expect	 a	 different	 spatial	 layout,	 image	 statistics	 often	 follow	 a	 gen-
eral	 Weibull-type	 spatial	 distribution	 (Geusebroek	 &	 Smeulders,	 2005).	 Scholte,	
Ghebreab,	Waldorp,	Smeulders,	and	Lamme	(2009)	found	a	high	correlation	between	
the	Weibull	parameters	and	a	simple	model	of	the	parvocellular	and	magnocellular	
pathways	in	the	visual	system.	Thus	one	would	expect	image	contrasts	around	fixa-
tion	locations	to	reflect	the	Weibull	statistics.	Four	types	of	natural-image	statistics	
are	expected	according	 to	 the	behavior	of	 the	 integrated	Weibull	distribution:	 the	
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power	law,	the	exponential,	the	Gaussian,	and	the	possibility	that	the	Weibull	distri-
bution	does	not	describe	the	data	well	(Yanulevskaya	&	Geusebroek,	2009).

To	 illustrate	 the	 different	 regimes	 of	 the	 integrated	 Weibull	 distribution,	 a	 set	
of	several	hundred	natural	images	was	recently	analyzed	on	global	statistics,	local	
statistics,	 and	 statistics	 around	 eye	 fixations,	 that	 is,	 visually	 attended	 regions	
(Yanulevskaya	 &	 Geusebroek,	 2009).	 For	 the	 global	 analysis,	 all	 images	 fit	 the	
Weibull	statistic	well,	and	could	be	further	subdivided	into	20%	power-law	and	less	
than	 5%	 Gaussian,	 the	 remainder	 fitting	 best	 to	 the	 exponential	 distribution.	 The	
power-law	is	one	extreme,	indicating	strong	overall	contrast	caused	by	a	few	edges.	
The	Gaussian	is	the	other	extreme	of	the	same	distribution	shape,	indicating	highly	
textured	 images.	 Figure  13.3	 conveys	 an	 impression	 of	 the	 correlation	 between	
visual	content	and	Weibull	parameters.	In	a	further	local	analysis,	based	on	smaller	
image	parts,	13%	of	the	patches	were	rejected	in	the	test	for	Weibull	distribution.	A	
visual	 inspection	 showed	 that	 these	 images	 contained	only	 compression	 artifacts,	
or	 regions	with	 regular	patterns.	The	 remaining	87%	of	 the	patches	 followed	 the	
Weibull	distribution,	whereby	26%	were	power-law	distributed	and	14%	Gaussian.	

Figure 13.3 Scatterplot	of	 the	Weibull	parameters	with	contrast	on	horizontal	and	shape	
on	 vertical	 axes	 and	 each	 patch	 positioned	 at	 its	 respective	 value	 (after	 Yanulevskaya	 &	
Geusebroek,	2009).	Images	on	the	bottom	left	correspond	to	the	power-law	submodel.	They	
contain	uniform	 regions	 separated	by	 strong	edges.	Patches	 in	 the	middle	part	 follow	 the	
exponential	distribution	showing	smaller	details.	Two	types	of	visual	content	demonstrate	the	
Gaussian	distribution:	smooth	patches	with	Gaussian-like	noise	(on	the	top	left	of	the	scatter-
plot)	and	patches	with	high	frequency	and	contrast	(on	the	top	right	and,	as	enlarged	versions,	
in	the	bottom	right	inset).
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This	result	can	be	expected,	as	local	regions	are	likely	to	contain	fewer	edges	and	
to	have	higher-frequency	 textures	 than	 the	whole	 images.	We	compared	eye	fixa-
tion	with	the	a	priori	baseline,	as	given	by	local	analysis,	using	Weibull	analysis	of	
similarly	sized	local	patches	around	eye	fixation	locations.	Eye	fixations	were	then	
50%	more	likely	to	appear	at	power-law	distributed	patches	than	could	be	expected	
from	local	analysis.	Furthermore,	eye	fixations	were	unlikely	to	appear	at	Gaussian	
distributed	patches	as	they	mainly	exhibited	low-contrast	compression	artifacts.

These	findings	were	further	exploited	in	eye	fixation	prediction,	or	equivalently	
salient	 region	detection,	by	combining	both	 the	 shape	and	contrast	parameters	of	
the	Weibull	distribution	in	a	machine-learning	approach.	Eye	fixation	prediction	has	
been	related	to	simple	statistics	of	several	types	of	low-level	image	features,	mainly	
related	 to	contrast	 and	 local	 edge	 frequency.	Due	 to	 the	 regularities	 in	 the	 statis-
tics	of	natural	images,	many	of	these	features	are	correlated.	Given	the	abundantly	
present	Weibull	distribution	in	the	statistics	of	such	features	for	natural	images,	we	
study	the	local	deviations	of	these	statistics	compared	with	“overall”	image	statistics	
over	larger	collections.	These	deviations	become	apparent	when	fitting	the	Weibull	
distribution	to	the	local	image	(feature)	data,	and	consecutively	studying	the	distribu-
tion	of	the	Weibull	parameters	over	a	single	image	in	comparison	to	the	parameter	
values	found	in	a	large	set	of	natural	images.	The	rough	idea	is	that	outliers	in	the	
parameters	indicate	a	statistically	salient	image	region	with	respect	to	“commonly”	
occurring	image	patches.	In	other	words,	regions	are	salient	if	their	spatial	statistics	
break	with	the	generally	observed	statistics	of	natural	scenes.

In	detail,	we	consider	the	correlation	between	eye	fixations	and	local	image	sta-
tistics,	the	latter	being	captured	by	the	parameters	of	the	Weibull	distribution.	Using	
eyetracking	over	a	large	collection	of	natural	images	and	for	many	subjects,	the	prob-
ability	distribution	over	Weibull	parameters	of	fixated	image	regions	can	be	mea-
sured.	Knowing	which	 locations	have	attracted	attention,	 a	 complementary	 set	of	
regions	indicate	the	“nonfixated”	regions,	yielding	a	negative	set	of	patches	resulting	
in	 the	Weibull	 parameter	probability	densities	 for	 “not-so-interesting”	 regions	 for	
human	vision.	Then,	machine-learning	techniques,	such	as	logistic	regression,	can	
be	devised	to	learn	the	distinction	between	fixated	and	nonfixated	patches.	Combined	
with	purely	bottom-up	approaches,	such	as	the	method	proposed	by	Itti	and	Koch	
(2000),	a	more	adequate	model	for	saliency	prediction	can	be	achieved.

This	study	illustrates	an	approach	to	active	vision,	which	is	a	version	of	ecological	
optics	long	ago	promulgated	by	James	Jerome	Gibson	(1979).	It	is	exclusively	based	
on	the	measurement	and	statistical	analysis	of	physical	parameters	of	natural	images.	
Indeed,	it	has	often	been	suggested	that	eye	guidance	is	mainly	controlled	by	stimu-
lus	properties	(Godijn	&	Theeuwes,	2002).	Other	authors	consider	saccadic	target	
selection	as	being	predominantly	controlled	by	the	task	of	the	observer	(Williams	
&	Reingold,	2001).	Recent	observations	 revealed	 that	 task	demands	are	of	higher	
priority	than	low-level	saliency	features	with	respect	to	gaze	behavior	(Einhäuser,	
Rutishauser,	&	Koch,	2008).	It	was	also	suggested	that	a	flexible	combination	of	both	
approaches	can	properly	account	for	the	guidance	of	saccades	(van	Zoest	&	Donk,	
2004;	Ballard	and	Hayhoe,	2009).
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13.3  Behavioral data analysis and interpretation

Since	 the	earliest	attempts,	 the	 interpretation	of	eye	movement	behavior	has	been	
mainly	based	on	the	analysis	of	fixations	and	saccades.	In	particular,	analysis	has	
been	focused	on	parameters	such	as	the	duration	and	distribution	of	fixations,	as	well	
as	the	amplitude,	velocity,	and	direction	of	saccades.	However,	as	was	already	dem-
onstrated	by	pioneers	in	this	domain	of	research	(e.g.,	Buswell,	1935;	Yarbus,	1967),	
for	the	understanding	of	eye-movement	behavior	and	the	resulting	perception,	it	is	
essential	to	consider	also	the	inspected	content,	that	is,	text	or	image.

A	 promising	 approach	 to	 combine	 spatial	 and	 temporal	 characteristics	 of	 eye	
movements	with	 the	 inspected	material	 is	 the	attentional	 landscape	method	 intro-
duced	by	Velichkovsky,	Pomplun,	and	Rieser	(1996).	Instead	of	simply	projecting	the	
gaze	tracking	data	on	the	original	visual	material,	these	authors	proposed	to	elucidate	
the	perception	of	ambiguous	paintings	(by	Archimboldo,	Dürer,	and	Escher)	by	ren-
dering	these	pictures	in	terms	of	the	distribution	of	visual	fixations	(see	Figure 13.4).	
With	this	method	it	was	possible	to	take	into	account	both	the	saccadic	suppression	
(i.e.,	a	partial	suppression	of	visual	input	between	two	fixations)	and	the	fact	that	each	
fixation	resolves	only	a	narrow	area	of	the	visual	scene.	The	limitations	of	visual	spa-
tial	resolution	were	approximated	by	a	Gaussian	distribution	with	the	standard	devia-
tion	of	1	degree	at	each	fixation	point.	In	this	way,	it	was	possible	to	visualize	when	
an	observer	perceived	one	or	another	version	of	ambiguous	pictures	(such	as	angels	
or	devils	in	Circle Limit IV	by	Escher).	The	described	attentional	landscape	approach	
is	a	step	toward	explicating	the	idiosyncratic	perceptual	experience	of	a	person.	It	is	
nowadays	a	widely	accepted	instrument	in	usability	research	(e.g.,	Henderson,	2007;	
Wooding,	2002;	Wooding,	Mugglestone,	Purdy,	&	Gale,	2002)	and	has	also	been	
used	for	an	explication	of	the	grounds	for	nonverbal	decisions	in	clinical	radiology	
(Burgert	et	al.,	2007).	Although	the	results	of	this	approach	look	impressive,	their	
interpretation	is	rather	difficult	and	a	statistical	analysis	of	this	type	of	information	
is	complicated.	An	open	question	is	whether	the	resulting	visualization	really	says	
something	about	attention	or	just	about	fixation	distributions.

Figure 13.4 An	illustration	of	the	attentional	landscape	approach	with	Canaletto’s	View of 
Dresden	(copyright	Gallery	Alte	Meister,	Dresden,	Germany)	where	the	original	painting	is	
in	the	background,	an	empirically	measured	and	computed	Fixation Map	is	on	the	right,	and	
the	visualization	is	superimposed	on	the	painting	(image	courtesy	of	Claudia	Schmidt).

Y116134.indb   288 10/10/11   2:12 PM



Measurement-related issues in the investigation of active vision 289

One	critical	 issue	 is	 the	equal	 treatment	of	all	fixations	 for	 the	creation	of	 the	
attentional	landscape	visualizations.	Beside	task	complexity	and	the	intention	of	the	
observer,	the	quality	and	amount	of	visual	information	affect	the	duration	of	fixa-
tions.	Mannan,	Ruddock,	and	Wooding	(1995)	presented	high-	and	lowpass-filtered	
and	unfiltered	photos	and	reported	longest	fixations	for	the	lowpass-filtered	scenes	
and	shortest	for	 the	unfiltered	material.	With	the	development	of	 the	gaze	contin-
gent	 paradigm	 it	 became	 possible	 to	 manipulate	 regions	 of	 the	 presented	 text	 or	
scene	 according	 to	 the	 respective	 position	 of	 the	 eyes.	 For	 instance,	 van	 Diepen	
and	d’Ydewalle	(2003)	used	a	gaze-contingent	mask	during	visual	search,	prevent-
ing	either	foveal	or	peripheral	processing	of	information.	Prolonged	fixations	were	
reported	for	both	manipulations,	suggesting	that	both	foveal	and	peripheral	informa-
tion	modulate	the	lengths	of	fixations.	During	single	fixations	Loschky,	McConkie,	
Yang,	and	Miller	(2005)	presented	a	multiresolutional	display	with	high	resolution	
at	the	fovea	that	decreased	with	eccentricity	from	the	gaze	center.	Longer	fixations	
were	reported	if	the	manipulation	on	the	size	of	elements	was	perceivable.

Recently,	 evidence	on	qualitative	differences	 in	 information	processing	during	
single	fixations	has	been	collected.	It	is	known	that	the	duration	of	fixations	can	be	
related	to	the	level	of	cognitive	processing	(e.g.,	Velichkovsky,	2001)	and	therefore	
it	seems	to	be	implausible	that	all	fixations	would	play	the	same	role	in	active	visual	
processing.	In	studies	of	eye	movement	behavior	in	static	and	dynamic	environments,	
we	found	that	a	particular	combination	of	fixation	duration	and	amplitude	of	related	
saccades	strongly	correlates	with	the	probability	of	correct	recognition	of	objects	and	
events	(Velichkovsky,	Rothert,	Kopf,	Dornhoefer,	&	Joos,	2002;	Velichkovsky,	Joos,	
Helmert,	&	Pannasch,	2005).	According	to	these	findings,	a	distinction	is	necessary	
between	fixations	serving	the	detailed	processing	of	object	features	and	those	that	
are	related	to	a	dynamic	spatial	localization	of	the	objects	as	undifferentiated	blobs	
(proto-objects).	Without	consideration	of	this	important	difference	in	the	modes	of	
active	vision,	the	representation	produced	in	the	attentional	landscapes	approach	can	
only	incorrectly	reflect	the	perceptual	process	and	perceived	information.

Another	critical	issue	in	investigation	of	active	vision	is	the	influence	of	semantic	
and,	 in	 particular,	 social	 factors	 on	 human	 oculomotor	 activity.	 Even	 if	 the	 low-
level	saliency	features	are	carefully	controlled,	one	finds	that	facial	area	with	eyes	is	
the	dominant	attractor	for	human	eye	fixations	(for	an	example,	see	Hari	&	Kujala,	
2009).	 This	 tendency	 seems	 to	 persist	 also	 in	 nonhuman	 primates	 (Tomonaga	 &	
Imura,	 2009).	 With	 a	 notable	 exception	 of	 autistic	 observers	 (Neumann,	 Spezio,	
Piven,	&	Adolphs,	2006),	the	eyes	are	always	a	very	special	target	of	attraction	in	
our	environment.	The	positions	where	eyes	normally	are	in	the	scheme	of	face	will	
be	also	fixated	when	there	is	no	optical	information	on	them	in	the	physical	image.	
These	data	illustrate	one	of	the	main	functionalities	of	higher-order	forms	of	visual	
attention,	namely	paying	attention	to	the	attention	of	another	person	(Velichkovsky,	
1995).	Overall,	the	results	testify	to	the	existence	of	a	higher-order	social	saliency	
factor.	The	idea	of	joint	attention	states	as	the	prerequisite	for	communicative	and	
practical	interaction	of	two	persons	is	also	manifested	in	an	attentional	emphasis	on	
the	objects	of	common	interest.	This	Vygotskian	idea	is	illustrated	by	some	recent	
eyetracking	studies,	with	one	example	shown	in	Figure 13.5.
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Most	of	 the	current	attempts	aimed	at	understanding	gaze	control	 and	mecha-
nisms	of	visual	processing	in	free	viewing	conditions	come	from	the	fields	of	experi-
mental	psychology	and	cognitive	science.	These	studies	often	constrain	themselves	
by	the	measurement	and	analyses	on	the	behavioral	level.	To	overcome	these	limi-
tations	and	to	reveal	the	underlying	brain	mechanisms,	a	broader	interdisciplinary	
perspective	is	needed.	For	example,	classical	neuropsychological	data	demonstrate	
disturbances	of	active	visual	perception	after	frontal-lobe	lesions	(Luria,	Karpov,	&	
Yarbus,	1966).	In	nonhuman	primates	and	other	animals,	invasive	measuring	pro-
cedures	 (e.g.,	 single-cell	 recordings	 using	 implanted	 electrodes)	 are	 common	 and	
they	are	used	also	with	complex	natural	 images	and	realistic	tasks	(Cavanaugh	&	
Wurtz,	 2004;	 Maldonado,	 Babul,	 Singer,	 Rodriguez,	 Berger,	 &	 Grun,	 2008).	 In	
human	 subjects,	 it	 would	 be	 beneficial	 to	 combine	 eyetracking	 with	 noninvasive	
neuro	physiological	measurements.

13.4  Active vision in human electrophysiology and neuroimaging

The	 idea	 to	 combine	 eyetracking	with	noninvasive	methods	of	measuring	human	
brain	activity	 is	not	new.	Several	 attempts	have	been	made	 to	analyze	eye	move-
ments	 together	with	physiological	 techniques,	 such	 as	EEG	 (electroencephalogra-
phy)	and	MEG	(magnetoencephalography).	Two	different	strategies	can	be	applied	
when	using	 such	 a	 combination.	 Because	 eye	movements	 produce	 strong	 electro-
magnetic	signals,	eyetracking	is	used	to	control	for	those	movements	to	remove	their	
influences	on	the	brain	signals	of	interest.	The	other	possible	approach	follows	the	
idea	that	eye	movements	are	genuine	components	of	visual	cognition.	The	research	
question	then	would	be	to	identify	brain	processes	that	are	involved	during	different	
stages	in	the	inspection	of	a	scene,	including	single	visual	fixations.	In	this	case	the	
aim	is	to	describe	how	visual	perception	works	during	natural	vision	and	what	are	
the	underlying	brain	processes.	However,	each	of	the	neurophysiological	measuring	

A B

Figure 13.5 A and	B:	typical	distribution	of	gaze	locations	on	a	painting	(Lighting Pipes	by	
Juho	Rissanen,	1902;	copyright	Ateneum	Art	Museum,	Hannu	Aaltonen,	Finland).	The	fixa-
tion	map	is	based	on	the	data	of	10	females	and	10	males,	who	were	allowed	to	view	freely	
the	image	for	10	s	(from	Hari	&	Kujala,	2009;	with	permission	of	the	publisher,	Physiological 
Reviews).
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techniques	has	its	advantages	and	disadvantages,	as	discussed	in	the	remainder	of	
this	chapter.

Measuring	EEG	is	the	oldest	and	most	broadly	used	method	for	studying	ongo-
ing	brain	activity,	not	only	during	visual	perception	but	also	during	 rest	and	 in	a	
variety	of	other	 tasks.	Current	EEG	 technology	allows	 the	measurement	of	brain	
activity	 with	 high	 temporal	 resolution	 and	 relatively	 good	 spatial	 accuracy.	 Thus	
EEG	could	be	a	suitable	method	to	study	brain	activations	during	natural	viewing	
of	scenes.	However,	the	integration	and	simultaneous	recordings	of	eye	movements	
and	EEG	has	been	only	rarely	accomplished	in	the	past.	As	a	matter	of	fact,	motil-
ity	of	 the	 eyeballs	 is	one	of	 the	 critical	 sources	of	 artifacts	 in	EEG.	Because	 the	
cornea	is	positively	charged	compared	with	the	retina,	the	eye	behaves	as	an	elec-
tric	dipole:	each	movement	of	the	eyeball	generates	an	electromagnetic	field	that	is	
detected	on	the	scalp	(EEG)	and	outside	the	head	(MEG;	Hari,	2004).	Because	the	
eyes	move	about	three	times	a	second,	this	activity	strongly	influences	the	raw	EEG	
signal,	with	amplitudes	often	being	 larger	 than	 the	actual	EEG	signal	of	 interest.	
Many	mathematical	approaches	have	been	proposed	in	the	past	to	eliminate	the	con-
taminating	influences	of	the	eye	movements	(e.g.,	Delorme,	Sejnowski,	&	Makeig,	
2007;	Gratton,	Coles,	&	Donchin,	1983;	Vigário,	Jousmäki,	Hämäläinen,	Hari,	&	
Oja,	1997).	Although	these	methods	significantly	contribute	to	the	improvement	of	
the	signal,	there	are	considerable	limitations	in	their	application	as	they	either	do	not	
remove	the	artifacts	completely	or	may	filter	out	some	signals	of	interest.

Yagi	 (1995)	was	one	of	 the	first	 to	mention	 the	possible	benefits	of	combining	
eyetracking	with	EEG	for	the	analysis	of	brain	dynamics	in	more	natural	settings.	
He	introduced	the	term	“eye	fixation	related	potential”	(EFRP),	which	describes	the	
method	of	analyzing	the	EEG	signal	as	time	locked	to	the	occurrence	of	fixations.	
The	main	idea	of	this	method	is	to	structure	the	electrophysiological	data	according	
to	the	events	of	information	uptake	during	active	vision.	Even	if	this	approach	does	
not	completely	solve	the	problem	of	eye-movement-related	artifacts	in	the	EEG	data,	
it	allows	researchers	 to	 investigate	brain	activity	and	vision	during	more	complex	
and	natural	tasks.	Subsequently,	the	EEG	data	can	be	analyzed	in	a	more	controlled	
way,	on	a	fixation-by-fixation	basis.	New	approaches	use	eyetracking	not	only	for	
offline	experimental	control	and	segmenting	of	the	data,	but	also	for	online	manipu-
lation	of	independent	variables,	such	as	in	gaze-contingent	experiments,	with	simul-
taneous	measurement	of	electrophysiological	responses	either	to	the	fixated	site	as	
such	or	on	a	specially	selected	test	stimulus	(Baccino	&	Manunta,	2005;	Graupner,	
Velichkovsky,	Pannasch,	&	Marx,	2007).	The	latter	paradigm	may	be	the	method	of	
choice	as	it	allows	testing	the	visual	system	with	a	specified	delay	after	the	saccade	
and,	in	this	way,	to	avoid	much	of	the	interference	with	electromagnetic	contamina-
tion	from	the	moving	eyeballs.

Apart	 from	 electromagnetic	 artifacts	 caused	 by	 the	 eyes,	 other	 effects	 can	 be	
observed	in	the	brain	when	the	eyes	move.	The	signals	prior	to,	during,	and	after	a	
saccade	are	related	 to	 the	processes	of	saccade	preparation	and	generation,	signal	
transduction	along	the	optic	nerve,	and	information	processing	within	the	visual	and	
other	cortical	areas.	All	these	activities	are	of	crucial	interest	for	understanding	the	
active	vision.	A	number	of	interesting	signals	have	been	identified	in	the	EFRPs.
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Presumably	the	most	prominent	signal	is	the	so-called	lambda response,	which	
is	a	scalp-positive	EEG	deflection	peaking	80	–100	ms	after	the	offset	of	a	saccade	
(Rémond,	Lesèvre,	&	Torres,	1965;	Yagi,	1979).	The	largest	amplitude	of	this	peak	
is	usually	observed	at	occipital	electrode	sites	(Graupner	et	al.,	2007).	Some	authors	
have	argued	that	the	lambda	response	is	equivalent	to	the	P100	deflection	of	conven-
tional	visual	evoked	potentials	 (VEPs),	elicited	by	abrupt	visual	stimuli	 (Billings,	
1989;	Kazai	&	Yagi,	2003).	This	interpretation	was	supported	by	dipole	tracing	for	
the	lambda	and	P100	response,	showing	similar	source	locations,	presumably	in	the	
calcarine	fissure	(Kazai	&	Yagi,	2003).	However,	other	results	exist,	reporting	a	very	
lambda-like	response	generated	in	the	parieto-occipital	sulcus	after	eye	blinks	and	
saccades	 (Hari,	Salmelin,	Tissari,	Kajola,	&	Virsu,	1994;	 Jousmäki,	Hämäläinen,	
&	Hari,	1996;	Kazai	&	Yagi,	2003).	The	peak	amplitude	of	 the	 lambda	 response	
was	 found	 to	 be	 correlated	 with	 the	 amplitude	 of	 the	 preceding	 saccade	 (Yagi,	
1979).	Similar	to	the	P100	deflection,	the	lambda	response	depends	on	the	physical	
aspects	 of	 stimulation,	 such	 as	 luminance,	 contrast,	 spatial	 frequency,	 and	 color.	
Another	component	of	an	EFRP	is	the	spike	potential	(Becker,	Hoehne,	Iwase,	&	
Kornhuber,	1972),	a	 scalp-negative	deflection	peaking	8–20	ms	prior	 to	 the	onset	
of	a	saccade.	It	likely	results	from	synchronous	firing	of	the	motoneurons	of	ocular	
muscles	(Riemslag,	Van	der	Heijde,	Van	Dongen,	&	Ottenhoff,	1988;	Thickbroom	
&	Mastaglia,	1985).	Additionally,	characteristic	EEG	patterns	have	been	reported	
in	relation	to	the	programming	and	execution	of	saccades	(Evdokimidis,	Smyrnis,	
Constantinidis,	Gourtzelidis,	&	Papageorgiou,	2001;	Skrandies	&	Laschke,	1997).

For	a	comparison	of	two	sets	of	fixations,	all	these	contributing	factors	need	to	
be	considered.	For	example,	disregarding	the	matching	of	the	saccadic	amplitudes	
prior	to	the	fixation	will	result	in	a	systematic	bias	with	respect	to	the	lamda/P100	
amplitudes	 (Yagi,	 1979)	 which	 also	 might	 affect	 later	 EFRP	 components	 (N100,	
P200,	etc.).	Similar	effects	must	be	expected	also	for	the	subsequent	saccade	if	not	
matched	accordingly.	However,	due	to	a	high	variability	of	fixation	durations	during	
natural	visual	exploration,	such	influences	of	the	subsequent	saccades	might	be	less	
pronounced	because	of	temporal	smearing.	Differences	in	fixation	duration	between	
the	two	datasets	can	introduce	additional	bias	because	the	onset	of	the	following	sac-
cade	will	systematically	vary.

Still	another	influencing	factor	in	paradigms	studying	active	vision	has	to	be	men-
tioned.	It	concerns	the	lack	of	control	on	the	temporal	and	spatial	distribution	of	fix-
ations,	that	is,	when	in	the	course	of	scene	inspection	a	particular	object	or	region	is	
fixated.	When	two	subjects	freely	observe	the	same	natural	scene,	two	rather	differ-
ent	sets	of	fixation	may	arise	with	respect	to	the	when	and	what	of	the	gaze	pattern.	
Thus,	image	statistics	of	the	fixated	spots,	such	as	local	contrast,	spatial	frequency,	
luminance,	and	color	might	be	different	for	the	two	sets	of	fixations	which	will	also	
influence	the	obtained	EFRP.	Even	if	the	eyetracking	data	enable	researchers	to	gain	
this	 information	 during	 an	 experiment	 either	 online	 or	 offline,	 it	 is	 still	 an	 open	
question	of	how	these	details	of	the	efficient	sensory	stimulation	can	be	integrated	in	
the	data	analysis.	In	any	case,	considering	the	mentioned	points	is	mandatory	for	a	
proper	interpretation	of	results.
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The	problem	of	eye-movement-related	artifacts	in	EEG	recordings	does	not	only	
apply	to	the	investigation	of	natural	viewing	of	scenes.	The	relevance	of	such	influ-
ences	has	been	recently	reported	in	a	study	with	parallel	recording	of	EEG	and	eye	
movements	where	subjects	had	to	perform	a	simple	object	identification	task.	It	was	
shown	that	some	gamma-band	activity	in	the	EEG	signal	is	highly	correlated	with	
the	onset	of	saccades	(Yuval-Greenberg,	Tomer,	Keren,	Nelken,	&	Deouell,	2008).	
The	authors	explained	this	finding	by	the	spike	potentials	that	accompany	the	saccade	
onsets.	That	means	that	even	in	simple	visual	tasks	eye	movement	behavior	may	vary	
systematically	with	 the	 investigated	conditions	and	 its	outcome	on	 the	EEG	signal	
may	translate	into	apparent	but	not	always	meaningful	differences	in	the	results.

A	complementary	approach	 to	 the	eletrophysiological	EFRP	(EEG)	and	EFRF	
(MEG;	the	last	F	to	refer	to	magnetic	field)	measurements	is	fixation-based	event-
related	fMRI	(FIBER	fMRI;	see	Cornelissen,	Marsman,	Renken,	&	Velichkovsky,	
2008).	 This	 is	 a	 perspective	 of	 deriving	 brain	 activation	 patterns	 related	 to	 rapid	
human	 visual	 behavior	 from	 a	 slow	 blood-oxygenation-level-dependent	 (BOLD)	
fMRI	response.	Until	the	present,	fixations	have	not	been	considered	as	events	of	pri-
mary	interest	in	neuroimaging	studies.	Nevertheless,	we	have	been	able	to	identify	
differences	in	brain	activity,	following	different	types	of	fixations	in	either	viewing	
task	or	object	inspected.	Specifically,	we	investigated	the	processing	of	visual	infor-
mation	following	fixations	made	during	natural	viewing	behavior.	In	the	following,	
we	briefly	present	results	from	a	recent	fMRI	experiment,	where	subjects’	gaze	was	
recorded	 to	control	actual	visual	fixations	 to	build	a	marker	event	 for	 the	FIBER	
fMRI	analysis	in	three	conditions:	free	viewing	and	two	versions	of	instructed	view-
ing,	one	of	which	emphasized	looking	at	faces	and	another	at	houses.	Figure 13.6	
shows	the	stimulus	display	and	other	relevant	aspects	of	the	study.

First	 of	 all,	 two	 well-documented	 brain	 regions	 in	 correspondence	 with	 our	
stimuli—fusiform	 face	 area	 (FFA)	 and	 parahippocampal	 place	 area	 (PPA)	 bilat-
erally	 (Epstein,	 Harris,	 Stanley,	 &	 Kanwisher,	 1999;	 Kanwisher,	 McDermott,	 &	
Chun,	1997)—were	 identified	 in	every	 subject	by	 standard	 localizer	experiments.	
Furthermore,	 in	 the	main	 series	of	 experiments,	 distinguishable	 features	between	
the	BOLD	responses	following	fixations	were	elicited.	The	result	was	achieved	by	
reconstructing	 the	 hemodynamic	 response	 functions	 for	 each	 type	 of	 fixation	 in	
three	task	conditions.

In	all	 cases,	 the	BOLD	response	peaked	around	3	 seconds,	which	 is	 a	 shorter	
latency	than	is	commonly	reported	in	conventional	fMRI	studies	(Buckner,	1998).	
It	is	apparent	that	fixations	during	which	houses	were	inspected	(either	in	a	specific	
house-viewing	 task	or	during	free	exploration	of	 the	stimuli)	 result	 in	 larger	acti-
vation	of	PPA.	FFA	becomes	active	when	faces	were	inspected	under	comparable	
conditions.	At	the	same	time,	it	seems	that	FFA	is	also	active	during	house	viewing	
in	the	face-viewing	task.	During	free	viewing	the	difference	in	activations	of	house	
and	face	fixations	becomes	more	distinct	in	PPA	in	comparison	with	FFA	activation.	
FFA	does	not	differentiate	between	houses	and	faces	on	the	basis	of	the	amplitude	
of	 the	 response,	even	 though	 the	 responses	are	still	differently	shaped.	A	distinc-
tion	 between	 the	 conditions	 is	 the	 existence	 of	 a	 double	 peak	 effect,	 specifically	
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visible	during	 instructed	 (i.e.,	 explicitly	 task-related)	 viewing	compared	with	 free	
viewing.	 Hence,	 we	 argue	 that	 this	 can	 be	 a	 task-related	 effect	 that	 is	 driven	 by	
repeated	stimulation.	The	conclusion	was	corroborated	by	multivoxel	pattern	analy-
ses	(MVPA;	Norman,	Polyn,	Detre,	&	Haxby,	2006)	where	we	were	able	to	classify	
the	signals	significantly	above	chance	level	according	to	the	inspected	object	and	the	
task.	Interestingly,	we	found	that	classification	of	both	house	and	face	tasks	is	more	
efficient	than	classification	of	free	viewing	items.

These	results	demonstrate	that	brain-activity	analyses	can	in	an	important	respect	
enhance	the	behavioral	analysis	of	eye	movement	data,	namely	to	reveal	the	nature	of	the	
task	at	hand	beyond	simply	showing	—as	eyetracking	studies	often	do—which	object	
or	region	of	the	image	is	currently	fixated.	We	have	shown	that	fMRI	analysis	based	
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Figure 13.6 (See color insert.) Top	 left:	Example	 stimulus.	Top	 right:	 Investigated	brain	
regions,	 FFA	 (blue)	 and	 PPA	 (red),	 left	 hemisphere	 activations	 are	 within	 the	 rectangle.	
Bottom:	 Estimated	 hemodynamic	 responses	 for	 fixations	 toward	 houses	 (upper	 row)	 and	
faces	(underside	row)	in	left	FFA	(left	column)	and	left	PPA	(right	column).	Colors	indicate	
task;	dashed	lines	denote	standard	error	of	the	mean.	Vertical	axes	show	percentages	of	the	
mean	whole-brain	signal.
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on	fixations	reveals	meaningful	spatiotemporal	patterns	of	brain	activation	despite	the	
suboptimal	 temporal	characteristics	of	visual	fixations	and	saccades	with	 respect	 to	
hemodynamics	in	the	brain.	These	findings	open	new	paths	to	explore	natural	viewing	
behavior	in	the	fMRI	analysis	of	human	brain	activity.	However,	they	also	demonstrate	
the	importance	and	benefits	of	combining	neurocognitive	methods	and	eyetracking	for	
the	control	of	experiments	as	well	as	for	a	better	interpretation	of	the	data.

13.5  Conclusion and outlook

As	an	interdisciplinary	endeavor,	further	insights	into	brain	mechanisms	of	human	
active	vision	will	demand	continuous	efforts	of	experts	from	different	domains	of	
research.	 In	 this	 chapter,	 we	 illustrated	 the	 scope	 of	 relevant	 measurement	 prob-
lems	 by	 three	 groups	 of	 studies	 ranging	 from	 classical	 physical	 to	 psychological	
and	neurobiological	investigation.	None	of	these	approaches	is	nowadays	completely	
satisfying	and	free	of	potential	critical	comments.	However,	in	such	a	thorny	field	of	
measurement	as	active	vision	the	old	methodological	principle	of	converging	opera-
tions	(Garner,	Hake,	&	Eriksen,	1956)	might	be	the	best	strategy.	By	using	comple-
mentary,	albeit	 imperfect	 instruments	 it	 is	 still	possible	 to	 reach	some	 reasonable	
conclusions.	 Several	 recent	 examples	 demonstrate	 the	 successful	 transmethodical	
convergence	in	studies	of	active	vision,	such	as	elucidation	of	mechanisms	of	global	
versus	 local	 processing	 (Cant,	 Arnott,	 &	 Goodale,	 2009),	 investigation	 of	 visual	
attention	as	expressed	in	the	patterns	of	eye	movements	(Velichkovsky	et	al.,	2005),	
and	“social	salience”	in	cognitive-affective	neuroscience	(Hari	&	Kujala,	2009).

In	the	years	to	come,	innovative	research	on	visual	perception	and	eye	movements	
will	 be	 supported	 by	 new	 technological	 solutions	 and	 include	 new	 interdisciplin-
ary	directions.	Beside	the	further	improvement	of	existing	measurement	techniques	
(based	 on	 hard-	 or	 software	 achievements)	 there	 will	 be	 the	 development	 of	 new	
methods.	 For	 instance,	 the	 emerging	 method	 of	 magnetic	 induction	 tomography	
(MIT;	Korjenevsky,	Cherepenin,	&	Sapetsky,	2000;	Vauhkonen,	Hamsch,	&	Igney,	
2008)	aims	at	mapping	the	local	distribution	of	the	electrical	conductivity	inside	the	
brain.	Eddy	currents	are	induced	in	the	body	by	relatively	weak	magnetic	stimula-
tion	and	the	resulting	fields	are	measured	by	an	array	of	receiver	coils.

Moreover,	the	basic	biochemical	nature	of	the	brain’s	wetware	and	neurotransmit-
ters	is	assumed	to	become	more	influential	in	the	future.	The	paradigmatic	changes	
are	motivated	by	the	design	of	new	applications	and	services	under	the	influence	of	
increasingly	fast	convergence	of	nano-,	bio-,	and	information	technologies	with	cogni-
tive	science	(for	a	review,	see	Bainbridge	&	Roco,	2006).	Such	a	trans-technological	
convergence	could	explode	in	the	number	of	studies	devoted	to	genetic	and	epigenetic	
mechanisms	of	human	visual	processing	and	cognition.	In	a	middle-term	perspective,	
new	molecular	methods	of	measurement	will	emerge	based	on	the	use	of	nano-sized	
sensors	and	dyes,	such	as	in	quantum-dots	technology.	Of	course,	before	this	quantum	
leap	in	investigation	with	human	subjects	will	become	a	reality,	much	tighter	safety	
problems	have	to	be	solved	than	in	the	case	of	the	video-based	eyetracking	devices.
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14.1  Introduction

In	the	fourth	century	BC,	Hippocrates	wrote

Men	ought	to	know	that	from	nothing	else	but	the	brain	comes	joys,	delights,	
laughter	and	sports,	and	sorrows,	griefs,	despondency	and	 lamentations.	And	
by	this,	in	an	especial	manner,	we	acquire	wisdom	and	knowledge	….	And	by	
the	same	organ	we	become	mad	and	delirious,	and	fears	and	terrors	assail	us	
….	All	these	things	we	endure	from	the	brain	when	it	is	not	healthy	….	In	these	
ways,	I	am	of	the	opinion	that	the	brain	exercises	the	greatest	power	in	the	man.	
(trans.	1972)

The	history	of	our	quest	to	understand	the	brain	is	certainly	as	long	as	human	history	
itself.	In	the	early	1900s,	Walter	Dandy	introduced	a	process	called	pneumoencepha-
lography	that	involved	draining	the	cerebrospinal	fluid	from	around	the	brain	and	
replacing	it	with	air,	altering	the	relative	density	of	the	brain	and	its	surroundings,	to	
cause	it	to	show	up	better	on	an	X-ray.	This	technique	carried	significant	risks	to	the	
patient	under	investigation;	however,	the	surgical	information	given	by	this	method	
was	remarkably	precise	and	greatly	enlarged	the	capabilities	and	accuracy	of	neuro-
surgical	treatment.	At	the	beginning	of	the	1970s	the	advent	of	modern	neuroimag-
ing	 techniques	 brought	 about	 a	 radical	 change	 in	 the	 application	 of	 methods	 and	
instruments	to	assess	and	quantify	brain–behavior	relationships.

Magnetic	 resonance	 imaging	 (MRI)	 and	 computed	 tomography	 (CT)	 were	
developed	in	the	1970s	and	1980s.	For	the	first	time,	the	brain	anatomy	appeared	
in	 vivo	 with	 a	 great	 power	 in	 structural	 details.	 Next	 came	 SPECT	 and	 PET	
scans,	which	allowed	scientists	to	map	brain	function	because,	unlike	MRI	and	
CT,	 these	 scans	 could	 create	 more	 than	 just	 static	 images	 of	 the	 structures	 in	
the	brain.	These	 functional	 imaging	 in	vivo	 techniques	can	provide	physicians	
and	 scientists	 with	 several	 molecular	 parameters	 such	 as	 brain	 perfusion	 and	
metabolism,	receptor	density,	neurotransmitters,	and	enzyme	activity,	measure-
ments	 only	 partially	 available	 in	 post	 mortem	 specimens	 before	 the	 advent	 of	
these	techniques.

14
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MRI	and	PET	scanning	established	a	milestone	from	which	scientists	were	able	
to	develop	 functional	MRI	 (fMRI)	providing	 the	possibility	 to	“directly”	observe	
cognitive	 activities	 and	 quantify	 them.	 In	 recent	 years,	 neurophysiological	 and	
functional	neuroimaging	techniques	have	provided	measures	of	brain	activity	that	
have	increased	our	ability	to	study	the	neural	basis	and	the	cerebral	organization	of	
sensorimotor	and	cognitive	brain	functions.	These	techniques	fall	roughly	into	two	
classes:	the	electromagnetic	approach	measuring	brain	activity	directly	by	recording	
the	electromagnetic	fields	generated	by	certain	neuronal	populations	and	the	hemo-
dynamic	approach	estimating	brain	activity	by	detecting	blood-dependent	changes	
indirectly	 coupled	 with	 modifications	 in	 neural	 activity.	 These	 methods	 differ	 in	
a	number	of	aspects	among	which	are	the	prerequisites	for	detecting	a	signal,	 the	
homogeneity	with	which	neural	activity	is	sampled	from	different	parts	of	the	brain,	
and	more	importantly	the	relative	accuracy	in	determining	when versus	where	neural	
activity	takes	place.	These	two	approaches,	therefore,	provide	complementary	views	
of	neural	activity	and	the	deep	insight	we	gained	about	brain	function	in	the	last	two	
decades	largely	derives	from	scientific	studies	employing	these	two	techniques.

In	this	chapter,	we	illustrate	the	essentials	of	both	types	of	approaches	and	how	
they	may	be	employed	to	measure	the	relationship	between	the	brain	and	cognitive	
activities	which	rule	our	behavior	in	everyday	life.

14.2  When does brain activity occur?

14.2.1  Electroencephalogram (EEG) and brain rhythms

Electroencephalography	is	a	medical	imaging	technique	that	reads	scalp	electrical	
activity	generated	by	brain	structures.	The	electroencephalogram	(EEG)	is	defined	
as	 electrical	 activity	 of	 an	 alternating	 type	 recorded	 from	 the	 scalp	 surface	 after	
being	 picked	 up	 by	 metal	 electrodes.	 Thus	 electroencephalographic	 measurement	
is	 a	 completely	 noninvasive	procedure	 that	 can	be	 applied	 repeatedly	 to	 patients,	
healthy	adults,	and	children	with	virtually	no	risk	or	limitation.	When	neurons	are	
activated,	local	current	flows	are	produced.	EEG	measures	mostly	the	currents	that	
flow	during	synaptic	excitations	of	the	dendrites	of	many	pyramidal	neurons	in	the	
cerebral	cortex.

Differences	in	electrical	potentials	are	caused	by	summed	postsynaptic	graded	
potentials	from	pyramidal	cells	that	create	electrical	dipoles	between	soma	(body	of	
neuron)	and	apical	dendrites	(neural	branches)	and	weak	electrical	signals	detected	
by	the	scalp	electrodes	are	massively	amplified,	and	stored	in	computer	memory.	
Between	the	electrodes	and	neuronal	layers	current	penetrates	through	skin,	skull,	
and	 several	 other	 layers	 allowing	only	 the	 electrical	 activity	generated	by	 large	
populations	 of	 active	 neurons	 to	 be	 detected	 and	 recorded	 on	 the	 head	 surface.	
Due	to	the	capability	of	reflecting	both	normal	and	abnormal	electrical	activity	of	
the	brain,	EEG	has	been	found	to	be	a	very	powerful	tool	in	the	field	of	neurology	
and	clinical	neurophysiology	and	indeed	in	the	domain	of	cognitive	neuroscience.	
With	respect	to	the	latter,	the	number	of	neurons	that	discharge	synchronously	is	
captured,	in	a	physiological	sense,	by	the	EEG	“power,”	which	is	assumed	to	be	a	
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measure	that	reflects	the	capacity	or	performance	of	cortical	information	process-
ing.	EEG	power	can	be	measured	in	different	frequency	ranges	(e.g.,	alpha,	beta,	
gamma,	or	theta	waves;	see	Figure 14.1),	however,	the	best-known	and	most	exten-
sively	studied	frequency	of	activity	in	the	human	brain	is	the	normal	alpha	rhythm.

Alpha	activity	is	induced	by	closing	the	eyes	and	by	relaxation,	and	reduced	by	
eye	opening	or	alerting	by	any	mechanism	(thinking,	calculating).	Since	the	work	of	
Berger	(1929)	it	was	suggested	that	visual	or	other	sensory	task	demands,	specifically	
visual	attention,	are	the	primary	factors	that	induce	a	suppression	of	the	alpha	rhythm	
(Mulholland,	1969;	Ray	&	Cole,	1985).	An	individual	brain	operation	relies	upon	the	
formation	 of	 functionally	 interconnected	 neurons	 in	 large	 neuronal	 assemblies	 in	
order	to	be	carried	out.	The	underlying	mechanism	is	the	synchronization	of	neurons	
characterized	by	a	rhythmical	pattern.	When	a	neuronal	assembly	is	set	up	a	rhyth-
mical	 increase	 in	 the	 total	potential	occurs,	whereas	a	disruption	of	 the	neuronal	
assembly	induces	a	decrease	in	total	potential.

Alpha	 is	 the	 dominant	 frequency	 in	 the	 human	 scalp	 EEG	 of	 adults	 and	 due	
to	its	property	of	being	an	oscillatory	component	of	the	human	EEG	it	has	led	to	
the	 development	 of	 techniques	 such	 as	 event-related	 desynchronization	 (ERD),	
capable	of	inducing	changes	in	EEG	alpha	activity	associated	with	sensory	or	task	

Beta 14–13 Hz
Awake, normal alert

consciousness

ALPHA 9–13 Hz
Relaxed, calm, lucid,

not thinking

THETA 4–8 Hz
Deep relaxation and
meditation, mental

imagery

Delta 1–3 Hz
Deep, dreamless

sleep

Figure 14.1 Brainwave	frequencies	measured	with	EEG:	beta	waves	(14-30	Hz)	are	seen	
during	 attention	 to	 task	 and	 focus;	 alpha	 waves	 (9-13	 Hz),	 an	 idling	 rhythm,	 seen	 during	
relaxation	and	meditation;	theta	waves	(4-8	Hz),	seen	in	the	dreamlike	state	between	sleep	&	
wakefulness;	delta	waves	(1-3	Hz)	occur	primarily	during	sleep.
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manipulations.	The	phasic	structure	of	alpha	activity	refers	to	the	alterations	of	syn-
chronization	 and	desynchronization	periods	 and	 reflecting	 the	 formation	 and	dis-
ruption	of	cortical	neuronal	assemblies,	respectively.	In	this	framework,	periods	of	
alpha	synchronization	and	desynchronization	do	not	indicate	episodes	of	“rest	state”	
and	“active	work,”	respectively,	but	are	markers	of	two	types	of	cortical	processing	
equally	active which	differ	only	in	the	way	the	neighboring	neurons	are	used.

In	using	ERD	(Pfurtscheller	&	Aranibar,	1977),	 a	 typical	 example	of	 an	EEG	
epoch	may	come	from	a	task	in	which	subjects	were	asked	to	read	a	visually	pre-
sented	word	and	to	make	a	semantic	judgment	by	responding	yes	to	a	word	denoting	
a	living	object	and	no	to	a	word	denoting	a	nonliving	object	(Klimesch,	Doppelmayr,	
Pachinger,	&	Russegger,	1997).	A	warning	signal	was	presented	immediately	pre-
ceding	the	word	and	subjects	had	to	judge	the	words.

During	 the	first	second	of	 the	epoch,	namely	 the	“reference	 interval,”	 the	sub-
jects	showed	pronounced	rhythmic	alpha	activity.	After	subjects	were	presented	with	
many	trials,	the	anticipation	of	the	warning	signal	already	led	alpha	to	desynchro-
nize	even	before	the	actual	signal	appeared	(see	Figure 14.2).

The	basic	principle	for	measuring	ERD	is	that	a	typical	phasic	change	occurs	in	
the	alpha	rhythm	over	the	time	course	of	a	trial.	After	a	response,	the	subject	relaxes	
and	waits	 for	 the	next	 stimulus	 to	come	up.	During	 this	 state	of	 relaxed	but	alert	
wakefulness	 the	 brain	 idles,	 highlighting	 a	 pronounced	 alpha	 activity	 during	 the	
reference	interval	before	each	trial.	Even	before	the	warning	signal	actually	appears,	
the	alpha	rhythm	becomes	suppressed,	because	the	subject	prepares	and	anticipates	
the	beginning	of	the	next	trial.	If	alpha	suppression	is	regarded	as	a	marker	of	desyn-
chronization,	it	would	indicate	that	large	populations	of	neurons	no	longer	oscillate	
in	synchrony	while	information	is	processed.

Thus,	ERD	can	be	calculated	as	the	percentage	of	a	band	power	change	while	per-
forming	a	specific	task	with	respect	to	a	reference	or	resting	interval	(Pfurtscheller	&	
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Figure 14.2 Alpha	desynchronization	measured	with	EEG.	A	typical	phasic	change	occurs	
in	the	alpha	rhythm	over	the	time	course	of	a	trial	indicating	that	the	alpha	rhythm	becomes	
suppressed.
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Aranibar,	1977),	and	represents	a	measure	reflecting	the	extent	to	which	synchrony	is	
lost.	The	standard	measure	of	ERD	quantifies	a	shift	in	signal	band	power	in	terms	of	
the	difference	between	a	baseline	period	before	the	event	occurs	and	a	period	follow-
ing	the	event.	Typically,	the	ERD	is	evaluated	as	the	average	response	over	a	set	of	
single	trials.	One	method	for	estimating	the	ERD	is	the	power	method	which	allows	
the	computation	of	the	power	spectral	density	(PSD)	of	the	data.	PSD	is	a	measure	of	
how	power	in	a	signal	changes	as	a	function	of	frequency.	Spectral	analysis	detects	
periodic	oscillations	(amplitude	and	frequency)	and	has	been	employed	 in	a	great	
variety	of	signal	processing	applications.	This	method	allows	us	not	only	to	com-
pute	the	PSD	for	specific	time	segments,	but	also	to	compare	statistically	the	PSD	
between	data	 segments.	Hence	differences	 in	 the	PSD	between	 reference	periods	
versus	active	periods	can	be	found	easily.

By	convention	an	ERD	corresponds	to	a	negative	value	(i.e.,	a	decrease	in	power)	
whereas	event-related	synchronization	(ERS)	(Pfurtscheller,	1992;	Klimesh,	1996)	
refers	 to	an	 increased	signal	power.	 It	 is	 important	 to	note	 that	changes	of	 signal	
power	are	quantified	only	with	respect	to	the	deviation	from	a	fixed,	constant	base-
line	 level.	However,	 it	 is	possible	 to	generalize	 the	conventional	ERD	 framework	
with	 respect	 to	 the	choice	of	 reference	by	measuring	 the	 relative	deviation	of	 the	
event-related	power	from	a	dynamic	baseline.	The	dynamic	reference	can	be	esti-
mated	from	catch	trials,	that	is,	as	averaged	power	across	trials	without	processing	
the	event	under	study.	The	main	advantage	of	the	generalized	ERD	(gERD)	measure	
is	due	to	its	ability	to	reliably	study	ERD	responses	even	in	the	presence	of	dynami-
cal	cortical	states	by	using	the	natural	relaxation	dynamics	of	the	unperturbed	EEG	
rhythm	as	reference	obtained	from	catch	trials.

14.2.2  Evoked potentials (ERPs)

Evoked	potentials	or	event-related	potentials	(ERPs)	are	significant	voltage	fluctu-
ations	 resulting	 from	an	external	or	 internal	 stimulus.	Mental	operations,	 such	as	
those	involved	in	perception,	selective	attention,	language	processing,	and	memory,	
proceed	over	time	ranges	in	the	order	of	tens	of	milliseconds,	for	which	reason	ERPs	
are	 a	 suitable	 methodology	 for	 studying	 cognitive	 processes	 of	 both	 normal	 and	
abnormal	nature	(e.g.,	in	neurological	or	psychiatric	disorders).	Amplitudes	of	ERP	
components	 are	 often	 much	 smaller	 than	 spontaneous	 EEG	 components,	 so	 they	
are	extracted	from	a	set	of	single	recordings	by	digital	averaging	of	epochs	(record-
ing	periods)	of	EEG	time-locked	to	repeated	occurrences	of	sensory,	cognitive,	or	
motor	 events.	 The	 spontaneous	 background	 EEG	 fluctuations,	 which	 are	 random	
relative	to	the	time	the	stimuli	occurred,	are	averaged	out,	leaving	the	event-related	
brain	potentials.	These	electrical	signals	reflect	only	that	activity	which	is	consis-
tently	associated	with	the	stimulus	processing	in	a	time-locked	way.	The	ERP	thus	
reflects,	with	high	temporal	resolution,	the	patterns	of	neuronal	activity	evoked	by	
a	stimulus.

An	ERP	waveform	consists	of	a	series	of	peaks	and	troughs;	however,	these	volt-
age	deflections	reflect	the	sum	of	several	relatively	independent	underlying	or	latent 
components.	It	is	extremely	difficult	to	isolate	the	latent	components	so	that	they	can	
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be	measured	independently,	and	this	is	the	biggest	barrier	to	designing	and	interpret-
ing	ERP	experiments.	Consequently,	one	of	the	keys	to	successful	ERP	research	is	
to	distinguish	between	the	observable	peaks	of	the	waveform	and	the	unobservable	
latent	components.

After	extracting	the	signal,	researchers	generally	focus	on	some	specific	feature	
of	the	resulting	ERP	waveform	(e.g.,	a	peak	or	trough),	and	this	particular	feature	
then	becomes	the	component	of	interest.	According	to	Donchin	&	Heffley	(1978),	
a	“component”	 is	a	part	of	 the	ERP	waveform	with	a	delimited	scalp	distribution	
(referring	to	the	neurons	underlying	the	ERP)	and	a	defined	relationship	to	experi-
mental	variables	(linked	to	the	cognitive	function	carried	out	by	the	activity	of	this	
population	of	neurons).

There	are	three	measurable	aspects	of	the	ERP	component:	amplitude,	latency,	
and	 scalp	 distribution	 (Johnson,	 1992).	 The	 amplitude	 of	 a	 component	 provides	
an	index	of	the	extent	of	neural	activation;	namely	it	captures	how	the	component	
responds	functionally	to	experimental	variables.	The	latency	refers	to	the	point	in	
time	at	which	the	peak	occurs	and	reveals	the	timing	of	activation,	and	the	scalp	dis-
tribution	gives	information	on	the	overall	pattern	of	activated	brain	areas	and	reflects	
the	pattern	of	voltage	gradient	over	the	scalp	at	any	point	in	time.

Therefore,	components	can	be	defined	in	terms	of	a	combination	of	the	specific	
operation	being	performed	and	a	neuroanatomical	generator	site.	By	this	definition,	a	
component	may	occur	at	different	times	under	different	conditions,	as	long	as	it	arises	
from	the	same	module	and	represents	the	same	cognitive	function.	Furthermore	the	
same	cognitive	function	may	occur	and	peak	in	different	parts	of	a	cortical	area	lead-
ing	to	changes	in	its	scalp	distribution	and	polarity.

Different	 techniques	 have	 been	 developed	 which	 use	 different	 approaches	 in	
order	to	trace	the	specific	markers	of	ERP	components	according	to	their	temporal	
and	spatial	characteristics.

Techniques	such	as	PCA	(principal	component	analysis)	and	ICA	(independent	
component	analysis;	for	a	review	of	both	techniques	see	Donchin	and	Heffley,	1978)	
use	the	correlational	structure	of	an	ERP	dataset	to	define	a	set	of	components,	and	
these	techniques	therefore	derive	components	that	are	based	on	functional	relation-
ships.	Specifically,	different	time	points	are	grouped	together	as	part	of	a	single	com-
ponent	to	the	extent	they	tend	to	vary	in	a	correlated	manner,	under	the	assumption	
that	 time	points	which	reflect	a	common	cognitive	process	should	in	 theory	show	
an	overlapping	pattern	of	variation.	As	we	have	noted	above,	variation	in	ERP	volt-
age	across	the	scalp	is	attributed	to	variation	in	the	psychological	processes	that	are	
engaged	in	a	situation.	The	purpose	of	PCA	and	ICA	in	this	context	then	is	to	iden-
tify	aspects	of	the	waveform	that	show	temporal	covariation	over	both	experimental	
conditions	and	scalp	locations.

Despite	the	complications	arising	when	trying	to	identify	the	generator	sites	of	
specific	ERP	components,	the	scalp	distribution	of	the	ERP	can	add	extremely	use-
ful	 information	 to	 component	 amplitudes	 and	 latencies.	 Comparison	 of	 the	 scalp	
distributions	of	ERPs	elicited	by	different	stimuli	allow	us	to	infer	whether	two	types	
of	stimuli	engage	different	patterns	of	neural	activity	which	 in	 turn	may	underlie	
different	 functional	 processes	 (for	 a	 review	 see	 Johnson,	 1993).	 Hence,	 given	 the	
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combination	of	both	temporal	and	spatial	information	embedded	in	the	ERP	wave-
form	recorded	at	many	different	sites	over	the	scalp,	we	are	able	to	define	the	tem-
poral	characteristics	(both	onset	and	duration)	of	brain	activity	specifically	related	
to	a	type	of	stimulus.

The	 clearest	way	of	 representing	ERP	data,	 especially	when	 recording	 from	a	
large	 number	 of	 electrodes,	 is	 with	 maps.	 Two	 types	 of	 maps	 can	 be	 created	 for	
any	dataset:	voltage	and	current	source	density	(CSD)	ones.	Both	types	of	maps	are	
traced	directly	from	the	original	amplitude	data;	however,	each	gives	a	different	per-
spective	of	the	brain’s	activity	(for	a	complete	tutorial,	see	Picton,	Lins,	&	Scherg,	
1995).	Voltage	maps	are	extracted	from	the	ERP	amplitudes	collected	at	each	elec-
trode	site,	providing	a	picture	of	the	summed	activity	from	all	active	brain	areas,	as	
scalp-recorded	ERP	activity	reflects	the	summation	of	all	the	neural	activity,	both	
cortical	 and	 subcortical,	 during	 any	 given	 temporal	 window.	 On	 the	 other	 hand,	
the	amplitudes	are	spatially	filtered	with	an	algorithm	that	“cleans	up”	the	amount	
of	activity	conveyed	by	subcortical	and	distant	cortical	areas	before	CSD	maps	are	
generated.	The	resulting	maps	depict	a	spatially	sharpened,	reference-free	display	
of	positive	and	negative	current	densities	that	highlights	local	(cortical)	differences	
between	 generators	 (Nunez,	 1981;	 Picton	 et	 al.,	 1995),	 and	 is	 particularly	 useful	
in	 forming	hypotheses	about	neural	 sources	 in	superficial	cortex	 (Perrin,	Pernier,	
Bertrand,	&	Echallier,	1989).

An	essential	difference	between	these	mapping	methods	is	that	they	assign	a	dif-
ferent	weight	to	the	contribution	of	subcortical	activity.	However,	it	is	generally	use-
ful	to	calculate	both	types	of	maps	in	order	to	pinpoint	and	take	into	consideration	
the	differences	between	the	voltage	and	CSD	maps.	This	is	because,	although	CSD	
maps	allow	one	to	infer	neocortical	sources,	the	activity	of	deeper	generators	(e.g.,	
subcortical	nuclei),	would	only	be	revealed	in	the	voltage	maps.	It	 is	 important	 to	
note	that	both	types	of	maps	are	employed	only	for	visual	inspection	of	brain	activity	
and	do	nothing	to	quantify	the	activity	patterns	they	display	unless	they	undergo	sta-
tistical	analysis	which	may	allow	us	to	infer	quantitative	differences	between	them.

More	direct	techniques	that	allow	ERP	sources	to	be	directly	inferred	from	scalp	
fields	themselves	have	also	been	developed.	Among	the	most	advanced	techniques	
is	the	Brain	Electrical	Source	Analysis	Procedure	(BESA;	Sherg,	Grandone,	Hoke,	
&	Romani,	1990).	This	procedure	is	grounded	in	the	assumption	that	the	ERP	wave-
form	represents	the	summation	of	the	activity	of	a	number	of	different	sources	of	
fixed	location	within	the	brain,	and	that	these	sources	can	be	appropriately	modeled	
as	 “equivalent	dipoles”	 in	a	 solution	fitted	 to	 the	observed	data	pattern.	A	BESA	
solution	specifies	these	sources	in	terms	of	their	number,	location,	orientation,	and	
time	courses	and	relative	strengths	of	their	activity.	Such	solutions	can	be	verified	by	
computing	the	scalp	fields	that	they	would	generate	and	determining	the	goodness-
of-fit	between	these	predicted	fields	and	those	measured	empirically.	An	important	
feature	of	the	BESA	procedure	is	that	the	location	of	the	sources	can	be	defined	by	
the	experimenter	based	on	a	priori	anatomical	knowledge	or	on	the	location	of	brain	
activity	derived	from	a	complementary	technique	such	as	fMRI	scanning.	A	second	
important	advantage	of	this	procedure	is	that	the	contribution	made	by	each	source	
to	the	ERP	can	be	regarded	as	an	independent	ERP	component.	Thus,	in	principle	
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this	technique	allows	us	to	reduce	ERP	data	in	terms	of	a	small	number	of	underly-
ing	components	each	associated	with	its	own	“defined”	source	in	the	brain.

However,	 the	 core	 limitation	 of	 analyzing	 ERP	 waveforms	 with	 the	 BESA	
approach	 is	 that	 the	 results	 are	 constrained	 by	 a	 priori	 assumptions	 made	 by	 the	
experimenter.	 Although	 there	 may	 be	 a	 long	 history	 and	 a	 robust	 grounding	 in	
the	literature	concerning	the	best	or	appropriate	source	of	a	component	it	will	always	
remain	a	choice	and	therefore	a	seed	of	bias	introduced	by	the	experimenter.

The	 first	 step	 for	 adding	 more	 information	 and	 refining	 EEG/ERP	 analyses	
is	to	find	a	reference-independent	measure	(Dien,	1998)	and	this	may	be	accom-
plished	 by	 comparing	 topographies	 (Lehmann,	 1987;	 Michel,	 Murray,	 Lantz,	
Gonzalez,	Spinelli,	&	Grave	de	Peralta,	2004.)	That	 is,	 the	configuration	of	 the	
electric	 field	 at	 the	 scalp	 (i.e.,	 the	 topographic	 map)	 remains	 constant	 and	 the	
extent	 of	 topographic	 similarity	 or	 dissimilarity	 can	 be	 quantified	 and	 statisti-
cally	tested.	Thus,	topographic	analyses	(i.e.,	quantification	of	scalp	distribution	
differences)	can	be	performed	on	the	ERP	amplitudes	in	order	to	test	the	signifi-
cance	of	the	differences	shown	by	the	maps.	The	most	important	feature	of	this	
technique	is	that	topographic	differences	can	be	translated	in	terms	of	neurophysi-
ology.	Only	changes	 in	 the	configuration	of	 the	underlying	 intracranial	 sources	
(given	the	exclusion	of	artifacts	such	as	eye	movements,	muscle	activity,	etc.)	can	
induce	alterations	in	the	topography	of	the	electric	field	at	the	scalp,	although	the	
opposite	will	not	verify	 itself	 (for	a	review	see	Fender,	1987	and	Murray	et	al.,	
2008).	 Hence,	 qualitatively	 and	 quantitatively	 distinct	 ERP	 scalp	 topographies	
reflect	different	patterns	of	neural	activity	associated	with	the	respective	experi-
mental	 conditions.	Topographic	dissociations	 could	 recall	 both	 the	 engagement	
of	distinct	neural	populations	or	differences	in	the	relative	activity	levels	in	the	
members	of	a	common	population.	Such	differences	potentially	stand	for	a	neural	
double	dissociation,	which	implies	that	two	experimental	manipulations	lie	upon	
functionally	distinct	cognitive	processes.

However,	all	these	procedures	do	not	solve	the	“inverse	problem”:	that	is,	they	do	
not	provide	a	unique	solution	to	account	for	the	distribution	of	scalp	activity	on	the	
basis	of	the	activity	of	a	number	of	intracranial	sources.	This	issue	is	common	to	
both	EEG	and	MEG	and	is	discussed	in	the	next	section.

14.3  Event-related potential (ERP) studies

14.3.1  ERP components

ERP	components	can	be	grouped	in	two	main	classes.	The	early,	or	sensory,	com-
ponents	underlie	sensory	stimuli	in	all	modalities	and	are	associated	with	a	series	
of	deflections	in	the	ERP	that	are	related	to	the	transmission	of	sensory	information	
from	the	peripheral	sensory	system	to	the	cortex.	For	example,	after	auditory	stimuli,	
one	can	detect	responses	with	a	latency	less	than	50	ms	and	these	deflections	have	
been	shown	to	correspond	to	the	activation	of	various	nuclei	in	the	brainstem	that	
are	associated	with	the	transmission	of	auditory	information.	These	components	are	
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compulsory	in	the	sense	that	 they	will	be	observed	in	every	individual	unless	 the	
sensory	systems	in	question	are	impaired.

The	second	class	 is	 referred	 to	as	 late	or	cognitive	 components.	These	are	 the	
components	 that	 occur	 later	 in	 the	 ERP	 (from	 about	 100	 ms)	 and	 are	 thought	 to	
represent	activity	at	 the	level	of	the	cortex.	Examples	of	such	components	are	the	
N100,	N200,	and	P300	and	 the	so-called	N400,	a	 large	negative	deflection	 in	 the	
ERP	elicited	by	anomalous	words.	The	number	roughly	indicates	the	time	in	milli-
seconds	at	which	the	component	occurs.	These	cognitive	components	can	vary	as	a	
function	of	attention,	task	relevance,	and	the	nature	of	the	processing	required	by	the	
stimulus.	On	some	occasions	they	may	even	occur	when	an	expected	stimulus	does	
not	occur.

However,	a	clear-cut	boundary	between	early	and	late	components	is	difficult	to	
trace	as	many	early	sensory	components	have	been	shown	to	be	modifiable	by	cogni-
tive	manipulations	(e.g.,	attention)	and	many	of	the	later	cognitive	components	have	
been	shown	to	be	influenced	by	physical	attributes	of	the	eliciting	conditions	(e.g.,	
modality	of	the	stimulus).

Components	 serve	 at	 least	 three	 purposes.	 First,	 they	 represent	 a	 common	
denominator	 that	 allows	 communication	 across	 experiments	 and	 scientific	 fields.	
Second,	they	are	a	bridge	between	ERP	data	and	other	measures	of	brain	activity.	
Third,	components	can	be	interpreted	as	physiological	markers	for	specific	cognitive	
processes.	In	order	to	enhance	the	sensitivity	of	ERP	components	to	particular	cog-
nitive	or	sensorimotor	processes	we	can	adopt	specific	strategies	to	establish	clear	
connections	between	specific	ERP	components	and	specific	processes.

14.3.2  Some examples of ERP components

Specific	to	language	processing	several	ERP	components	with	different	temporal	and	
spatial	characteristics	have	been	 identified	 indicating	 that	distinct	mechanisms	may	
mediate	at	least	semantic	and	syntactic	processes	(Hagoort	&	Brown,	2000a,	2000b).

The	 development	 of	 ERP	 language	 research	 began	 with	 the	 seminal	 study	 by	
Kutas	and	Hillyard	(1980)	on	the	semantic	processing	of	written	sentences.	These	
authors	examined	the	ERPs	produced	when	their	subjects	read	sentences	that	ended	
either	with	a	semantically	congruent	or	 incongruent	word.	They	observed	a	com-
ponent	that	peaked	about	400	ms	after	the	onset	of	the	incongruent	word.	This	so-
called	N400	component	is	a	broad	negative	wave	distributed	over	posterior	areas	of	
the	brain	(see	Figure 14.3a).	Moreover	this	component	has	been	observed	under	a	
wide	range	of	conditions:	in	different	languages,	including	English,	Dutch,	German,	
French,	and	Italian;	in	different	modalities,	including	visual,	auditory,	and	even	sign	
language;	and	with	different	experimental	procedures	(Kutas	&	Van	Petten,	1994).	
Thus,	it	seems	that	the	amplitude	of	the	N400	component	provides	a	proper	measure	
of	the	difficulty	encountered	by	the	reader	in	integrating	the	lexical	element	in	the	
preceding	context.

Interestingly,	the	presentation	of	syntactic	violations	such	as	verb	subcategorization	
violations	did	not	produce	an	N400	component,	but	rather	an	increase	in	the	positivity	
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with	a	biparietal	distribution	(the	centro-posterior	areas	of	the	brain),	several	hundred	
milliseconds	later.	This	effect	has	been	called	P600	(Osterhout	&	Holcomb,	1992)	or	
late	positive	syntactic	shift	(Hagoort,	Brown,	&	Groothusen,	1993;	see	Figure 14.3b).	
Furthermore	studies	on	memory	have	isolated	two	topographically	distinct	ERP	corre-
lates	of	recognition	memory,	the	parietal	and	mid-frontal	old/new	effects	that	are	disso-
ciated	by	variables	that	selectively	modulate	recollection	and	familiarity,	respectively.
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Figure 14.3 (See color insert.) (a)	N400	component.	This	component	has	the	form	of	a	nega-
tive	wave	peaking	about	400	ms	after	the	onset	of	a	semantically	incongruent	word.	Event-
related	potential	trace	for	“The	shirt	was	ironed”	(blue	line)	versus	“The	thunderstorm	was	
ironed”	(red	line).	The	key	word	is	ironed,	and	the	deviation	is	called	the	N400.	(Reprinted	
from	Friederici,	2002.)	 (b)	P600	component.	The	presentation	of	 syntactic	violations	pro-
duces	an	increase	 in	 the	positivity	at	around	600	ms	after	stimulus	presentation.	Posterior	
event-related	potential	trace	for	“The	shirt	was	ironed”	(blue	line)	versus	“The	shirt	was	on	
ironed”	(red	line).	The	key	word	is	ironed,	and	the	deviation	is	called	the	P600.	(Reprinted	
from	Friederici,	2002.)
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It	has	been	more	than	25	years	since	the	first	reports	showed	that	ERPs	elicited	
by	correctly	classified	old	(studied)	items	are	more	positive-going	than	those	elicited	
by	correctly	classified	new	(unstudied)	test	items	(Warren,	1980).	Investigators	have	
manipulated	several	variables	in	order	to	tease	apart	 these	ERP	“old/new	effects”	
(Yovel	&	Paller,	2004;	Duarte	et	al.	2004).	Findings	from	these	studies	suggested	
that	recollection,	which	refers	to	the	retrieval	of	episodic	information	in	response	to	
a	recognition	test	item,	has	a	distinct	ERP	signature,	now	often	termed	the	“parietal”	
old/new	effect	(see	Figure 14.4a.).	The	effect	is	shaped	as	a	phasic,		positive-going,	
parietally	maximal	ERP	modulation	that	originates	around	400–500	ms	post-stim-
ulus	onset	and	commonly	peaks	on	the	left	side	of	the	scalp.	It	is	important	to	note	
that	 this	 effect	 has	 been	 functionally	 and	 topographically	 dissociated	 from	 other	
posteriorly	 distributed	 ERP	 effects	 that	 occur	 in	 the	 same	 timeframe,	 but	 rather	
respond	to	factors	such	as	stimulus	probability	and	response	confidence	(Woodruff	
et	al.,	2006).

In	a	study	by	Rugg	et	al.	(1998)	subjects	performed	either	a	deep	(sentence	gen-
eration)	or	a	shallow	(alphabetic	judgment)	task	on	each	word	studied,	followed	by	a	
recognition	test.	The	authors	found	that	this	posterior	effect	was	elicited	exclusively	
by	old	items	subjected	to	deep	study.	Unlike	the	posterior	effect,	a	mid-frontal	effect	
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Figure 14.4 (See color insert.) ERP	old/new	effects.	(a)	Grand-average	ERPs	from	left	pari-
etal	with	the	parietal	old/new	effect	indicated	by	the	purple	arrow.	(b)	Grand-average	ERPs	
from	 frontal	 electrodes	 with	 the	 mid-frontal	 old/new	 effect	 indicated	 by	 the	 green	 arrow.	
Repeated	measures	analyses	of	variance	(ANOVAs)	focused	on	mean	amplitudes	from	300	
to	500	msec.	Data	adapted	from	Curran	(2000).
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was	observed	only	for	items	correctly	judged	as	old	(see	Figure 14.4b).	Rugg	et	al.	
(1998),	 based	 on	 this	 evidence,	 proposed	 that	 the	 mid-frontal	 old/new	 effect	 was	
an	ERP	signature	of	 familiarity-driven	recognition	whereas	 recognition	of	deeply	
studied	words	 relied	on	both	 recollection	 (indexed	by	 the	parietal	old/new	effect)	
and	familiarity	(indexed	by	the	mid-frontal	old/new	effect);	shallowly	studied	words	
were	instead	identified	largely	on	the	basis	of	their	familiarity.

14.3.3  A glimpse of MEG

As	mentioned	above,	the	electrical	activity	of	active	cells	in	the	brain	produces	cur-
rents	spreading	through	the	head.	Furthermore,	these	currents	produce	magnetic	fields	
which	can	be	measured	above	the	scalp	surface	through	magnetoencephalography	
(MEG).	The	amplitude	of	the	magnetic	fields	produced	spontaneously	by	the	human	
brain	are	of	the	order	picotesla	(more	than	one	million	times	smaller	than	the	earth’s	
magnetic	field).	These	very	low	field	strenghts	can	be	recorded	by	so-called	super-
conducting	quantum	interference	devices	(SQUIDS)	through	a	special	pick-up	coil	
cooled	down	to	superconductivity	by	liquid	helium.	The	magnetic	field,	in	contrast	
to	the	electric	potential,	has	a	direction,	usually	illustrated	by	magnetic	field	lines.	A	
current	flowing	along	a	straight	line	produces	circular	magnetic	field	lines	that	are	
concentric	with	respect	to	the	current	line.	The	coil	picks	up	only	the	strength	of	the	
magnetic	field	in	the	direction	perpendicular	to	the	coil	area	and	exploiting	a	specific	
quantum	effect	the	magnetic	flux	through	the	coil	can	be	measured.	This	important	
feature	makes	MEG	insensitive	to	current	sources	that	are	directed	toward	or	away	
from	the	scalp	(like	the	top	of	a	cortical	gyrus)	referred	to	as	“radial”	sources.	MEG	
measures	instead	tangential	sources,	which	are	parallel	to	the	scalp.

MEG	can	be	considered	as	the	most	direct	correlate	of	online	brain	processing	
obtainable	noninvasively	because	it	combines	both	high	temporal	precision	with	a	
high	spatial	resolution.	MEG	can	be	employed	to	disclose	both	evoked	and	ongoing	
brain	activity.	Evoked	responses	to	various	sensory	stimuli	can	be	withdrawn	from	
the	background	activity	using	time-locked	averaging.	Furthermore	the	responses	can	
be	used	as	tools	to	study	functions	of	brain	areas	at	a	millisecond	time	scale	once	the	
neural	generators	of	evoked	responses	are	isolated.

One	of	the	advantages	of	exploiting	the	properties	of	MEG	can	be	summarized	in	
the	example	that	follows.	Given	the	fact	that	attention	was	known	to	affect	auditory	
evoked	EEG	potentials	(Näätänen,	1992),	it	was	only	MEG	that	allowed	us	to	gain	
deeper	 insight	 on	 the	 functioning	 of	 the	 supratemporal	 auditory	 cortex,	 enabling	
us	to	characterize	the	role	of	the	sensory-specific	cortex	during	auditory	attention.	
Results	from	one	MEG	study	showed	that	the	maximum	effect	of	attention	occurred	
around	200	ms	and	the	supratemporal	auditory	cortex	processed	in	a	different	way	
low-	or	high-pitch	tones	when	attention	was	oriented	to	either	of	them	in	a	monau-
ral	context	(Rif	et	al.,	1991).	However,	another	MEG	study	has	found	evidence	for	
an	early	modulation	of	cortical	activity	as	early	as	20–40	ms	after	the	sound	onset	
due	to	attention,	which	may	somehow	recall	an	early	selection	of	input	for	further	
processing.	These	results	suggested	that	modulation	starts	even	earlier	and	specifi-
cally	when	attention	 is	directed	 to	one	ear	during	binaural	stimulation	 than	when	
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one	frequency	channel	is	attended	during	stimulation	exclusively	directed	to	one	ear	
(Woodruff	et	al.,	1993).	Moreover,	MEG	allows	tracking	of	activation	of	the	auditory	
cortices	 separately	 in	both	hemispheres	 (Mäkelä	 et	 al.,	 1993),	whereas	 the	 corre-
sponding	EEG	signals	from	the	left	and	right	auditory	cortices	summate	at	the	scalp	
midline	and	source	modeling	is	required	in	order	to	disentangle	them.

Another	example	of	the	capability	held	by	MEG	to	localize	generators	of	ERP	com-
ponents	is	summarized	below.	In	the	section	above	we	discussed	the	N400	ERP	com-
ponent	 elicited	 by	 semantically	 incongruent	 sentences.	 This	 component	 elicits	 a	
sustained	field	showing	the	same	scalp	topography	for	several	hundred	milliseconds.	
In	the	same	time	window,	a	slightly	different	waveform	morphology	appears	to	denote	
MEG	responses	to	visual	words	between	200	and	500	ms	after	word-onset.	The	N400	
time	window	has	been	explored	with	MEG	using	the	classical	N400	paradigm	where	
expectations	for	the	final	word,	in	sentences	are	violated	(“He	spread	the	warm	bread	
with	socks”;	Halgren	et	al.,	2002;	for	a	review	see	Pylkkanen	and	Marantz,	2003).	
For	example,	Helenius	and	colleagues	(1998)	manipulated	the	predictability	of	visual	
sentence	final	words	to	localize	the	source	of	the	N400	ERP	and	pinpointed	several	
areas	responsive	to	semantic	congruity,	although	a	distinct	cluster	was	localized	in	
the	superior	temporal	lobe,	near	the	auditory	cortex	(see	Figure 14.5).

14.3.4  The inverse problem in EEG and MEG

“The	 deduction	 of	 neuronal	 currents	 from	 the	 measured	 external	 electric	
potential	or	magnetic	field	distribution”	 is	 referred	 to	as	“the	 inverse	problem”	
and	 unfortunately	 does	 not	 have	 a	 unique	 solution	 (Hämäläinen	 et	 al,.	 1993).	
However,	some	solutions	are	more	likely	than	others	as	EEG	and	MEG	signals	
are	 not	 due	 to	 spurious	 distributions	 of	 electric	 neuronal	 generators.	 They	 are	
ruled	instead	by	electrophysiological	and	neuroanatomical	constraints	and	obey	
the	laws	of	electrodynamics	as	well.	Hence,	we	can	reach	an	approximate	solu-
tion	 to	 the	 inverse	 problem	 by	 establishing	 constraints	 derived	 from	 anatomy,	
physiology,	and	other	data,	in	order	to	limit	the	number	of	possible	solutions	to	
a	smaller	amount,	and	estimate	the	source	topographies	in	a	confident	manner.	
Low-resolution	 brain	 electromagnetic	 tomography	 (LORETA;	 Pascual-Marqui,	
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Figure 14.5 The	N400	component	localized	with	MEG.	The	source	of	the	N400	ERP	in	
MEG	appears	a	distinct	cluster	in	the	superior	temporal	lobe,	near	the	auditory	cortex.
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Michel,	&	Lehmann,1994;	Pascual-Marqui,	1999)	is	a	functional	imaging	method	
based	on	the	electrophysiological	and	neuroanatomical	constraints	in	which	the	
cortex	can	be	modeled	as	a	collection	of	volume	elements	(voxels)	in	the	digitized	
atlas	in	order	to	trace	sources	(see	Figure 14.6).	The	LORETA	inverse	solution	
(which	is	consistent	with	the	EEG/MEG	measurements)	corresponds	to	the	3-D	
distribution	of	electric	neuronal	activity	that	has	maximum	similarity	(i.e.,	maxi-
mum	synchronization),	 in	 terms	of	orientation	and	strength,	between	neighbor-
ing	neuronal	populations	 (represented	by	adjacent	voxels).	The	cortical	surface	
can	be	modeled	as	a	set	of	surface	elements	with	a	given	a	priori	orientation	and	
LORETA	can	look	up	to	this	neuroanatomical	constraint,	and	derive	the	inverse	
solution	that	maximizes	only	the	synchronization	of	strength	between	neighbor-
ing	 neuronal	 populations.	 According	 to	 calculations	 reviewed	 by	 Hämäläinen	
et	al.	(1993),	a	typical	cluster	of	neurons	must	cover	at	least	40	to	200	mm²	of	the	
cortical	surface.

Figure 14.6 Source	modeling	using	LORETA.	The	LORETA	inverse	solution	corresponds	
to	the	3D	distribution	of	electric	neuronal	activity	modeled	on	the	cortex.
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The	LORETA	solution	has	been	validated	by	confronting	topographies	with	data	
obtained	 using	 other	 imaging	 techniques	 or	 from	 lesion	 studies	 and	 intracranial	
recordings	where	the	source	sites	and	signal	waveforms	have	been	largely	confirmed	
(see,	for	review,	Pascal-Marqui,	Esslen,	Kochi,	and	Lehmann,	2002).

To	 conclude,	 MEG	 and	 EEG	 trace	 the	 same	 neuronal	 activation	 patterns,	 just	
from	 a	 different	 perspective,	 and	 provide	 complementary	 information	 in	 order	 to	
reconstruct	the	brain’s	current	distributions	as	accurately	as	possible.

14.4  Where do things happen in the brain?

14.4.1  PET and (f)MRI

Event-related	potentials	and	magnetic	fields	can	help	us	learn	“when”	dfferent	things	
happen	in	 the	brain	 to	characterize	 the	spatiotemporal	pattern	of	brain	activity	 in	
basically	all	areas	of	neuroscience,	but	how	do	we	precisely	find	out	about	“where”?	
PET	and	fMRI	can	localize	with	high	spatial	resolution	regions	of	activation	while	
the	brain	is	involved	in	a	given	mental	task,	whereas	ERPs	and	MEG	can	help	us	
in	defining	the	time	course	of	these	activations.	PET	and	fMRI	both	fall	under	the	
category	of	active	recording	techniques	due	to	 the	ways	in	which	they	“interfere”	
with	normal	brain	metabolism.

PET	allows	us	to	measure	in	detail	the	functioning	of	distinct	areas	of	the	human	
brain	while	a	patient	or	a	normal	subject	is	comfortable,	conscious,	and	alert.	Before	
the	advent	of	the	PET	scanner,	we	could	only	infer	what	went	on	within	the	brain	
from	postmortems	or	animal	studies.	Now	we	are	able	to	use	radioactivity	to	measure	
cerebral	metabolism,	cerebral	blood	flow,	or	neuroreceptors	and	neurotransmitters	
to	study	the	chemical	process	involved	in	the	working	of	healthy	or	diseased	human	
brains	in	a	way	previously	impossible.	PET	can	give	us	a	detailed	picture	of	the	brain	
at	work	in	vivo	allowing	scientists	and	doctors	to	depict	how	it	functions.

Functional	magnetic	 resonance	 imaging	does	not	 require	 radioactivity	and	can	
give	very	high	spatial	resolution	images	reflecting	neuronal	activation.	A	large	part	
of	the	metabolic	needs	of	the	brain	relies	upon	oxygen	and	glucose	to	maintain	syn-
aptic	 activity	 and	 the	 intake	 of	 these	 energy	 resources	 to	 sustain	 a	 constant	 neu-
ral	activity	occurs	 through	 the	cerebral	blood	flow.	This	observation	 is	 important	
because	it	proves	that	changes	in	regional	blood	flow	can	provide	more	meaningful	
parameters	than	direct	measurements	of	cerebral	metabolism	and	fMRI	allows	us	
to	pinpoint	local	changes	in	regional	cerebral	blood	flow	that	may	occur	after	physi-
ological	stimulation.

14.4.2  PET—positron emission tomography

PET	 measures	 emissions	 from	 radioactively	 labeled	 chemicals	 that	 have	 been	
injected	into	the	bloodstream	and	uses	the	data	to	produce	two-	or	three-dimensional	
images	of	the	distribution	of	radiochemicals	throughout	the	brain.	It	also	measures	
the	 distribution	 of	 particular	 organic	 molecules	 and	 compounds	 (e.g.,	 water,	 glu-
cose,	 neurotransmitters,	 enzymes)	 in	 the	 brain.	 However,	 organic	 molecules	 and	
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compounds	 are	 not	 directly	 detectable	 because	 they	 do	 not	 emit	 electromagnetic	
signals.	Therefore,	a	machine	called	a	cyclotron	is	used	to	“label”	these	natural	body	
compounds,	such	as	glucose	or	water,	with	small	amounts	of	radioactivity	to	con-
stitute	positron-emitting	isotopes	of	these	molecules.	The	labeled	compound,	which	
is	called	a	radiotracer,	is	then	injected	into	the	bloodstream,	which	carries	it	to	the	
brain	passing	through	the	blood-brain	barrier	and	after	a	short	time	period	the	iso-
topes	are	dispersed	throughout	the	brain.

The	isotopes,	along	with	the	blood,	flow	to	the	areas	of	the	brain	with	the	highest	
metabolic	needs	that	are	assumed	to	be	the	most	active	at	the	given	point	in	time.	
According	to	their	chemical	characteristics,	they	can	also	specifically	bind	to	neu-
roreceptors	or	compete	with	enzymatic	activity.	At	a	specific	time	point	the	nuclei	
of	the	isotopes	decay,	giving	off	positrons.	When	a	positron	meets	an	electron,	the	
collision	(annihilation)	produces	two	gamma	rays	having	the	same	energy,	but	going	
in	opposite	directions.	The	gamma	rays	leave	the	patient’s	body	and	are	detected	by	
sensors	in	the	PET	scanner.	The	greater	the	activation	of	an	area,	the	more	gamma	
rays	originate	from	that	area.

A	computer	uses	the	data	gathered	by	the	sensors	to	construct	multicolored	two-	or	
three-dimensional	images	that	show	where	the	compound	acts	in	the	brain,	provid-
ing	a	complex	picture	of	the	subject’s	or	patient’s	brain.	The	final	PET	images	show	
areas	of	different	color	 tones,	each	shade	representing	different	molecular	param-
eters	of	the	underlying	brain	structures	(see	Figure 14.7).	Using	different	compounds,	
PET	can	show	blood	flow,	oxygen	and	glucose	metabolism,	neurotransmission,	and	
drug	concentrations	in	the	tissues	of	the	brain.	Blood	flow	and	oxygen	and	glucose	
metabolism	reflect	the	amount	of	brain	activity	in	different	regions	and	enable	scien-
tists	to	learn	more	about	the	physiology	and	neurochemistry	of	the	working	brain.

For	example	in	a	recent	study	Garibotto	et	al.	(2008)	used	fluorine-18-fluorodeox-
yglucose	positron	(18FDG)	to	measure	glucose	consumption	and	assess	the	impact	
of	education	and	occupation	on	brain	glucose	metabolism	(rCMRglc)	measured	in	
aMCI	(amnestic	mild	cognitive	impairment)	patients	and	in	a	very	large	sample	of	
subjects	with	probable	Alzheimer	disease	(pAD).	The	results	showed	a	significant	
association	between	higher	education/occupation	and	 lower	 rCMRglc	 in	posterior	
temporoparietal	cortex	and	precuneus	in	pAD	and	aMCI	patients	which	converted	
to	AD,	and	no	correlation	in	aMCI	nonconverters	and	healthy	controls.	This	means	
that	pAD	and	aMCI	converters	with	higher	education/occupation	had	a	more	severe	
rCMRglc	reduction	than	the	ones	with	lower	education/occupation,	given	the	same	
cognitive	impairment,.	This	study	suggests	that	highly	intelligent	or	educated	indi-
viduals	appear	to	be	able	to	cope	better	with	the	onset	of	dementia.

In	another	study	Tettamanti	et	al.	(2005)	used	(11C)	raclopride	and	positron	emis-
sion	 tomography	 to	measure	modulations	of	 the	dopaminergic	system	 induced	by	
phonological	or	syntactic	processing.	They	found	that	the	level	of	accuracy	in	phono-
logical	processing	significantly	correlated	with	 tracer	binding	potential	 in	 the	 left	
caudate	nucleus	and	 the	 speed	 in	phonological	processing	 significantly	correlated	
with	tracer	binding	potential	in	the	left	putamen.	These	findings	show	that	the	stria-
tal	dopaminergic	system	plays	an	essential	role	in	grammatical	processes	that	form	
the	core	of	human	language.
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When	the	measurements	refer	to	water	molecules	and	regional	cerebral	blood	flow	
(rCBF),	labeled	oxygen	(15O2;	oxygen	from	which	an	electron	has	been	removed	from	
its	atom	to	create	an	unstable	compound	capable	of	emitting	positrons)	is	used	in	so-
called	“triple	oxygen”	PET	activation	studies.	In	this	case,	areas	of	higher	blood	flow	
will	have	a	larger	amount	of	radioactive	tracer,	and	thus	emit	a	stronger	signal.	Blood	
flow	 is	 an	 indirect	measure	of	 local	 synaptic	 activity	 and	 cognitive	 functions	have	
been	studied	mainly	 investigating	 increases	 in	 rCBF	(cerebral	activation)	 linked	 to	
the	performance	of	cognitive	tasks	(e.g.,	language,	memory,	attention).	These	studies	
have	used	labeled	oxygen	(15O2)	as	the	radiotracer	in	the	form	of	water	(H2

15O)	as	the	
advantage	of	this	tracer	is	that	it	decays	in	a	short	time	(approximately	2	min).	This	
means	that	it	is	possible	to	make	several	scans	(up	to	16	approximately)	during	a	single	
session,	thus	enabling	researchers	to	study	different	conditions	while	patients	carry	out	
different	tasks.	At	the	beginning	of	each	PET	scan,	a	small	amount	of	labeled	water	is	
injected	into	a	subject’s	vein,	while	her	or	his	head	is	placed	inside	the	PET	scanner.	
After	about	30	seconds,	the	tracer	starts	appearing	in	the	brain	and	the	next	30	seconds	
constitute	the	“critical	window”	when	radiation	reaches	its	peak	in	the	brain.	Images	
of	rCBF	are	obtained	during	this	critical	window.	Using	data	analysis	methods,	a	3-D	
representation	of	the	brain	is	obtained	in	the	form	of	a	mapping	of	radioactivity	distri-
bution,	which	indicates	cerebral	activity	linked	to	the	cognitive	task.

Figure 14.7 (See color insert.) Example	of	a	PET	image	showing	areas	of	different	color	
tones,	 each	 shade	 representing	 different	 molecular	 parameters	 of	 the	 underlying	 brain	
structures.
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PET	 activation	 studies	 commonly	 employ	 blocked	 experimental	 paradigms	
because	long	intervals	of	time	(30	seconds	or	more)	are	required	to	collect	sufficient	
data	to	yield	a	good	image.	In	a	block	design,	different	conditions	in	the	experiment	
are	presented	as	separate	blocks	of	trials	(i.e.,	reading	a	word	in	one	block	and	nam-
ing	a	picture	in	a	different	block),	with	each	block	representing	one	scan	during	an	
experiment.	Moreover,	in	order	to	observe	the	neural	effect	of	some	briefly	occurring	
psychological	process	(e.g.,	the	activation	due	to	a	flashing	red	light)	in	a	PET	experi-
ment	the	stimulus	needs	to	be	presented	repeatedly	during	a	block	of	trials	so	that	
activations	accumulate	over	the	recording	interval	of	a	scan.	One	could	then	com-
pare	the	activations	in	this	scan	to	an	appropriate	control	scan	(baseline)	in	which	
the	event	did	not	occur.	In	this	manner	activations	related	to	slowly	changing	factors	
such	as	a	task-set	can	be	captured.

For	 example,	 Perani,	 Schnur,	 Tettamanti,	 Gorno-Tempini,	 Cappa,	 and	 Fazio	
(1999)	investigated	the	functional	correlates	of	the	semantic	processing	of	pictures	
and	words	during	picture	and	word	matching	 tasks,	 in	which	 they	assessed	cere-
bral	activation	with	PET	comparing	the	processing	of	stimuli	belonging	to	different	
semantic	categories	(animate	and	inanimate).	Regional	cerebral	blood	flow	was	mea-
sured	by	recording	the	distribution	of	cerebral	radioactivity	following	the	injection	
of	 labeled	 oxygen.	 These	 results	 highlighted	 different	 brain	 networks	 subserving	
the	identification	of	living	and	nonliving	entities	indicating	a	crucial	role	of	the	left	
fusiform	gyrus	in	the	processing	of	animate	entities	and	of	the	left	middle	temporal	
gyrus	for	tools	for	both	words	and	pictures.

14.4.3  Magnetic resonance imaging (MRI) and fMRI

Unlike	PET,	MRI	uses	magnetic	fields	and	radio	waves	to	produce	images	of	brain	
structures	without	injecting	radioactive	tracers.	Patients	or	volunteers	are	placed	in	
a	large	cylindrical	magnet	which	creates	a	magnetic	field	around	their	head.	Radio	
waves	are	sent	through	the	magnetic	field	and	sensors	read	the	signals	which	are	fed	
to	a	computer	 that	uses	 the	 information	 to	create	high-dimensional	 images	of	 the	
brain.	MRI	allows	imaging	of	both	surface	and	deep	brain	structures	with	a	high	
degree	of	anatomical	detail	and	detecting	minute	changes	 in	 these	structures	 that	
occur	over	time.	In	the	early	1990s	Ogawa	and	Lee	(1990),	Ogawa,	Lee,	Kay,	and	
Tank	(1990)	and	Kwong	et	al.	(1992)	developed	a	technique	called	functional	brain	
imaging	that	enables	us	to	use	MRI	to	image	the	brain	as	it	functions.	Functional	
MRI	relies	on	 the	magnetic	properties	of	blood	 to	enable	scientists	 to	see	 images	
of	blood	flow	in	the	brain	as	it	is	occurring.	This	technique	takes	advantage	of	the	
BOLD	(blood	oxygen	level	dependent)	effect	to	trace	changes	in	the	local	blood	oxy-
genation	of	stimulated	brain	areas	in	humans	(Bandettini,	Wong,	Hinks,	Tikofsky,	&	
Hyde,	1992;	Kwong	et	al.,	1992;	Ogawa	et	al.,	1992).

The	generation	 of	 images	 that	 are	 related	 to	 blood	flow	exploits	 a	 property	 of	
hemoglobin	 that	has	different	magnetic	properties	when	 it	 is	not	carrying	oxygen	
(deoxyhemoglobin)	than	when	it	is	carrying	oxygen	(oxyhemoglobin,	or	simply	hemo-
globin).	The	rationale	is	that	more	deoxygenated	blood	in	an	area	causes	a	decrease	
in	BOLD	signal	which	is	sensitive	to	changes	in	the	concentration	of	deoxygenated	
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hemoglobin	across	the	vessels	of	the	brain.	Neural	activity	instead	is	accompanied	by	
increased	blood	flow,	which	reduces	the	concentration	of	deoxygenated	hemoglobin	
and	produces	a	relative	increase	in	signal	(Ogawa	&	Lee,	1990;	Logothetis,	2002).	
Therefore,	fMRI	measures	changes	in	blood	flow	in	an	indirect	manner,	through	the	
effects	of	changing	percentages	of	deoxyhemoglobin	(Howseman	&	Bowtell,	1999)	
producing	images	of	brain	activity	as	fast	as	every	second	(see	Figure 14.8).

We	are	now	able	to	characterize	the	nature	of	the	BOLD	contrast	in	a	better	way	
as	it	depends	not	only	on	blood	oxygenation	but	also	on	cerebral	blood	flow	and	vol-
ume,	representing	a	complex	response	controlled	by	several	parameters	(Boxerman	
et	al.,	1995;	Buxton	and	Frank,	1997;	Ogawa,	Menon,	Kim,	&	Ugurbil,	1998;	see	for	
a	review	Logothetis,	2003).	However,	evidence	coming	from	simultaneous	fMRI	and	
electrophysiological	 recordings	points	 to	 a	direct	 relationship	between	 the	BOLD	
contrast	 mechanism	 and	 the	 neural	 responses	 elicited	 by	 a	 stimulus	 (Logothetis,	
Pauls,	Augath,	Trinath,	&	Oeltermann,	2001).	This	specific	feature	allows	research-
ers	 to	determine	with	great	precision	when	brain	 regions	become	active	and	how	
long	they	remain	active	when	patients	or	volunteers	perform	a	task	or	are	exposed	to	
different	types	of	stimuli.

14.4.4  Neuroimaging experiments with fMRI

Functional	neuroimaging	experiments	 are	 commonly	built	 to	 investigate	 complex	
psychological	processes.	The	underlying	assumption	is	that	these	complex	functions	
can	be	broken	down	and	imagined	as	combinations	of	constituent	elementary	opera-
tions.	The	rationale	behind	neuroimaging	is	to	highlight	brain	activations	commonly	

Deoxyhemoglobin

Stimulated tissue

Bold
flow

Unstimulated tissue

Oxyhemoglobin

Figure 14.8 The	BOLD	effect.	More	deoxygenated	blood	in	an	area	causes	a	decrease	
in	BOLD	signal	which	is	sensitive	to	changes	in	the	concentration	of	deoxygenated	hemo-
globin	across	the	vessels	of	the	brain.	Neural	activity	instead	is	accompanied	by	increased	
blood	flow,	which	reduces	the	concentration	of	deoxygenated	hemoglobin	and	produces	
a	 relative	 increase	 in	 signal	 (Ogawa	 &	 Lee,	 1990;	 Logothetis,	 2002).	 Therefore,	 fMRI	
measures	 changes	 in	 blood	 flow	 in	 an	 indirect	 manner,	 through	 the	 effects	 of	 chang-
ing	percentages	of	deoxyhemoglobin	(Howseman	&	Bowtell,	1999)	producing	images	of	
brain	activity.
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associated	with	elementary	psychological	processes	and	analyze	what	combinations	
of	elementary	processes	are	involved	in	a	cognitive	task	(for	details	see	Frackowiak,	
Friston,	Frith,	Dolan,	&	Mazziotta,	1997).

PET	and	fMRI	provide	enough	spatial	and	temporal	resolution	to	measure	neural	
activity	simultaneously	in	the	entire	brain	allowing	us	to	make	meaningful	conclu-
sions	about	the	roles	specific	brain	regions	play	during	cognition.	It	needs	to	be	out-
lined	that	before	starting	a	fMRI	neuroimaging	experiment,	several	important	issues	
must	be	taken	into	consideration	(e.g.,	a	specific	experimental	hypothesis,	appropri-
ate	methods)	and	above	all	the	nature	of	the	task	chosen	to	draw	specific	types	of	
inference	from	the	study.	The	task	must	be	designed	in	order	to	clearly	tease	apart	the	
neural	and	psychological	processes	under	investigation	from	the	influence	of	inter-
fering	variables.	Nuisance	variables	may	be	neural	processes	unrelated	to	the	ques-
tion	of	interest	or	technological	artefacts	or	physiological	artefacts	(e.g.,	heart	rate,	
respiration,	etc.).	To	the	extent	that	nuisance	variables	influence	the	brain	activations	
in	a	task,	they	will	harm	and	blur	the	interpretability	of	the	data.	Once	an	adequate	
task	is	chosen,	important	decisions	need	to	be	made	concerning	the	right	frame	to	
fit	around	the	task,	namely,	the	experimental	paradigm.	The	predominant	paradigms	
for	analyzing	task-related	changes	using	fMRI	are	blocked	paradigms,	such	as	those	
used	for	PET	activation	studies	(see	above)	and	so-called	event-related	designs.

Many	 fMRI	 studies	 have	 used	 blocked	 paradigms,	 in	 which	 subjects	 alternate	
between	performing	an	active	(i.e.,	 reading	a	word)	and	a	control	 task	(i.e.,	a	 rest	
condition	where	 they	are	 asked	 to	 look	at	 a	fixation	cross)	 for	 short	 time	periods	
(e.g.,	30	s),	and	then	the	images	acquired	during	the	active	task	blocks	are	statisti-
cally	compared	to	the	images	acquired	during	the	control	task	block.	One	advantage	
of	using	a	blocked	design	with	fMRI	is	that	it	offers	more	statistical	power	to	detect	
a	change.

For	example,	Canessa	et	al.	(2005)	used	a	block-design	paradigm	to	investigate	the	
effects	of	the	content	of	stimuli	on	brain	activation	underlying	deductive	reasoning	
while	subjects	were	solving	two	reasoning	tasks:	one	version	of	the	task	described	
an	arbitrary	relation	between	two	actions	(descriptive:	“If	someone	does	…,	then	he	
does	…”),	whereas	the	other	described	an	exchange	of	goods	between	two	persons	
(social-exchange:	“If	you	give	me	…,	then	I	give	you	…”).	When	compared	to	con-
trol,	both	tasks	activated	frontal	medial	cortex	and	left	dorsolateral	frontal	and	pari-
etal	regions,	confirming	the	major	role	of	the	left	hemisphere	in	deductive	reasoning.	
Although	the	two	reasoning	conditions	were	identical	in	logical	form,	the	task	with	
stimuli	referring	to	contexts	and	situations	with	a	social	content	was	also	associated	
with	right	frontal	and	parietal	activations,	mirroring	the	left-sided	activations	com-
mon	to	both	reasoning	tasks.	These	results	suggest	that	the	recruitment	of	the	right	
hemisphere	is	dependent	on	the	content	of	the	stimuli	presented.

The	event-related	paradigm	has	been	developed	 to	 take	advantage	of	 the	 rapid	
data-acquisition	 capabilities	 of	 fMRI.	 This	 technique	 allows	 us	 to	 create	 images	
of	the	neural	activity	related	to	specific	stimuli	or	cognitive	events	within	a	trial	by	
spacing	events	with	a	specific	 time	 interval	 (usually	14–16	s;	Aguirre,	Zarahn,	&	
D’Esposito,	1998;	Dale	&	Buckner,	1997)	in	which	the	hemodynamic	response	to	
a	single	stimulus	returns	to	baseline	before	the	onset	of	the	next	stimulus.	Signals	
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from	individual	trials	of	the	same	task	(i.e.,	reading	single	words)	can	be	averaged	
together,	in	order	to	identify	the	time	course	of	the	hemodynamic	response	within	a	
trial.	This	paradigm	makes	it	possible	to	randomize	trials	from	different	conditions	
(i.e.,	 presenting	 words	 that	 refer	 to	 animals	 or	 tools	 intermixed),	 which	 is	 essen-
tial	for	certain	tasks	and	avoids	habituation	effects.	Furthermore,	activity	related	to	
selected	types	of	trials	may	be	isolated	in	blocks	where	different	types	of	trials	occur	
enabling	us	to	draw	inferences	on	processes	that	occur	only	on	some	trials.

The	 recent	 advent	 of	 “rapid”	 event-related	 fMRI	 techniques	 has	 permitted	
researchers	to	perform	experiments	in	which	successive	events	can	be	presented	with	
a	time	interval	between	them	as	short	as	750	ms	(Dale,	1999).	Note	that	rapid	event-
related	fMRI	allows	us	to	minimize	the	effects	of	fatigue	or	boredom	that	may	occur	
when	long	intervals	separate	the	stimuli.	This	type	of	design	is	limited	by	the	speed	
of	the	underlying	hemodynamic	response	to	a	neural	event,	which	peaks	5–8	s	after	
that	neural	activity	has	peaked.	Thus,	if	the	time	interval	is	not	varied	from	trial	to	
trial	the	neural	events	would	occur	too	rapidly	to	be	sampled	effectively.

According	to	this	framework,	Canessa	et	al.	(2008)	presented	subjects	with	pic-
tures	showing	pairs	of	manipulable	objects	and	asked	whether	the	objects	within	each	
pair	were	used	with	the	same	manipulation	pattern	(action	knowledge	condition)	or	
in	the	same	context	(functional	knowledge	condition)	using	an	event-related	design.	
Direct	comparisons	showed	action	knowledge,	relative	to	functional	knowledge,	to	
activate	a	left	frontoparietal	network,	whereas	the	reverse	comparison	yielded	activa-
tions	in	the	retrosplenial	and	the	lateral	anterior	inferotemporal	cortex.	The	authors	
interpreted	these	results	as	supporting	the	hypothesis	of	 the	existence	of	different	
types	of	information	processing	in	the	internal	organization	of	semantic	memory.

14.5  Statistical analysis of neuroimaging measurements

14.5.1  Functional specialization

Several	statistical	methods	are	available	for	the	analysis	of	neuroimaging	data.	Many	
functional	imaging	studies	use	the	subtraction	method,	which	compares	the	pattern	
of	brain	activation	in	two	different	conditions.	The	main	determinants	of	the	contrast	
are	the	task	and	the	materials.	For	example,	in	the	case	of	the	Canessa	et	al.	(2008)	
study	investigating	semantic	memory,	the	task	is	kept	constant,	whereas	the	contrasted	
materials	reflect	the	dimension	of	interest	(in	the	present	case	type	of	knowledge	but	
typically	it	could	be	category	membership	or	modality	of	stimulus	presentation).	(See	
Cappa,	2008,	for	a	review	on	imaging	studies	of	semantic	memory.)

Data	 in	neuroimaging	experiments	are	 in	 the	form	of	a	matrix	of	signal	 inten-
sity	values	in	each	region	of	the	brain	expressed	in	voxels	(the	smallest	distinguish-
able	box-shaped	part	of	a	three-dimensional	image).	Standard	univariate	analyses	of	
fMRI	data	are	employed	to	perform	statistical	tests	independently	on	each	voxel	to	
identify	significant	activations	in	the	brain.	This	approach	inherently	emphasizes	the	
functional	localization	of	cognitive	functions	over	a	functional	integration,	which	is	
discussed	in	the	next	section.
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Once	 a	 task	 is	 designed	 and	 data	 are	 collected,	 the	 statistical	 analysis	 of	 the	
data	 consists	 of	 two	 important	 steps:	 pre-processing	 of	 the	 images	 and	 statistical	
analysis	of	the	resulting	activations	(Friston,	Holmes,	Poline,	Price,	&	Frith,	1995a;	
Frackowiak	et	al.,	1997).	Preprocessing	refers	to	image	processing	in	which	the	vari-
ous	images	in	a	set	of	data	are	prepared	to	be	fed	into	a	statistical	analysis	of	pos-
sible	differences.	Briefly,	the	images	must	be	aligned	to	correct	for	head	motion	and	
following	alignment	they	are	often	normalized	to	a	standard	brain	template	so	that	
results	from	several	subjects	can	be	used	for	comparison	with	other	studies	and	infer-
ences	can	be	extended	 to	 the	population	of	 interest.	Finally	 images	are	smoothed	
with	a	kernel	in	order	to	give	the	noise	in	the	images	a	more	Gaussian	distribution.	
Following	these	preprocessing	stages,	statistical	tests	are	performed	on	the	data.	A	
number	of	statistical	strategies	are	available	to	analyze	the	data	obtained	in	func-
tional	activation	studies.	In	principle,	the	mean	signal	intensity	can	be	compared	on	
a	voxelwise	basis	between	images	acquired	during	“Condition	A”	versus	“Rest”	(or	
“Condition	B”).	The	significance	of	any	observed	difference	can	then	be	tested	using	
a	simple	Student’s	t-test.	The	magnitude	(r)	and	significance	level	(p-value)	can	then	
be	described	on	a	voxelwise	basis	and	used	to	build	color	overlay	maps,	in	which	
“activated	pixels”	are	identified	in	color	overlaid	on	a	grayscale	source	image,	usu-
ally	a	normalized	template	image	(see	Figure 14.9).

Researchers	prevalently	employ	univariate	techniques	to	localize	the	regions	of	
activation	by	extracting	meaningful	 signals	 and	 reducing	noise.	 In	 this	 approach,	
the	question	is	whether	there	is	activation	in	a	specific	voxel	and	most	of	the	data	is	

Functional Segregation Functional Integration

Figure 14.9 Statistical	 approach	 to	 neuroimaging	 measurements.	 Functional	 specializa-
tion	is	the	correspondence	between	a	cognitive	function	and	a	specific	area	(or	areas)	in	the	
brain.	Functional	integration	refers	to	the	interactions	among	specialized	areas	or	neuronal	
populations.
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regarded	as	noise.	However,	as	in	the	case	of	ERPs,	some	researchers	have	imple-
mented	multivariate	techniques	such	as	ICA	and	PCA	(see	section	on	evoked	poten-
tials	and	Chapter	8	of	this	book	for	further	details	on	these	techniques),	showing	that	
meaningful	information	could	be	extracted	not	from	each	voxel	but	from	activation	
patterns	across	 the	entire	set	of	voxels	(Haynes	&	Rees,	2005;	Kamitani	&	Tong,	
2005).	In	contrast	to	a	univariate	approach,	the	multivariate	approach	regards	most	
of	the	data	as	meaningful	signals.

Many	fMRI	experiments	are	commonly	carried	out	to	identify	active	voxels	in	a	
dataset,	however,	to	determine	meaningful	activation	thresholds	in	functional	mag-
netic	resonance	imaging	paradigms	is	complicated	by	several	factors.	These	include	
the	time-series	nature	of	the	data,	the	influence	of	physiological	rhythms	(e.g.	respi-
ration),	and	variations	introduced	by	the	experimental	design.

A	common	way	of	determining	significance	of	a	statistical	hypothesis	test	is	to	
establish	the	significance	level	(usually	denoted	by	a)	or	type	I	error	rate	of	the	test.	
The	type	I	error	rate	can	be	used	to	establish	a	threshold	as	it	stands	for	the	probabil-
ity	that,	if	the	voxel	is	truly	not	active,	its	statistic	test	would	surpass	the	threshold,	
leading	to	the	incorrect	conclusion	that	it	is	instead	active.	This	rule	results	in	a	large	
number	 of	 false	 positives	 or	 voxels	 declared	 active	 when	 they	 are	 truly	 not.	 The	
reason	for	this	problem	is	that	there	are	multiple	individual	voxel	hypotheses	being	
tested	commonly	referred	to	as	“the	multiplicity	problem”;	it	occurs	when	multiple	
hypothesis	tests	are	carried	out	at	the	same	time	and	the	possibility	of	errors	occur-
ring	on	each	of	these	tests	must	be	taken	in	consideration	(Hochberg	&	Tamhane,	
1987;	Miller,	1981;	Westfall	and	Young,	1993).

The	interpretation	of	significance	in	this	case	is	hampered	by	the	enormous	amount	
of	multiple	comparisons	being	made	between	voxels	and	clearly	evokes	some	form	of	
correction	to	the	simple	t-statistic.	The	simplest	approach	is	the	Bonferroni	correc-
tion	method,	which	approximates	the	actual	probability	of	N	comparisons	as	N	times	
the	p-value	at	any	one	voxel.	The	uncorrected	(or	voxelwise)	p-values	indicate	the	
proportion of	voxels	in	the	image	that	will	light	up	by	chance,	and	the	corrected	(or	
familywise)	p-values	indicate	the	probability of	false	positive	voxels	occurring	any-
where	in	the	image	(Friston,	Holmes,	Worsley,	Poline,	Frith,	&	Frackowiak,	1995b;	
for	how	to	design	a	neuroimaging	experiment,	see	Abutalebi	&	Della	Rosa,	2008).

Regardless	of	which	specific	methods	are	used	to	analyze	the	data	and	to	create	
a	corrected	statistical	parametric	map	of	 the	brain,	one	cannot	entirely	avoid	 this	
problem	as	the	dichotomization	of	each	individual	voxel	as	active	or	not	active	does	
not	provide	an	exhaustive	explanation	for	the	majority	of	scientific	questions	investi-
gating	the	brain	and	its	complex	functions.

14.5.2  Functional integration

In	the	past	decade	functional	neuroimaging	has	highly	succeeded	in	proving	func-
tional	 segregation	as	 the	underlying	principle	of	organization	 in	 the	human	brain	
by	 revealing	 the	 link	 between	 a	 cognitive	 function	 and	 a	 specific	 area	 (or	 areas)	
in	 the	 brain.	 Functional	 segregation	 is	 commonly	 established	 by	 identifying	 the	
presence	 of	 activation	 foci	 in	 statistical	 parametric	maps	 that	 are	 directly	 related	
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to	specific	sensorimotor	or	cognitive	processes	manipulated	experimentally.	Newer	
approaches	have	instead	focused	on	the	integration	of	functionally	specialized	areas,	
defining	 neurophysiologcal	 activations	 in	 terms	 of	 distributed	 changes	 (Friston,	
Frith,	Liddle,	&	Frackowiak,	1993a;	see	Figure 14.9).

Functional	integration	refers	to	the	interactions	among	specialized	areas	or	neu-
ronal	populations	and	 to	 the	degree	 to	which	 these	 interactions	are	driven	by	 the	
experimental	context.	Functional	specialization	and	integration	are	complementary	
approaches,	as	the	latter	can	be	inferred	only	in	the	context	of	the	former.	Functional	
specialization	implies	the	identification	of	regionally	specific	effects induced	by	a	
shift	within	stimuli	or	task	conditions.	Functional	integration	is	inferred	instead	by	
accounting	for	the	correlations	among	activity	in	different	brain	areas	or	by	finding	
a	causal	link	between	the	activity	in	one	area	in	relation	to	activity	in	another	area	
(Friston	et	al.,	1993a,	1993b;	McIntosh	and	Gonzalez-Lima,	1994;	McIntosh,	Grady,	
Ungerleider,	Haxby,	Rapoport,	&	Horwitz,	1994).	Two	aspects	of	functional	inter-
activity	can	be	characterized:	functional	and	effective	connectivity	(Friston,	1994).	
Two	brain	regions	are	assumed	to	be	functionally	connected	if	activity	within	both	
is	correlated;	correlations	can	occur	as	the	result	of	the	association	between	activities	
from	many	sources	which	does	not	necessarily	imply	that	the	interaction	between	
two	areas	 is	meaningful	 in	 terms	of	connectivity	 (e.g.,	 stimulus-evoked	 transients	
in	two	neuronal	populations	that	are	not	connected,	or	the	modulation	of	two	corti-
cal	areas	by	a	common	subcortical	 input).	Functional	connectivity	simply	 reflects	
observed	 correlations	 without	 providing	 any	 direct	 insight	 concerning	 how	 these	
correlations	are	mediated.	Once	functional	connectivity	allows	us	to	establish	inte-
gration	within	a	distributed	system,	effective	connectivity	is	used	to	investigate	the	
nature	of	 this	 integration.	Effective	connectivity	 examines	 the	direct	 influence	of	
a	neural	source	on	a	second.	One	key	aspect	of	effective	connectivity	 is	 that	 it	 is	
always	grounded	in	an	a	priori	model	that	defines	the	nature	of	the	influence	that	one	
neuronal	system	exerts	over	another.	This	approach	attempts	to	disentangle	spurious	
correlations	 from	 those	 mediated	 by	 direct	 or	 indirect	 neuronal	 interactions.	 The	
parameters	(usually	the	connection	strengths)	of	the	model	are	then	extracted	and	
are	recognized	as	those	allowing	the	model	to	emulate,	as	closely	as	possible,	the	
observed	regional	activities	(or	interregional	correlations).

Thus,	functional	connectivity	does	not	necessarily	imply	a	causal	link,	whereas	
effective	 connectivity	 does.	 There	 is	 a	 fundamental	 distinction	 between	 simply	
observing	correlated	activity	and	demonstrating	effective	connectivity	 in	 terms	of	
the	 influence	 one	 neuronal	 system	 exerts	 over	 another	 in	 relation	 to	 some	 model	
of	neuronal	interactions.	However,	as	pointed	out	by	Friston	(see	Lee,	Harrison,	&	
Mechelli,	2003),	effective	connectivity	is	model	dependent,	whereas	functional	con-
nectivity	 is	 not.	 The	 application	 of	 multivariate	 statistical	 analyses	 to	 fMRI	 data	
has	allowed	us	to	display	clear	pictures	of	the	functional	and	effective	connections	
within	cortical	networks.

Structural	equation	modeling	(SEM).	is	a	statistical	approach	enabling	the	char-
acterization	of	 the	directionality	of	 influence	between	regions	of	a	network.	With	
SEM,	an	a	priori	model	composed	of	 the	 regions	 (or	 ‘‘nodes’’)	and	 the	allowable	
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connections	of	influence	between	them	is	defined	and	presumed	to	be	driven	by	the	
task.	The	strengths	of	these	connections	(i.e.,	path	coefficients)	that	best	fit	the	model	
to	the	observed	covariance	structure	between	regions	in	the	data	are	then	estimated.

However,	SEM	is	not	able	to	take	into	consideration	the	temporal	changes	in	the	
signals	across	regions	and	therefore	ignores	relative	timing	as	a	factor	influencing	
signal	directionality.	Two	recent	techniques—dynamic	causal	modeling	(DCM)	and	
granger	causality	mapping	(GCM)—overcome	these	weaknesses	by	limiting	a	priori	
assumptions	about	directionality	and	relying	upon	temporal	measures	across	regions	
to	establish	effective	connectivity.

DCM	 models	 respond	 at	 the	 neural	 level	 by	 accounting	 for	 the	 hemodynamic	
parameters	of	each	region	included	in	an	a	priori	anatomical	network.	The	dynam-
ics	of	these	neural	responses	are	then	fed	to	algorithms	aimed	at	estimating	how	the	
coupling	between	regions	in	the	system	is	modulated	by	different	cognitive	contexts	
or	inputs.	Mechelli,	Price,	Friston,	&	Ishai	(2004)	used	DCM	to	analyze	fMRI	data	
specific	to	both	a	visual	perception	task	and	a	visual	imagery	task.	A	DCM	analysis	
on	active	regions	sought	to	detect	changes	in	coupling	between	regions	induced	by	
the	task	conditions.	They	concluded	that	during	visual	perception,	bottom-up	signals	
from	early	visual	areas	spread	to	category-specific	visual	regions	(e.g.,	fusiform	face	
area	(FFA)	for	face	perception).

GCM	is	another	technique	explicitly	assessing	directionality	of	signals	in	cortical	
networks.	Specifically	it	identifies	causal	interactions	between	two	regions	by	deter-
mining	the	extent	to	which	the	time	series	of	area	X	predicts	the	future	time	series	of	
area	Y.	This	technique	is	grounded	in	the	hypothesis	that	network	dynamics	evolve	
over	time	in	a	predictable	manner	therefore	we	can	measure	effective	connectivity	
between	two	regions	in	a	confident	way.	Roebroeck,	Formisano,	and	Goebel	(2005)	
applied	GCM	to	a	complex	visuomotor	task	by	using	an	area	of	the	prefrontal	cortex	
(PFC)	as	a	“seed”	region.	They	highlighted	a	significant	connection	from	the	PFC	
to	the	parietal	cortex,	indicating	a	direct	influence	of	the	PFC	in	guiding	behavioral	
performance.	The	advantage	of	GCM	over	SEM	and	DCM	is	that	it	does	not	require	
an	a	priori	anatomical	network	and	can	thus	be	used	to	pinpoint	areas	throughout	the	
brain	that	show	systematic	links	with	a	region	of	interest.

14.5.3  A glimpse of structural imaging (VBM and DTI)

In	recent	years,	a	number	of	techniques	have	been	developed	to	display	neuroana-
tomical	differences	in	vivo using	MRI	images.	These	techniques	can	be	broadly	clas-
sified	into	those	that	look	for	macroscopic	differences	in	brain	shape	and	those	that	
aim	at	identifying	dissimilarities	in	the	local	structure	of	brain	tissue	after	account-
ing	for	macroscopic	differences.	The	former,	such	as	deformation-based	morphom-
etry	(DBM),	translate	the	anatomy	of	any	individual	brain	in	terms	of	deformation	
fields	which	allow	the	matching	of	each	brain	 to	a	standard	 reference.	The	 latter,	
which	 include	 voxel-based	 morphometry	 (VBM),	 compare	 different	 brains	 on	 a	
voxel-by-voxel	basis	after	the	deformation	fields	have	been	used	to	spatially	normal-
ize	the	images	(Wright	et	al.,	1995).	The	sensitivity	of	each	technique	for	detecting	
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major	or	minor	differences	within	brain	structures	changes	even	though	both	enable	
us	to	examine	the	whole	brain	in	an	objective	manner.	Where	there	are	global	pat-
terns	of	difference,	multivariate	approaches	such	as	DBM	are	more	powerful	as	the	
covariances	between	different	structures	can	be	taken	into	consideration.	In	contrast,	
mass	univariate	approaches	such	as	VBM	are	more	sensitive	for	isolating	small-scale	
regional	differences	in	gray	or	white	matter.

For	example,	in	one	study,	Brambati	et	al.	(2004)	performed	an	in	vivo	anatomic	
study	of	gray	matter	volume	in	a	group	of	familial	dyslexic	individuals,	using	voxel-
based	 morphometry.	 Focal	 abnormalities	 in	 gray	 matter	 volume	 were	 observed	
bilaterally	in	the	planum	temporale,	inferior	temporal	cortex,	and	cerebellar	nuclei,	
suggesting	that	the	underlying	anatomic	abnormalities	may	be	responsible	for	defec-
tive	written	language	acquisition	in	these	subjects.	In	a	second	study	by	Silani	et	al.	
(2005),	voxel-based	morphometry	was	used	to	assess	the	consistency	among	brain	
and	 morphometry	 data,	 and	 functional	 imaging	 addressed	 with	 a	 PET	 activation	
study	 (Paulesu	 et	 al.,	 2001)	 which	 revealed	 a	 common	 pattern	of	 reduced	 activa-
tion	during	reading	 tasks	 in	 the	 left	 temporal	and	occipital	 lobes	 in	subjects	with	
developmental	 dyslexia.	 The	 authors	 provided	 evidence	 that	 altered	 activation	
observed	within	the	reading	system	was	associated	with	altered	density	of	gray	and	
white	matter	of	specific	brain	regions	such	as	the	left	middle	and	inferior	temporal	
gyri	and	the	left	arcuate	fasciculus	supporting	the	view	that	dyslexia	is	associated	
with	both	local	gray	matter	dysfunction	and	with	altered	connectivity	among	phono-
logical	areas	within	the	language	system.

Another	recent	structural	imaging	technique	that	is	becoming	increasingly	popu-
lar	 in	brain	 research	and	clinical	practice	 is	diffusion	 tensor	 imaging	 (DTI).	DTI	
gives	us	the	possibility	to	visualize	and	track	white	matter	fascicli	in	two	and	three	
dimensions	(see	Figure 14.10).	This	MRI-based	methodology	(Basser	et	al.,	1994)	
exploits	the	translational	displacement	of	water	molecules	within	white	matter	bun-
dles	which	is	made	visible	through	diffusion	MRI	measurements	(Le	Bihan,	1995;	
Basser	et	al.,	1994;	Basser,	1995;	Basser	&	Jones,	2002;	Basser	&	Pierpaoli,	1996).	
Water	molecules’	motion	(diffusion)	is	much	faster	along	the	white	matter	fibers	than	
perpendicular	to	them	(Basser	et	al.,	1994;	Basser,	1995;	Basser	&	Pierpaoli,	1996,	
1998).	Therefore,	“diffusion	anisotropy,”	namely	the	difference	between	these	two	
motions	(parallel	and	perpendicular	to	the	fibers)	is	the	basis	of	DTI	(see,	for	details,	
Basser	&	Jones,	2002).

This	technique	has	been	used	to	define	the	white	matter	architecture	of	normal	
brains	as	well	as	the	preserved	integrity	of	diseased	brains	(multiple	sclerosis,	stroke,	
aging,	dementia,	schizophrenia,	etc.).	For	example	VBM	and	DTI	were	successfully	
combined	in	a	study	by	Borroni	et	al.	(2008)	to	measure	selective	structural	changes	
in	early	corticobasal	degeneration	syndrome	(CBDS)	and	to	evaluate	the	structural	
correlates	of	limb	apraxia,	a	key	feature	of	CBDS.	This	approach	to	in	vivo	structural	
anatomy	combined	VBM	and	DTI,	the	latter	describing	patterns	of	white	matter	con-
nections	between	cortical	areas,	with	neuropsychological	data	providing	new	evidence	
of	gray	matter	and	fiber	tract	abnormalities	in	early-phase	disease	and	contributing	to	
clarifying	the	neural	basis	of	a	neuropsychological	deficit	(apraxia)	in	CBDS.
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14.6  Final remarks

In	the	past	two	decades	a	large	body	of	functional	neuroimaging	studies	has	been	
devoted	 to	 the	 investigation	of	cognitive	functions	both	 in	 the	 intact	human	brain	
and	in	patients.	The	studies	applying	these	techniques	have	not	only	confirmed	the	
anatomical	knowledge	gained	from	early	neuropsychological	lesion	studies,	but	have	
also	found	that	cognitive	functions	appear	to	be	subtended	by	more	extended	pat-
terns	of	activity	in	the	brain	and	are	also	less	fixed	to	specific	areas	as	previously	
hypothesized.	All	 these	 techniques	have	opened	a	number	of	new	perspectives	 in	
the	understanding	of	 the	brain-function	 relationship	 and	are	widely	used	 to	 char-
acterize	the	spatiotemporal	pattern	of	brain	activity	in	basically	all	areas	of	neuro-
science.	New	concepts	and	methods	constantly	arise	and	latest	developments	include	
the	combination	of	EEG/MEG	with	functional	magnetic	resonance	imaging	(PET	
and	fMRI),	for	combining	the	superior	spatial	resolution	of	the	latter	with	the	better	
temporal	resolution	of	the	former.
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Appendix: General Notation

[11C]Raclopride:	 Positron-emitting	 selective	 dopamine	 2	 (D2)	 and	 dopamine	 3	
(D3)	receptor	antagonist

15O:	Oxygen	isotope
18FDG:	Fluorine-18-fluorodeoxyglucose	positron
AD:	Alzheimer	disease
aMCI:	Amnestic	mild	cognitive	impairment
BESA:	Brain	electrical	source	analysis	procedure
BOLD:	Blood	oxygen	level	dependent
CBDS:	Corticobasal	degeneration	syndrome
CSD:	Current	source	density
CT:	Computed	tomography
DBM:	Deformation-based	morphometry
DCM:	Dynamic	causal	modeling
DTI:	Diffusion	tensor	imaging
EEG:	Electroencephalogram
ERD:	Event-related	desynchronization
ERPs:	Event-related	potentials
ERS: Event-related	synchronization
FDG-PET:	F-18-fluorodeoxyglucose	positron	emission	tomography
FFA:	Fusiform	face	area
fMRI:	Functional	magnetic	resonance	imaging
gERD:	Generalized	ERD
GCM:	Granger	causality	mapping
H215O:	15O-labeled	water
ICA:	Independent	component	analysis
LORETA:	Low-resolution	brain	electromagnetic	tomography
MEG:	Magnetoencephalography
MRI:	Magnetic	resonance	imaging
pAD:	Probable	Alzheimer	disease
PCA:	Principal	component	analysis
PET:	Positron	emission	tomography
PFC:	Prefrontal	cortex
PSD:	Power	spectral	density
rCBF:	Regional	cerebral	blood	flow
rCMRglc:	Regional	cerebral	metabolic	rate	for	glucose
SEM:	Structural	equation	modeling
SPECT:	Single	photon	emission	computed	tomography
SQUIDS:	Superconducting	quantum	interference	devices
VBM: Voxel-based	morphometry
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List of abbreviations

AMG	 =		amygdala;	almond-shaped	nucleus	in	anterior	temporal	lobe
EBA	 =		extrastriate	body	area;	brain	area	lying	in	temporal-occipital	sul-

cus	which	is	specifically	involved	in	processing	bodies
EEG	 =		electroencephalography;	a	method	to	measure	electrical	activity	

from	the	scalp	related	to	cortical	activity
ERP	 =		event-related	 potential;	 EEG	 waves	 time-locked	 to	 specific	

stimuli
FBA	 =		fusiform	body	area;	brain	area	in	the	fusiform	gyrus	that	is	spe-

cifically	involved	in	processing	bodies
FFA	 =		fusiform	face	area;	brain	area	in	the	fusiform	gyrus	that	is	specifi-

cally	involved	in	processing	faces
FG	 =		fusiform	gyrus;	part	of	the	temporal	lobe	that	is	involved	in	visual	

processing
fMRI	 =		functional	 magnetic	 resonance	 imaging;	 brain	 imaging	 method	

that	measures	the	hemodynamic	response	(change	in	blood	flow)	
related	to	neural	activity	in	the	brain

hMT+/V5	=		human	motion	area;	brain	area	specifically	processing	movement
IOG	 =		inferior	occipital	gyrus
IFG	 =		inferior	frontal	gyrus
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MEG	=		magnetoencephalography;	 a	 neuroimaging	 technique	 that	 measures	
magnetic	fields	produced	by	electrical	activity	in	the	brain

N170	 =		ERP	component	originating	from	lateral	occipitotemporal	cortex	spe-
cifically	related	to	a	late	stage	in	the	early	visual	encoding	of	faces

OFA	 =		occipital	face	area;	brain	area	in	inferior	occipital	gyrus	known	to	be	
involved	in	face	processing

P1	 =		very	early	ERP	component	related	to	very	early	visual	processing
PET	 =		positron	emission	tomography;	brain	imaging	method	whereby	radio-

active	tracers	are	injected	into	the	blood	stream
PM	 =		premotor	cortex
STS	 =		superior	temporal	sulcus;	posterior	part	is	involved	in	processing	bio-

logical	motion
TPJ	 =		temporoparietal	junction
V1	 =		primary	visual	cortex

15.1  Introduction

In	everyday	life,	we	are	continuously	confronted	with	other	people.	How	they	behave	
and	move	around	has	a	direct	 influence	on	us	whether	we	are	aware	of	 it	or	not.	
In	communication,	we	are	generally	focused	on	the	face.	For	this	reason,	emotion	
research	 in	 the	 past	 has	 focused	 on	 faces.	 Also,	 facial	 expressions	 seem	 to	 have	
universal	consistency.	However,	bodily	expressions	are	 just	 as	well	 recognized	as	
facial	expressions,	they	can	be	seen	from	a	distance,	and	are	from	an	evolutionary	
perspective	 much	 older.	 Body	 language	 therefore	 has	 a	 high	 communicative	 role	
albeit	we	 are	 less	 aware	of	 it.	Models	 on	 facial	 expression	processing	might	 also	
work	for	understanding	bodily	expressions.	Similar	brain	regions	seem	to	get	acti-
vated	for	both,	but	although	faces	show	the	mental	states	of	people,	body	postures	
in	addition	show	an	action	intention.	Therefore,	seeing	bodies	additionally	activates	
motion	areas.

In	a	naturalistic	environment,	faces	never	appear	alone:	they	are	mostly	always	
accompanied	by	a	body,	which	 influences	how	 the	 facial	 expression	 is	perceived.	
This	is	also	the	case	for	other	modalities	such	as	the	voice.	Which	modality	is	domi-
nant	depends	on	the	specific	emotion	being	shown,	on	the	situation,	and	many	other	
factors.	For	example,	aggression	seems	to	be	more	pronounced	in	bodily	expressions,	
whereas	shame	or	disgust	can	clearly	be	seen	from	the	face.	Also	the	context,	includ-
ing	other	people	or	not,	can	facilitate	recognition	of	emotions.	Moreover,	we	do	not	
live	in	a	static	world;	dynamic	stimuli	give	us,	just	as	in	the	real	world,	more	infor-
mation.	We	also	would	like	to	put	forward	that	brain	responses	to	emotional	expres-
sions	are	not	driven	by	external	features	alone	but	are	determined	by	the	personal	
significance	of	expressions	in	the	current	social	context.	For	example,	individual	dif-
ferences	such	as	personality	type	and	gender	play	an	important	role.	Moreover,	body	
language	of	people	interacting	can	tell	us	much	about	their	relationship.

We	argue	 that	 the	nature	of	emotion	perception	cannot	be	fully	understood	by	
focusing	separately	on	social,	cultural,	contextual,	individual,	or	interpersonal	fac-
tors.	 The	 perception	 of	 an	 emotion	 is	 embodied,	 and	 its	 bodily	 grounded	 nature	
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provides	a	foundation	for	social	communication.	“What	you	see	is	what	you	get,”	
does	not	apply	here.	People	do	not	“see”	the	same,	nor	do	they	attend	to	the	same.

Furthermore,	perception	and	recognition	of	bodily	expressions	do	not	require	full	
attention	nor	do	 they	 require	 that	 the	visual	 stimulus	 is	 consciously	 seen.	This	 is	
most	evident	from	patients	with	hemianopia.

All	these	topics	are	discussed	in	this	chapter.	They	show	us	that	being	able	to	rec-
ognize	emotional	meaning	from	others	is	vital	and	that	body	language	is	of	crucial	
importance	 in	normal	 communication.	This	 is	 clearly	 impaired	 in	disorders	 such	
as	autism.	Therefore,	investigations	of	bodily	expressions	will	enrich	basic	clinical	
research	and	can	lead	to	the	development	of	new	observational	and	diagnostic	tools.

15.2  Similarities and differences in neurofunctional basis 
of faces and bodies

For	several	years	the	neural	correlates	of	body	shape	(Downing,	Jiang,	Shuman,	&	
Kanwisher,	2001)	and	perception	of	bodily	expressions	(de	Gelder,	Snyder,	Greve,	
Gerard,	&	Hadjikhani,	2004)	have	been	 the	 focus	of	 experimental	 investigations.	
Although	more	or	less	neglected	in	the	past	in	favor	of	faces,	it	is	now	increasingly	
believed	that	the	perception	of	bodies	has	a	special	influence	on	our	behavior.	To	be	
able	to	do	this,	they	must	be	processed	from	other	objects	distinctly.

The	 major	 concept	 used	 to	 argue	 for	 the	 specificity	 of	 processing	 is	 that	 of	
configuration.	 There	 is	 clear	 evidence	 that	 both	 faces	 and	 bodies	 are	 processed	
configurally,	as	a	whole,	rather	than	as	a	collection	of	features.	This	has	been	shown	
with	the	“inversion	effect”:	recognition	of	faces	and	bodies	presented	upside-down	
is	relatively	more	impaired	than	inverted	objects	(Reed,	Stone,	Bozova,	&	Tanaka,	
2003).	 Besides	 behaviorally,	 this	 effect	 can	 also	 be	 investigated	 psychophysically	
by	looking	at	electrophysiological	recordings.	With	electroencephalography	(EEG),	
electrical	activity	coming	from	firing	neurons	is	picked	up	at	the	scalp	through	elec-
trodes.	By	averaging	brain	activity	to	certain	events,	event-related	potentials	(ERPs)	
are	formed.	One	such	ERP	component	is	the	N1,	which	is	thought	to	reflect	a	late	
stage	in	the	structural	encoding	of	the	visual	stimulus	(Bentin,	Allison,	Puce,	Perez,	
&	McCarthy,	1996;	Eimer,	2000)	and	originates	from	the	lateral	occipitotemporal	
cortex	which	houses	the	fusiform	gyrus	(FG).	In	the	case	of	face	processing,	the	N1	
peaks	at	a	different	latency	(around	170	ms	after	stimulus	onset	and	hence	called	the	
N170)	from	that	for	objects.	The	latency	of	the	N170	is	delayed	when	presented	faces	
are	inverted,	which	shows	the	involvement	of	FG	in	processing	faces	configurally.	The	
N1	peak	for	body	processing	also	differs	from	objects;	it	ranges	from	154	to	228	ms	
after	stimulus	onset	(Gliga	&	Dehaene-Lambertz,	2005;	Meeren,	van	Heijnsbergen,	
&	de	Gelder,	2005;	Righart	&	de	Gelder,	2007;	Stekelenburg	&	de	Gelder,	2004;	
Thierry	et	al.,	2006;	van	Heijnsbergen,	Meeren,	Grezes,	&	de	Gelder,	2007)	and	it	
also	shows	an	inversion	effect.	Does	this	mean	there	is	no	difference	between	face	
and	body	processing?

No,	it	does	not.	Although	EEG	has	a	very	high	temporal	resolution	and	can	there-
fore	 tell	us	a	 lot	about	 the	 timing	of	processing,	 it	 is	hard	 to	 link	a	specific	brain	
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area	to	the	found	activation.	A	method	better	suited	to	do	this	is	magnetoencepha-
lography	 (MEG).	This	was	 recently	done	 for	 investigation	of	 the	earliest	onset	of	
the	electrophysiological	inversion	effect	for	different	stimulus	categories	(Meeren,	
Hadjikhani,	 Ahlfors,	 Hamalainen,	 &	 de	 Gelder,	 2008).	 They	 indeed	 found	 that	
the	cortical	distribution	of	this	early	effect	was	highly	category	specific.	Different	
time	 courses	 of	 activation	 were	 observed	 in	 the	 common	 neural	 substrate	 in	 FG.	
Furthermore,	faces	activated	the	inferior	occipital	gyrus	(IOG;	also	named	occipital	
face	area	(OFA)),	whereas	for	bodies	the	effect	was	observed	in	the	posteriodorsal	
medial	parietal	areas	(precuneus/posterior	cingulate).	Hence,	whereas	face	inversion	
modulates	early	activity	in	face-selective	areas	in	the	ventral	stream,	body	inversion	
evokes	activity	in	dorsal	areas,	suggesting	different	early	cortical	pathways	for	con-
figural	face	and	body	perception.

In	addition	to	this	early	processing	in	perceiving	faces	and	bodies,	more	general	
processing	on	longer	time	scales	can	be	investigated	with	functional	magnetic	reso-
nance	imaging	(fMRI).	With	this	method,	a	distinction	has	actually	been	found	in	
the	FG	between	 faces	and	bodies,	 thereafter	 called	 fusiform	 face	area	 (FFA)	and	
fusiform	body	area	(FBA)	(Schwarzlose,	Baker,	&	Kanwisher,	2005).	Furthermore,	
bodies	seemed	also	to	be	processed	in	another	area:	the	extrastriate	body	area	(EBA)	
(Downing	et	al.,	2001).	This	area	lies	very	close	to	the	human	motion	area	(hMT+/V5),	
and	given	that	bodies	imply	action,	this	finding	is	not	peculiar.	Besides,	the	supe-
rior	temporal	sulcus	(STS)	and	premotor	cortex	(PM)	also	get	activated	for	bodies	
(Grèzes,	Pichon,	&	de	Gelder,	2007);	the	former	is	known	to	be	involved	in	biological	
motion	(Bonda,	Petrides,	Ostry,	&	Evans,	1996),	the	latter	also	being	a	motor	area.

When	directly	comparing	 the	neural	correlates	of	 faces	and	bodies,	 the	sparse	
evidence	points	to	a	broader	network	for	the	perception	of	bodies,	probably	due	to	
the	action	component	involved	in	those.	It	is	remarkable	that	the	literature	on	isolated	
face	and	body	perception	is	more	extensive	compared	to	the	knowledge	of	the	more	
ecologically	valid	combined	perception	of	a	face	on	a	body.	The	few	studies	avail-
able	addressing	this	issue	consistently	point	to	a	strong	mutual	influence	(Aviezer,	
Hassin,	Ryan,	Grady,	Susskind,	&	Anderson,	2008;	Meeren,	van	Heijnsbergen,	&	
de	Gelder,	2005;	Van	den	Stock,	2007).

15.3  Emotional modulation of body selective areas

That	faces	and	bodies	are	processed	in	a	distinct	way,	being	special	classes	of	objects,	
has	probably	to	do	with	their	ecological	value.	We	are	experienced	in	recognizing	
many	different	facial	identities,	and	being	able	to	react	appropriately	to	intentions	
stated	in	bodies	has	survival	value.	Important	sources	of	information	about	some-
one’s	 intentions	 are	 facial	 and	 bodily	 expressions.	 To	 be	 able	 to	 react	 quickly	 to	
these,	they	must	be	effectively	processed	in	the	brain.

Evidence	was	found	for	fast	automatic	processing	of	emotional	body	language.	Fear	
expressed	by	the	body	affected	the	response	of	the	P1	component	at	100–120	ms	after	
stimulus	onset	and	the	N170	component	also	showed	a	difference	(van	Heijnsbergen	
et	al.,	2007).	This	means	 that	processing	of	 the	emotion	is	faster	 than	 identifying	
a	body.
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This	emotional	processing	partly	takes	place	in	the	face	and	body	areas,	suggest-
ing	 a	better	 representation	of	 the	 faces	 and	bodies.	Several	 studies	have	 reported	
emotional	modulation	of	face-selective	areas,	fusiform	face	area	(FFA),	and	occipital	
face	area	(OFA;	Breiter,	Etcoff,	Whalen,	Kennedy,	Rauch,	&	Buckner,	1996;	van	de	
Riet,	 Grèzes,	 &	 de	 Gelder,	 2009;	 Vuilleumier,	 Armony,	 Driver,	 &	 Dolan,	 2001).	
However,	this	effect	may	be	dependent	on	age	(Guyer,	Monk,	McClure-Tone,	Nelson,	
Roberson-Nay	 &	 Adler,	 2008),	 attachment	 style	 (Vrticka,	 Andersson,	 Grandjean,	
Sander,	&	Vuilleumier,	2008),	personality	type	(Kret,	Pichon,	Grèzes,	&	de	Gelder,	
2008),	 and	 gender	 of	 the	 observer	 and	 the	 observed	 (Kret,	 Pichon,	 Grèzes,	 &	
de	Gelder,	2011).	So	far,	only	a	few	studies	have	investigated	the	effects	of	emotional	
information	provided	by	body	expressions	on	activation	of	body	areas	in	the	brain.	
The	first	functional	magnetic	resonance	imaging	(fMRI)	study	addressing	this	issue	
observed	an	increased	activation	of	FG	and	amygdala	(AMG)	for	fearful	body	expres-
sions	(Hadjikhani	&	de	Gelder,	2003).	A	follow-up	experiment	additionally	showed	
the	involvement	of	motor	areas	(de	Gelder	et	al.,	2004).	Also	when	directly	compar-
ing	neutral	and	emotional	faces	and	bodies	(van	de	Riet	et	al.,	2009),	we	observed	
that	 emotional	 bodies	 activate	 (sub)cortical	 motor-related	 structures,	 such	 as	 the	
inferior	frontal	gyrus	(IFG),	caudate	nucleus,	and	putamen	which	probably	has	to	do	
with	being	able	to	respond	quickly	to	emotional	bodies.

Although	 our	 findings	 of	 emotional	 modulation	 of	 FBA	 have	 been	 replicated	
(Peelen,	 Atkinson,	 Andersson,	 &	 Vuilleumier,	 2007),	 emotional	 modulation	 of	
EBA	is	uncertain.	We	did	not	observe	a	difference	between	neutral	and	emotional	
body	images	(van	de	Riet	et	al.,	2009)	but	our	data	with	dynamic	body	expressions	
do	show	emotional	modulation	 (Grèzes,	Pichon	&	de	Gelder,	2007;	Kret,	Pichon,	
Grèzes,	 &	 de	 Gelder,	 2011b;	 Pichon,	 de	 Gelder,	 &	 Grèzes,	 2008;	 Sinke,	 Sorger,	
Goebel,	&	de	Gelder,	2010).

15.4  Affective gist of the scene influences the perception of emotions

Normally,	we	do	not	see	isolated	people,	but	we	see	them	in	a	context.	How	does	this	
influence	our	perception	of	the	bodily	expression	of	a	single	individual?

15.4.1  Emotional context

Because	of	repetitive	co-occurrence	of	objects	or	co-occurrence	of	a	given	object	in	
a	specific	context,	our	brain	generates	expectations	(Bar	&	Ullman,	1996;	Palmer,	
1975).	A	context	can	facilitate	object	detection	and	recognition	(Boyce,	Pollatsek,	&	
Rayner,	1989;	Palmer,	1975),	even	when	glimpsed	briefly	and	even	when	the	back-
ground	can	be	ignored	(Davenport	and	Potter,	2004).	Joubert,	Fize,	Rousselet,	and	
Fabre-Thorpe	 (2008)	 also	 observed	 that	 context	 incongruence	 induced	 a	 drop	 in	
correct	hits	and	an	increase	in	reaction	times,	thus	affecting	even	early	behavioral	
responses.	They	concluded	that	object	and	context	must	be	processed	in	parallel	with	
continuous	interactions	possibly	through	feedforward	coactivation	of	populations	of	
visual	neurons	selective	to	diagnostic	features.	Facilitation	would	be	induced	by	the	
customary	coactivation	of	“congruent”	populations	of	neurons,	whereas	interference	
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would	take	place	when	conflicting	populations	of	neurons	fire	simultaneously.	Bar	
(2004)	 proposes	 a	 model	 in	 which	 interactions	 between	 context	 and	 objects	 take	
place	in	the	inferior	temporal	cortex.

Just	as	recognizing	objects	is	not	independent	from	other	cues	such	as	context,	
emotion	perception	does	not	proceed	on	information	from	one	cue	(such	as	facial	
expressions)	alone	(Hunt,	1941).	Knowledge	of	 the	social	situation	(Aviezer	et	al.,	
2008;	Carroll	&	Russell,	1996),	body	posture	(Meeren	et	al.,	2005;	Van	den	Stock	
et	 al.,	 2007),	 other	 emotional	 faces	 (Russel	 &	 Fehr,	 1987),	 voice	 (de	 Gelder	 &	
Vroomen,	2000),	or	 linguistic	 labels	(Barrett,	Lindquist,	&	Gendron,	2007)	 influ-
ences	emotion	perception	and	even	which	emotion	is	seen	in	the	structural	configu-
ration	of	the	participants’	facial	muscles.	In	line	with	the	evolutionary	significance	
of	the	information,	the	effects	of	the	emotional	gist	of	a	scene	may	occur	at	an	early	
level.	We	previously	showed	scene	context	congruency	effects	on	facial	expressions	
in	behavioral	responses	but	also	in	EEG	measurements.	It	could	be	observed	when	
participants	had	to	explicitly	decode	the	emotional	expression	of	the	face	(Righart	&	
de	Gelder,	2008)	but	also	when	they	focused	on	its	orientation	(Righart	&	de	Gelder,	
2006).	This	indicates	that	it	reflects	an	early	and	mandatory	process	and	suggests	a	
perceptual	basis.	Looking	at	an	EEG,	we	see	that	the	presence	of	a	fearful	expres-
sion	in	a	fearful	context	enhanced	the	face-sensitive	N170	amplitude	as	compared	to	
a	face	in	a	neutral	context.	This	effect	was	absent	for	contexts-only,	indicating	that	
it	resulted	from	the	combination	of	a	fearful	face	in	a	fearful	context	(Righart	&	de	
Gelder,	2006).	That	scenes	are	indeed	important	is	also	shown	in	two	recent	fMRI	
studies	 where	 participants	 interpreted	 facial	 expressions	 differently	 and	 different	
brain	areas	were	activated	depending	on	the	context	(Kim,	Somerville,	Johnstone,	
Polis,	 Alexander,	 &	 Shin,	 2004;	 Mobbs,	 Weiskopf,	 Lau,	 Featherstone,	 Dolan,	 &	
Frith,	2006).

15.4.2  Social emotional context

Does	 it	 influence	our	emotional	 reaction	when	we	watch	a	 single	 individual	flee-
ing	from	danger	while	bystanders	are	passively	standing	 there?	Do	we	 ignore	 the	
social	scene	to	focus	only	on	the	emotion	of	the	target	figure	or	are	we	unwittingly	
influenced	by	 the	 social	 scene	viewing	 individual	 action	 through	 the	filter	 it	pro-
vides	us?	Studies	on	crowd	behavior	(McDougall,	1920)	indicate	that	social	scenes	
provide	a	context	 in	which	 individual	actions	are	better	understood	prompting	an	
adaptive	reaction	in	 the	observer.	Using	point-light	displays,	Thornton	and	Vuong	
(2004)	have	shown	that	 the	perceived	action	of	a	walker	depends	upon	actions	of	
nearby	“to-be-ignored”	walkers.	Another	point-light	study	by	Clarke	and	colleagues	
demonstrates	that	the	recognition	of	a	person’s	emotional	state	depends	upon	another	
person’s	presence	(Clarke,	Bradshaw,	Field,	Hampson,	&	Rose,	2005).

A	recent	study	by	Kret	and	de	Gelder	(2010)	report	that	the	social	group	in	which	
we	encounter	a	person,	and	especially	her	bodily	expressions,	influence	how	we	per-
ceive	the	body	language	of	this	single	individual.	In	this	study,	images	of	emotional	
body	 postures	 were	 briefly	 presented	 as	 part	 of	 social	 scenes	 showing	 neutral	 or	
emotional	group	actions.	These	were	more	accurately	and	quickly	recognized	when	
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the	actions	in	the	scenes	expressed	an	emotion	congruent	with	the	bodily	expression	
of	the	target	figure.	These	studies	show	the	importance	of	a	social	(emotional)	scene.	
However,	other	processes	 than	the	ones	measured	may	contribute	 to	 the	observed	
effects,	 for	 example,	 the	 tendency	 to	 automatically	mimic	and	 synchronize	 facial	
expressions,	vocalizations,	postures,	and	movements	with	those	of	another	person	and	
to	converge	them	emotionally	(de	Gelder	et	al.,	2004;	Hatfield,	Cacioppo,	&	Rapson,	
1994).	Similar	brain	areas	are	involved	when	subjects	experience	disgust	(Wicker,	
Keysers,	Plailly,	Royet,	Gallese,	&	Rizzolatti,	2003)	or	pain	(Jackson,	Meltzoff,	&	
Decety,	 2005),	 as	 when	 they	 observe	 someone	 else	 experiencing	 these	 emotions.	
Such	a	process	may	contribute	 to	observers’	ability	 to	perceive	 rapidly	ambiguity	
between	a	person’s	body	language	and	its	social	(emotional)	context.	Such	incongru-
ity	may	create	a	conflict	 in	emotional	contagion	processes	 triggered	by	 the	 target	
figure	and	help	to	explain	the	slower	and	less	accurate	reaction	in	the	observer.

15.4.3  Static versus dynamic

Research	performed	with	 facial	 and	bodily	pictures	have	 contributed	a	 lot	 to	our	
understanding	of	how	our	brain	processes	 these	stimuli.	However,	 in	real	 life,	we	
are	confronted	with	moving	people.	Although	 static	body	postures	 already	 imply	
motion,	dynamic	stimuli	obviously	contain	more	 information,	which	helps	 in	bet-
ter	 understanding	 someone’s	 intentions	 and	 being	 able	 to	 react	 appropriately	 to	
these.	Point-light	display	studies	showed	that	biological	motion	is	quickly	detected	
(Johansson,	1973).	A	few	neuroimaging	studies	report	the	importance	of	movement	
in	processing	emotional	expressions	(see,	for	example,	Decety	&	Chaminade,	2003;	
Grosbras	&	Paus,	2006;	LaBar,	Crupain,	Voyvodic,	&	McCarthy,	2003).	Adolphs,	
Tranel,	and	Damasio	(2003)	report	that	a	patient	with	a	ventral	pathway	lesion	is	able	
to	read	emotion	from	dynamic,	but	not	from	static	facial	expressions.

In	healthy	subjects,	Sato,	Kochiyama,	Yoshikawa,	Naito,	and	Matsumura	(2004)	
found	 that	 the	 AMG,	 IOG,	 and	 FG	 were	 more	 activated	 by	 dynamic	 than	 static	
fearful	 facial	 expressions.	 Studies	 of	 bodily	 expressions	 also	 report	 better	 recog-
nition	 rates	 for	 dynamic	 versus	 static	 stimuli	 (Atkinson,	 Dittrich,	 Gemmell,	 &	
Young,	2004;	de	Meijer,	1989).	A	recent	brain	imaging	study	looked	at	the	percep-
tion	of	angry	and	neutral	hand	and	face	movements	(Grosbras	&	Paus,	2006).	The	
authors	reported	that	regions	known	to	be	involved	in	action	and	emotion	generation	
in	oneself	are	also	activated	when	perceiving	action	and	emotion	in	the	faces	and	
hands	 of	 others.	 Furthermore,	 they	 reported	 an	 interaction	 between	 emotion	 and	
body	part:	when	hand	actions	were	performed	with	emotion,	a	region	in	the	supra-
marginal	gyrus	responded	mostly	to	this.	Because	this	region	had	been	implicated	
before	as	being	involved	in	getting	attention	toward	a	limb	(Rushworth,	Krams,	&	
Passingham,	2001),	it	seems	here	that	the	emotion	in	the	hand	movement	increased	
this	attention.

This	study,	however,	was	not	designed	to	detect	specifically	what	additional	infor-
mation	is	contributed	by	dynamics.	Two	studies	that	tried	to	do	this	used	3-s	video-
clips	of	someone	opening	a	door	in	either	a	neutral	or	in	a	fearful	(Grèzes	et	al.,	2007)	
or	angry	way	(Pichon	et	al.,	2008).	From	each	movie,	one	frame	at	which	the	emotion	
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was	 at	 its	 peak	 was	 taken	 and	 also	 presented	 for	 3	 s.	 Not	 surprisingly,	 dynamic	
versus	static	body	expressions	(irrespective	of	the	emotional	content)	caused	motor	
resonance:	bilateral	activations	of	PM	and	parietal	cortex,	STS,	and	FG.	Most	inter-
estingly,	an	interaction	was	observed	between	emotion	and	motion	in	STS	and	right	
PM.	In	humans,	STS,	parietal,	and	PM	are	involved	in	action	observation	and	prob-
ably	also	 in	action	understanding	 (Grèzes	&	Decety,	2001),	 so	 inasmuch	as	 these	
areas	represented	the	emotional	action	in	this	study,	they	could	also	be	involved	in	
emotion	understanding.

15.5  Individual differences

15.5.1  Gender

One	aspect	that	has	so	far	not	received	much	attention	in	the	studies	of	facial	and	
bodily	expressions	concerns	the	role	of	gender	in	emotional	processing.	Some	iso-
lated	findings	indicate	that	there	may	be	gender	differences	in	emotional	processes.	
Females	tend	to	score	higher	than	males	on	tests	of	empathy,	social	sensitivity,	and	
emotion	recognition	(see	Hall,	1978	and	McClure,	2000	for	reviews).	But	whereas	
females	show	more	facial	mimicry	in	response	to	emotional	movie	fragments,	they	
did	not	 report	 experiencing	more	 emotion	 than	males,	which	 suggests	 an	 expres-
sive,	 rather	 than	an	experiential	difference	 (Kring	&	Gordon,	1998).	Testosterone	
level	is	a	good	predictor	of	the	presence	of	an	anger	trait,	aggressive	behavior,	and	
dominance	(van	Honk	&	Schutter,	2007),	and	at	the	neuronal	level,	AMG	response	
to	fear	and	anger	signals	(Derntl,	Windischberger,	Robinson,	Kryspin-Exner,	Gur,	
&	Moser,	2009).	Aleman	and	Swart	(2008)	report	stronger	activation	in	the	IFG	and	
STS	in	men	than	women	in	response	to	faces	denoting	interpersonal	superiority.

A	different	 issue	is	whether	 the	gender	of	 the	person	we	observe	influences	us	
differently	depending	on	our	own	gender.	When	we	think	of	the	interpersonal	supe-
riority	effect	in	male	observers	as	reported	by	Aleman	and	Swart	(2008),	it	probably	
does.	 Except	 for	 very	 interesting	 work	 on	 gender	 stereotypes	 for	 different	 emo-
tions,	 this	question	is	hardly	explored	in	the	field	of	social	neuroscience.	Armony	
and	Sergerie	(2007)	studied	memory	for	fearful,	happy,	and	neutral	expressions	in	
relation	to	the	gender	of	the	observer.	They	report	that	the	hemispheric	laterality	of	
AMG	for	memory	of	facial	expressions	was	a	function	of	the	sex	of	the	subjects	and	
the	sex	of	the	faces	being	remembered.	The	left	AMG	was	more	active	for	success-
fully	remembered	female	fearful	faces	in	women,	whereas	in	men	the	right	AMG	
was	more	involved	in	memory	for	male	fearful	faces.	These	results	demonstrate	a	
subtle	relationship	between	the	observer	and	the	stimulus.

A	recent	study	by	Kret	et	al.	(2011a)	reveals	how	face-	and	body-specific	areas	are	
modulated	by	gender.	Two	event-related	FMRI	experiments,	using	an	oddball	task,	
were	used	to	record	female	and	male	participants’	brain	activity	while	they	observed	
videos	showing	fear,	anger,	or	neutral	signals	expressed	by	female	and	male	actors.	In	
the	first	experiment,	short	video	fragments	of	the	angry	and	neutral	expressions	were	
used,	in	the	second	fearful	and	neutral	expressions.	The	AMG	was	modulated	more	
by	facial	than	bodily	expressions.	FG	was	involved	in	processing	body	stimuli,	more	
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than	in	processing	faces.	Threatening	body	expressions,	whether	fearful	or	angry,	
modulated	 activity	 in	 hMT+/V5-EBA	 and	 the	 parietal	 and	 somatosensory	 cortex	
(which	may	play	a	role	in	action	understanding).	We	also	found	significant	influences	
of	the	gender	of	the	actors	and	of	the	observers.	A	higher	activation	of	EBA	and	STS	
was	 observed	 for	 threatening	 male	 versus	 female	 actors.	 Male	 observers	 showed	
more	 activation	 for	 threatening	 versus	 neutral	 bodies	 in	 many	 visual	 processing	
areas,	more	so	than	female	observers	and	especially	to	male	body	expressions.	These	
results	are	in	line	with	previous	studies	that	show	male	observers	are	more	reactive	to	
threatening	signals	than	female	observers	(Aleman	&	Swart,	2008).

Human	emotion	perception	depends	to	an	important	extent	on	whether	the	stimulus	
is	a	face	or	a	body	and	also	on	the	gender	of	the	observer	and	observed.	Therefore,	
these	gender	effects	can	also	be	seen	in	the	neurofunctional	mechanisms	of	emotion.

15.5.2  Personality differences

“Embodied	cognition,”	a	concept	that	has	recently	been	getting	a	lot	of	attention	in	
cognitive	science,	suggests	that	our	mind	and	thus	our	perception	is	shaped	as	much	
by	 our	 body	 and	 how	 we	 physically	 interact	 with	 the	 environment	 as	 by	 passive	
sensory	experience.	Increased	vigilance	and	enhanced	autonomic	activity	are	part	
of	an	adaptive	response	to	threat.	In	otherwise	healthy	individuals	this	can	become	
maladaptive	when	stress	is	too	great.	In	various	pathological	conditions	the	anxiety	
response	 is	disproportionate	 to	 the	stress,	either	because	of	a	misinterpretation	of	
threat,	or	because	of	hyper-	or	hyporesponsiveness	at	any	of	a	variety	of	points	in	the	
complex	network	of	neural	pathways	that	serve	the	stress	response.	Imaging	tech-
niques	offer	unique	opportunities	to	explore	the	neurofunctional	basis	of	personality	
differences	and	indeed	show	that	perceiving	emotions	is	greatly	regulated	by	top-
down	processes	being	different	from	person	to	person.

People	suffering	from	social	phobia	or	anxiety	generally	show	increased	AMG	
activity	when	confronted	with	 threatening	 faces	 (for	a	meta-analysis	 see	Etkin	&	
Wager,	2007).	However,	 the	role	of	the	AMG	in	depression	is	less	clear.	Whereas	
some	 studies	 report	 increased	 AMG	 response	 for	 threatening	 versus	 neutral	
expressions	 related	 to	depressive	symptoms	(Canli,	Cooney,	Goldin,	Shah,	Sivers,	
&	 Thomason,	 2005;	 Peluso,	 Glahn,	 Matsuo,	 Monkul,	 Najt,	 &	 Zamarripa,	 2009),	
others	 report	 a	 decrease	 in	 activity	 (Thomas,	 Drevets,	 Whalen,	 Eccard,	 Dahl,	 &	
Ryan,	2001),	or	no	difference	at	all	(Davidson	&	Dalton,	2003;	Lee,	Seok,	Lee,	Cho,	
Yoon,	&	Lee,	2008).	Several	studies	report	decreased	cortico-limbic	connectivity	in	
depression	in	response	to	emotional	stimuli	(Anand,	Li,	Wang,	Lowe,	&	Dzemidzic,	
2009;	Drevets,	1998;	Fossati,	Hevenor,	Graham,	Grady,	Keightley	&	Craik,	2003)	
but	antidepressant	treatment	shows	reciprocal	effects	(Anand,	Li,	Wang,	Gardner,	&	
Lowe,	2007).	Decreased	activation	in	the	anterior	cingulate	cortex	has	been	reported	
in	depression	as	well	(Davidson	&	Dalton,	2003;	Fossati	et	al.,	2003).

Recognition	 of	 another’s	 emotion	 does	 not	 suffice	 for	 proper	 communication.	
The	orbitofrontal	cortex	(OFC)	regulates	appropriate	social	responses (Kringelbach,	
O’Doherty,	 Rolls,	 &	 Andrews,	 2003;	 Rolls,	 2000).	 Socially	 anxious	 people	 are	
afraid	of	possible	scrutiny	and	negative	evaluation	by	others.	Not	surprisingly,	many	
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studies	find	an	overactive	frontolimbic	system	(including	OFC,	insula,	and	AMG)	
in	this	group	during	threat	perception	(Shah,	Klumpp,	Angstadt,	Nathan,	&	Phan,	
2009;	Straube,	Mentzel,	&	Miltner,	2005).	Moreover,	the	OFC	has	been	consistently	
involved	in	the	pathophysiology	of	major	depressive	disorder	and	bipolar	disorder	
(Davidson	&	Dalton,	2003;	Drevets,	2007).

People	 with	 type	 D	 (“distressed”)	 personality	 (21%	 of	 the	 general	 population)	
have	higher	scores	on	depression	and	anxiety	scales	(Denollet,	Schiffer,	Kwaijtaal,	
Hooijkaas,	Hendriks	&	Widdershoven,	2009).	They	suffer	from	emotional	distress	
(“negative	affectivity”),	which	they	consciously	suppress	(“social	inhibition”).	This	
personality	 type	is	associated	with	a	negative	prognosis	 in	disease	and	a	range	of	
somatic	effects.	A	recent	study	by	van	de	Riet	and	colleagues	(2009)	showed	a	corre-
lation	between	the	negative	affectivity	subscale	and	AMG	hypoactivation	for	fearful	
facial	and	bodily	versus	neutral	expressions.	So,	even	small	personality	differences	
in	the	normal	population	account	for	a	different	perception	of	threat.	However,	this	
study	focused	only	on	the	AMG	as	the	region	of	interest	and	neglected	other	possibly	
interesting	effects	that	could	have	been	detected	in	a	whole	brain	analysis.	Moreover,	
this	study	used	static	stimuli.

In	a	follow-up	study,	we	aimed	to	reveal	neural	correlates	of	type	D	personality	
and	perceiving	dynamic	threatening	facial	and	bodily	expressions.	We	observed	a	
negative	 correlation	 in	 the	 temporal	 pole	 and	 cingulate	 cortex	on	both	 subscales.	
Furthermore,	a	negative	correlation	was	observed	between	negative	affectivity	and	
activation	in	brain	areas	commonly	involved	in	emotion:	AMG,	FG,	insula,	STS,	and	
IFG.	The	right	OFC	correlated	negatively	with	social	inhibition.	Also	interesting	is	
the	relation	between	social	inhibition	and	increased	activation	following	threat	in	the	
anterior	intraparietal	sulcus,	left	TPJ,	STS,	right	IFG,	secondary	somatosensory	cor-
tex,	and	left	OFC.	These	regions	are	all	involved	in	the	action	goal	of	the	observed	
(see,	for	a	recent	meta-analysis,	Van	Overwalle	&	Baetens,	2009).	When	observing	
action,	we	need	to	take	the	other’s	perspective	which	we	do	by	activating	our	mir-
ror	 and	 mentalizing	 system.	 The	 mirror	 system	 (anterior	 intraparietal	 sulcus	 and	
PM)	is	engaged	in	perceiving	and	executing	motions	of	body	parts	and	is	important	
for	understanding	action	and	emotion	(Rizzolatti	&	Craighero,	2004).	TPJ	plays	an	
important	 role	 in	 our	 mentalizing	 system	 and	 computes	 the	 orientation	 or	 direc-
tion	of	the	observed	behavior	to	predict	its	goal	(Van	Overwalle	&	Baetens,	2009).	
Observing	as	well	as	imitating	facial	expressions	activates	the	IFG	(Carr,	Iacoboni,	
Dubeau,	Mazziotta,	&	Lenzi,	2003).	People	who	tend	to	inhibit	socially	are	likely	to	
overactivate	the	mirror	and	mentalizing	system.

Taking	 the	 other’s	 perspective	 is	 not	 enough;	 we	 need	 to	 empathize	 and	 rea-
son	how	to	act.	The	OFC	is	connected	with	areas	that	underlie	emotional	function	
and	 empathy	 (Hynes,	 Baird,	 &	 Grafton,	 2006)	 and	 interprets	 somatic	 sensations	
(Bechara,	 Damasio,	Tranel,	 &	Anderson,	 1998)	mediated	 by	 internally	generated	
somatosensory	representations	that	simulate	how	the	other	person	would	feel	when	
displaying	an	emotion	(Adolphs,	2002).	Without	these	representations,	appropriate	
reactive	behavior	would	be	difficult.	Rauch,	Savage,	Alpert,	Miguel,	Baer,	and	Breiter	
(1995)	used	positron	emission	 tomography	(PET)	 to	measure	 the	changes	 in	right	
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cerebral	blood	flow	in	phobic	patients	provoked	by	exposure	 to	 the	 feared	object.	
They	 observed	 significant	 increases	 during	 the	 symptomatic	 compared	 with	 the	
control	state	in	OFC	and	somatosensory	cortex.	The	complex	connections	between	
the	OFC	and	areas	involved	in	emotion	suggest	implications	for	its	role	in	anxiety	
disorders	(Fischer,	Andersson,	Furmark,	&	Fredrikson,	1998).	We	hypothesize	that	
people	with	high	scores	on	social	inhibition	prefer	to	avoid	social	situations	because	
it	gives	them	too	much	cognitive	stress.

15.6  Perceiving interactions

Trying	to	get	additional	information	going	from	static	to	dynamic	facial	and	bodily	
expressions,	including	a	context	and	taking	into	account	gender	stereotypes,	there	is	
another	step	to	take	to	get	to	even	more	naturalistic	situations.	This	is	the	perception	
of	a	person	interacting	with	another	person.	The	interplay	between	them	can	inform	
us	about	their	relationship.

In	 previous	 stimuli	 creation,	 actors	 always	 looked	 into	 the	 camera.	 Therefore,	
an	emotional	expression	had	an	immediate	impact	on	the	observing	participant.	In	
a	direct	confrontation,	it	makes	sense	that	you	want	to	react	immediately.	But	what	
happens	when	the	threat	is	not	directed	toward	you?	This	question	has	been	stud-
ied	recently	by	Sinke	et	al.	(2010).	In	this	study,	we	wanted	to	investigate	how	the	
brain	reacts	 to	a	situation	 that	 is	 threatening	for	one	of	 the	 two	persons	 involved.	
For	this	study,	we	created	3-s	videoclips	in	which	a	male	actor	grabbed	the	handbag	
of	a	female	actor.	He	did	this	either	in	a	very	aggressive	way	whereby	the	woman	
expressed	fear,	or	in	a	teasing	way,	as	if	the	two	knew	each	other.	The	actors	faced	
each	other	and	did	not	look	toward	the	observer.	When	you	walk	on	the	street	you	
may	have	your	thoughts	on	an	upcoming	deadline	instead	of	on	the	people	on	the	
other	side	of	the	street.	Will	you	then	still	be	able	to	recognize	a	threat?

To	investigate	this	second	question,	three	small	dots,	presented	only	for	40	ms,	
were	added	to	each	movie.	Participants	in	the	first	task	had	to	look	explicitly	to	the	
bodies	and	categorize	the	situation	as	threatening	or	teasing.	In	the	other	task	condi-
tion,	 they	had	 to	monitor	 the	 randomly	appearing	dots	 and	categorize	 their	 color.	
Results	showed	first	of	all	that	the	AMG	showed	heightened	activation	for	the	threat-
ening	interactions	as	compared	to	the	teasing	ones.	The	AMG	seems	to	act	as	some	
kind	 of	 warning	 signal	 and	 possibly	 passes	 information	 through	 to	 other	 regions.	
Also,	during	unattended	threat,	more	processing	took	place	in	body-sensitive	visual	
regions	 in	FG,	middle	occipitotemporal	 gyrus,	 and	STS	 than	 teasing	 interactions.	
Furthermore,	this	heightened	activation	for	unattended	threat	was	paired	with	better	
behavioral	performance	on	the	dot	task	during	threatening	interactions.	It	seemed	as	
if	the	threat	heightened	their	attention	and	because	the	dots	were	always	placed	some-
where	on	the	bodies,	they	were	able	to	perceive	them	better.	Another	finding	was	that	
although	the	threat	was	clearly	not	directed	toward	the	observer,	regions	known	to	
be	involved	in	action	observation	(IFG,	TPJ,	and	inferior	parietal	lobe)	and	prepa-
ration	(PM,	putamen)	showed	increased	activation	for	threat.	In	conclusion,	bodily	
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expressions	are	easily	recognized	even	though	your	attention	is	not	explicitly	on	the	
situation	and	the	threat	is	not	directed	toward	you,	which	has	high	survival	value.

15.7  Bodies processed without attention and visual awareness

Studies	 with	 hemianopia	 patients	 have	 shown	 that	 perception	 or	 recognition	 of	
bodily	expressions	does	not	require	full	attention.	Patients	with	striate	cortex	lesions	
or	an	attentional	disorder	can	react	to	a	visual	stimulus	even	though	they	have	not	
consciously	seen	it.	Patients	with	left	hemispatial	neglect	due	to	a	lesion	in	the	right	
parietal	cortex	fail	to	direct	attention	to	stimuli	in	their	left	visual	field.	However,	
when	the	stimulus	is	an	expressive	in	contrast	to	a	neutral	face	or	body	or	a	neutral	
object,	they	are	better	able	to	perceive	it.

The	clearest	example	of	being	able	to	process	emotional	signals	has	been	given	
by	patients	with	 lesions	 to	 their	 primary	visual	 cortex	 (V1).	Under	 stringent	 test-
ing	conditions,	they	were	able	to	discriminate	between	visual	properties	of	stimuli	
they	 could	 not	 consciously	 see.	 This	 phenomenon	 is	 called	 “blindsight.”	 Later,	 it	
was	 shown	 that	 they	 were	 also	 able	 to	 guess	 correctly	 the	 emotional	 valence	 of	
facial	stimuli	presented	 in	 their	blind	visual	field,	so-called	“affective	blindsight”	
(de	Gelder,	Vroomen,	Pourtois,	&	Weiskrantz,	1999).	In	 the	first	behavioral	study	
only	moving	stimuli	but	not	still	images	of	facial	expressions	appeared	to	support	
affective	blindsight.	If	movement	were	the	critical	aspect	to	support	nonconscious	
discrimination	of	different	emotional	expressions,	one	would	expect	blindsight	also	
for	other	attributes	that	rely	on	movement.	However,	blindsight	was	only	observed	
for	emotional	facial	expressions	and	not	facial	speech	(de	Gelder,	Vroomen,	Pourtois,	
&	Weiskrantz,	2000).	Other	facial	attributes	such	as	personal	identity	or	gender	were	
also	tested	with	negative	results,	suggesting	that	neither	movement	nor	nonemotional	
facial	attributes	are	per	se	determinants	of	the	phenomenon.

More	directly,	in	later	research	affective	blindsight	also	emerged	very	clearly	
when	 still	 images	 of	 facial	 expressions	 were	 used,	 especially	 when	 tested	 with	
indirect	 methodologies	 (Anders,	 Birbaumer,	 Sadowski,	 Erb,	 Mader	 &	 Grodd,	
2004;	Pegna,	Khateb,	Lazeyras,	&	Seghier,	2005).	Still	unknown	is	whether	affec-
tive	blindsight	is	induced	by	nonconscious	processing	of	overall	face	configura-
tion	or	by	individual	key	features.	There	is	evidence	that	the	eye	region	is	most	
salient	in	conveying	emotion	information,	and	that	the	most	ancient	parts	of	our	
visual	and	emotion	systems	in	the	brain	seem	tuned	to	detect	this	simple	signal	
rather	 than	 the	whole	 face	configuration	 (Kim	et	al.,	2004;	Morris,	deBonis,	&	
Dolan,	2002).

Aside	from	facial	expressions,	other	stimulus	categories	have	been	used	to	test	
whether	affective	blindsight	could	be	extended	to	other	stimuli.	Thus	far,	the	most	
studied	categories	are	affective	scenes	and	bodily	expressions.	Generally,	negative	
results	 have	 been	 reported	 for	 scenes,	 suggesting	 that	 the	 appraisal	 of	 the	 emo-
tional	content	of	complex	pictures	requires	cognitive	and	semantic	processing	that	
depends	on	conscious	visual	perception	(de	Gelder,	Pourtois	&	Weiskrantz,	2002).	
On	the	other	hand,	behavioral	and	neuroimaging	results	have	shown	that	affective	
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blindsight	for	bodily	expressions	may	be	at	least	as	clearly	established	as	that	previ-
ously	reported	for	facial	expressions,	and	sustained	by	a	partly	overlapping	neural	
pathway	(de	Gelder	&	Hadjikhani,	2006).	This	implies	that	implicit	processing	of	
emotions	in	blindsight	is	nonspecific	for	faces	but	specific	for	biologically	primitive	
emotional	expressions	in	general.

15.8  Conclusion

There	are	important	similarities	and	differences	in	the	neurofunctional	basis	of	faces	
and	bodies.	Both	are	very	strong	cues.	They	grab	our	attention	and	can	even	be	pro-
cessed	without	attention	and	visual	awareness.	Whereas	it	 is	widely	accepted	that	
the	FG	plays	a	role	in	the	perception	of	emotions,	whether	from	the	face	or	body,	
emotional	modulation	of	the	EBA	is	still	under	discussion.	The	scene	in	which	we	
perceive	emotions	can	facilitate	our	recognition,	and	the	presence	of	other	people	
expressing	the	same	emotion	naturally	helps	us	perceive	another’s	emotion	correctly.	
Moreover,	in	a	natural	social	scene,	we	see	people	interacting	with	each	other.	The	
perception	of	emotions	is	not	a	pure	bottom-up	process.	Several	top-down	processes	
such	as	knowledge	of	the	social	situation,	gender,	and	personality	type	play	a	role	
as	well.	 In	real	 life,	people	express	 their	emotions	 in	a	dynamic	way.	This	move-
ment	component	adds	information,	thereby	facilitating	recognition.	To	conclude,	the	
perception	of	emotion	is	not	so	straightforward	and	involves	many	different	kinds	
of	processes.
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16.1  Introduction

One	of	the	principal	motives	for	making	any	measurement	is	 to	provide	objective	
evidence	on	which	decisions	of	conformity	of	entities	of	any	kind	(product,	service,	
etc.)	to	specifications	can	be	based.	This	chapter	deals	with	decisions	of	conformity	
based	on	measurements	specifically	with	persons,	either	where	measurements	are	
made	of	a	person	or	where	a	person	can	be	considered	as	a	measurement	instrument.	
A	 brief	 introduction	 to	 conformity	 assessment	 is	 followed	 by	 two	 main	 sections,	
dealing,	 respectively,	 with	 uncertainty	 and	 with	 the	 treatment	 of	 risk	 assessment	
associated	with	uncertainties	when	making	decisions.

Special	aspects	of	measurements	with	persons	include	the	complexity	of	the	subject	
of	measurement,	ranging	from	objective	to	more	subjective	measures	and	including	
perception,	 interpretation,	 and	 cognition.	 Uncertainties,	 which	 are	 often	 apprecia-
ble,	need	to	be	accounted	for	in	multivariate	measurement,	exposure/	stimulus,	and	
hazard/response.	Variability	 is	 relatively	 large,	both	 for	each	 individual	as	well	as	
between	different	individuals.	Basic	concepts	of	quality-assured	measurement	famil-
iar	in	“traditional”	metrology	in	engineering	and	physics,	such	as	traceability	to	ref-
erence	 standards	 and	 measurement	 uncertainty,	 can	 nevertheless	 be	 applied	 when	
measuring	humans,	as	has	been	explored	in	one	of	the	main	thrusts	of	the	EU	project	
MINET	(2009).	Indeed	such	concepts	of	quality-assured	measurement	are	essential	
in	any	situation—such	as	health	care	and	in	the	control	room—where	a	human	being	
can	often	be	the	most	critical	or	the	weakest	link	in	the	overall	measurement	system.

The	 MINET	 network	 has	 the	 ambition	 to	 advance	 the	 measurement	 of	 multi-
dimensional	phenomena	 that	are	mediated	by	human	interpretation	or	perception,	
to	be	able	to	advance	the	frontiers	of	the	science	of	measurement,	and	to	respond	to	
future	requirements	for	measuring	properties	such	as	comfort,	naturalness,	perceived	
quality,	feelings,	body	language,	and	consciousness.	At	the	same	time,	one	is	aware	
of	and	is	trying	to	bridge	the	gap	between	an	engineering	tradition	which	is	criti-
cized	for	a	far	too	instrumental	view	of	operators	and	the	humanistic	and	behavioral	
science	tradition	all	too	preoccupied	with	issues	centered	on	human	operators.	The	

16
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MINET	network	consists	of	a	unique	mix	of	physicists,	engineers,	medical	scien-
tists,	neurologists,	psychologists,	and	sociologists	(EU	NEST,	2007).

MINET	 is	 investigating	how	”generic”	metrological	 issues	of	 (1)	measurement	
concepts	and	terminology,	(2)	measurement	techniques,	(3)	measurement	uncertainty,	
and	(4)	decision	making	and	impact	assessment	can	be	applied	specifically	to	measure-
ment	of	persons	in	terms	of	man	as	a	measurement	instrument	and	measuring	man.	
This	has	been	studied	among	others	in	a	series	of	MINET	Think	Tanks	(2009)	and	
presented	in	an	Internet-based	online	MINET	Repository	(2009).

Conformity	assessment	provides	confidence	that	requirements	have	been	met	and	is	
often	essential	for	reasons	of	public	interest,	public	health,	safety,	and	order,	protection	
of	the	environment,	the	consumer	and	in	ensuring	fair	trade.	Assessment	is	often	based	
on	measurement	data	(EU	Commission,	2004,	2005,	2006;	Codex	2004).	Measure-
ments	with	persons,	either	where	measurements	are	made	of	a	person	or	where	a	per-
son	can	be	considered	as	a	measurement	instrument,	are	the	focus	of	this	chapter.

Measurement	and	testing	of	entities	provide	valuable,	often	quantitative,	evidence	
on	which	decisions	of	conformity	can	be	based.	Many	tests	are,	however,	made	in	
practical	situations	where	time	and	resources	are	limited.	A	balance	has	to	be	struck	
between	expenditure	on	inspection	and	the	potential	costs	associated	with	various	
risks,	to	both	the	supplier	and	customer,	associated	with	incorrect	decisions	arising	
from	limited	measurement	accuracy	and	test	uncertainties	(ILAC,	1996;	Williams	&	
Hawkins,	1993;	Thompson	&	Fearn,	1996;	AFNOR,	2004;	Pendrill,	2007).

Two	main	sections	of	 this	chapter	deal,	 respectively,	with	uncertainty	 (Section	
16.2)	and	with	the	treatment	of	risk	assessment	associated	with	uncertainties	when	
making	decisions	(Section	16.3).	A	discussion	in	terms	of	utility	of	common	rules	
in	conformity	assessment	based	on	measurement	 is	given.	The	methodology	 is	of	
general	applicability	but	is	illustrated	in	the	present	work	with	examples	when	mea-
surements	and	decisions	are	made	with	persons.	Optimum	strategies	for	the	supplier	
are	illustrated	in	terms	of	minimizing	production	and	testing	costs,	while	at	the	same	
time	maintaining	satisfactory	levels	of	customer	satisfaction.

The	application	of	a	unified	approach	is	a	step	toward	establishing	clearer	pro-
cedures	 for	 setting	and	specifying	 tolerances	and	associated	uncertainties,	 and	 in	
facilitating	acceptance	of	conformity	by	both	customer	and	supplier,	even	in	mea-
surements	of	perception	and	cognition.

16.2  Measurement of human performance and reliability

The	presence	of	a	human	operator	can	be	a	major	factor	in	determining	the	over-
all	performance	and	reliability	of	a	measurement	system.	It	is	therefore	impor-
tant	to	describe,	measure,	assess	conformity,	and	improve	the	performance	and	
reliability	of	a	human	as	an	essential	component	in	any	system,	alongside	other	
key	components.

The	performance	capability	and	reliability	of	a	human	as	a	component	of	a	mea-
surement	system	can	be	described	in	ways	somewhat	similar	to	the	description	of	
other	key	components	of	 the	system.	The	classic	model	of	a	measurement	system	
(MSA,	1995)	is	shown	in	Figure 16.1,	where	the	object	is	the	entity	to	be	measured;	
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and	a	human	operator	monitors	and	controls	the	object	by	interpreting	information	
signals	from	the	object	communicated	via	a	measurement	instrument.	These	three	
basic	elements—object,	instrument,	and	operator—can	all	be	influenced	in	different	
ways	 by	 the	 actual	 environment	 of	 measurement	 as	 well	 as	 the	 chosen	 measure-
ment	method.

The	same	basic	measurement	system	model	can	also	be	applied	in	assessing	the	
capability	and	reliability	of	a	human,	by	introducing	man	as	one	or	other	of	the	basic	
elements	of	the	system.	A	useful	distinction	in	measurements	concerning	humans	is	
to	either	view	a	human	as	the	object	one	makes	measurements	on	or	as	a	measure-
ment	instrument:

•	 Measuring Man: Measures	 of	 human	 body	 language	 and	 consciousness	
can	be	important	factors	in	assessing	human	performance	and	reliability,	in	
other	words,	human	alertness,	stress,	and	health	(Section	16.2.1).

•	 Man as Measurement Instrument: Human	performance	and	reliability	can	
be	understood	in	terms	of	human	perception	of	one’s	surroundings	in	terms	
of	 perceived	 comfort,	 naturalness,	 quality,	 feelings,	 and	 so	 on—human	
awareness	(Section	16.2.2)—in	creating	and	maintaining	a	correct	mental	
model	of	the	system.

In	this	chapter,	we	use	this	distinction	repeatedly	and	describe	these	two	cases	in	the	
following	sections.

16.2.1  Measuring man

In	 the	 case	 of	 measuring man,	 the	 measurement	 object	 in	 the	 measurement	 sys-
tem	 (Figure  16.2)	 is	 a	 person	 and	 one	 often	 aims	 to	 assess	 human	 performance,	
health,	and	reliability.	This	covers	disciplines	that	include	physiology,	psychology,	
psychophysics,	psychometrics,	and	sociology.	In	making	measurements	on	man	him-
self,	for	instance	when	attempting	to	assess	the	performance	of	an	individual	in	a	
control	room,	a	wide	range	of	measurement	techniques	can	be	employed,	from	func-
tional	magnetic	resonance	imaging	(fMRI)	of	brain	activity	to	self-reporting	from	
the	human	measurement	object	himself.	With	all	 the	complexity	 this	 implies	and	

Environment

Instrument

Method

Object Operator

Figure 16.1 Man	as	the	operator	in	a	measurement	system.
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where	the	measurement	object	may	react	differently	each	time	the	measurement	is	
made,	uncertainties	can	in	many	cases	be	expected	to	be	appreciable.

Table 16.1	summarizes	different	categories	of	uncertainty	in	perceptive	measure-
ment.	Measurement	uncertainty	will	often	be	a	dominant	factor,	as	an	essential	factor	
for	quantifying	the	quality	of	the	measurements	and	in	making	decisions	of	confor-
mity,	and	reflecting	limitations	in	measurement	knowledge.	On	the	other	hand,	haz-
ard	(or	response)	uncertainty	can	be	a	main	concern	when	measuring	man.

16.2.1.1  Example: Different measurements of human fatigue

Fatigue	is	highly	relevant	for	operators	as	a	parameter	when	measuring	man.	In	a	
recent	 study	of	driver	alertness	 in	a	vehicle	 (Schleicher,	Galley,	Briest,	&	Galley,	

Environment

Instrument

Method

Object Operator

Figure 16.2 Measuring	man.

Table 16.1 Information	and	measurement

Element Person Uncertainty Information Communication

Object Measuring	
man

Hazard	and	
exposure

“Ambiguity”:	
nonspecific,	
one-to-many	
relation,	variety,	
generality,	
diversity,	and	
divergence

Act	of	measurement	
(or	more	generally	
of	transmitting	a	
message)	will	reduce	
our	ignorance	or	
uncertainty

Instrument Man	as	
instrument

Measurement “Vagueness”:	
fuzziness,	
unclearness,	
indistinctness,	etc.

Uncertainty	reflects	
certain	loss	of	
information	when	
communicating	
message	from	
transmitter	to	receiver

Operator Man	as	
operator

Measurement Lack	of	knowledge	
or	skill

Act	of	measurement	
will	reduce	our	
ignorance	or	
uncertainty—Bayes’	
theorem
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2008),	 two	 different	 measurement	 methods	 were	 employed	 to	 gauge	 the	 level	 of	
fatigue.	In	addition	to	a	self-assessment	by	the	driver	of	his	own	level	of	alertness	at	
various	times	during	a	particular	drive,	a	novel	measurement	technique	was	used,	
involving	video	monitoring	of	 the	eye	movements,	 including	blinks	and	saccades.	
When	comparing	the	measurement	results	from	two	methods	such	as	 in	 this	case	
(Schleicher	et	al.,	2008),	it	is	important	in	assessing	apparent	differences	in	alertness	
estimates	obtained	by	the	two	methods	to	ensure	that	each	method	can	be	traced	to	
common	reference	standards.	In	addition,	it	is	difficult	to	judge	the	significance	of	
any	differences	in	results	of	the	two	methods	unless	measurement	uncertainties	for	
both	sets	of	measurement	results	are	not	only	calculated	and	displayed	in	any	com-
parative	presentation	but	also	interpreted	in	terms	of	consequence	and	impact.

16.2.1.2  Example: Risks of exposure and toxicity 
in measurements with persons

An	 example	 of	 conformity	 assessment	 when	 measuring	 man	 concerns	 the	 case	
where	uncertainties	in	levels	of	exposure	and	in	levels	of	toxicity	have	to	be	weighed	
together	 in	 assessing	 overall	 risks	 when	 making	 measurements	 with	 persons.	 In	
such	cases,	as	illustrated	in	Figure 16.3,	estimates	of	the	probability	risk	of	exposure	
are	plotted	together	with	 the	predicted	 increase	 in	risk	of	 toxicity	with	 increasing	
	exposure/dose.	 The	 dotted	 lines	 beside	 each	 main	 curve	 in	 Figure  16.3 represent	
the	estimated	uncertainties	in	each	cumulative	probability	curve	for	exposure	and	
toxicity.	The	overall	impact	on	human	health	is	determined	by	a	combination	of	the	
risk	of	exposure	and	the	risk	of	toxicity	for	each	level	of	exposure.	We	return	below	
(Section	16.3.2)	to	a	general	approach	to	introducing	measures	of	impact	and	risk	in	
conformity	assessment	in	measurements	with	man.

10

1 Risk of
Exposure

Risk of
Toxicity

0.1Pr
ob

ab
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 (%

)

0.01
0.0001 0.001 0.01
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Figure 16.3 Plotting	the	risk	of	exposure	against	the	risk	of	toxicity	over	a	range	of	exposure	
levels.	Reproduced	from	van	der	Voet	and	Slob	(2007),	with	permission.
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16.2.2  Man as a measurement instrument

The	 instrument	 in	 the	 measurement	 system	 (Figure  16.4)	 can	 in	 some	 cases	 be	
replaced	 by	 a	 person	 as	 is	 of	 interest,	 for	 instance,	 when	 aiming	 to	 understand	
human	performance	and	reliability	as	a	critical	element	in	any	system.	An	example	
of	the	latter	is	a	series	of	paintings	of	the	Houses	of	Parliament	in	London	made	by	
the	famous	artist	Monet	(Baker	and	Thornes	2006):	a	comparison	with	actual	instru-
mental	measurements	of	the	appearance	and	profile	of	the	buildings	reveals	some	
considerable	variation	in	Monet’s	perception,	both	from	painting	to	painting	but	also	
with	reality!	Measurement	uncertainty	is	a	prime	issue	when	the	person	is	himself	
acting	as	a	measurement	instrument.

When	 man	 is	 the	 measurement	 instrument,	 we	 have	 exchanged	 the	 traditional	
measurement	instrument,	which	often	is	considered	as	objective,	with	a	subjective	
human	and	perception	with	the	five	senses.	Measured	quantities	include	perceived	
comfort,	naturalness,	quality,	feelings,	and	human	awareness.	An	extra	dimension	is	
that	the	human	instrument	(as	with	the	human	object	above)	might	be	highly	variable	
with	time	and	it	will	sometimes	be	difficult	to	repeat	measurements	under	similar	
conditions.	In	this	type	of	work,	the	calibration	of	the	perceived	intensity	of	vari-
ous	stimuli	might	be	challenging	(Berglund	and	Harju,	2003),	although	there	 is	a	
long	tradition	in	some	areas,	such	as	in	vision	and	hearing,	of	quality-assured	mea-
surement	in	photometry	and	acoustics,	respectively,	where	explicit	allowance	for	the	
human	physiological	response	is	already	included.

16.2.2.1  Example: Operator reaction time

In	a	control	room,	a	human	may	well	intervene	by	taking	the	role	of	a	measure-
ment	instrument	in	measuring	a	particular	characteristic	of	an	object	to	be	studied	
(such	as	 the	system	to	be	controlled	or	 the	display	of	an	instrument	 in	a	control	
panel	console).

One	example	 is	measurement	and	assessment	of	human	performance	 response	
time	in	the	case	of	a	signaler’s	intervention	in	a	rail	incident	in	the	United	Kingdom.	
Despite	being	identified	in	the	incident	investigation	as	a	major	factor,	more	recent	

Environment

Measurement
Method

Object Operator

Figure 16.4 Man	as	a	measurement	instrument.
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research	(Stanton	and	Baber,	2008)	has	shown	that	the	18-second	response	time	of	
the	signaler	is	in	no	way	exceptionally	long	and	that	there	is	a	wide	variability	of	
human	response	times	when	interpreting	and	acting	on,	for	example,	alarm	signals	
on	 instrument	 displays	 among	 different	 individuals	 and	 under	 different	 circum-
stances.	In	such	cases,	key	factors	indicating	the	level	of	quality	of	measurement,	
such	as	measurement	method	accuracy	and	measurement	uncertainty	when	deter-
mining	human	reaction	times,	can	be	crucial	in	making	objective	and	correct	deci-
sions	of	conformity.

16.2.2.2  Example: Risks in nuclear waste storage

A	panel	of	experts	was	asked	to	estimate	the	overall	probability	for	a	certain	event	with	
increasing	values	of	an	influence	parameter	x	in	estimating	the	risks	with	long-term	
nuclear	waste	storage	(Helton,	Johnson,	Sallaberry,	&	Storlie,	2006).	As	noted	by	these	
authors,	the	experts	did	not	necessarily	have	to	formulate	estimated	probability	distri-
bution	functions	(PDF)	but	only	how	the	cumulative	probabilities	(CDF)	vary	in	their	
judgment.	An	acceptable	procedure	is	then	to	take	an	average	of	the	different	operat-
ing	characteristic	curves	for	the	various	experts	in	order	to	get	a	consensus	value.

The	tool	can	also	be	employed	when	uncertainties	are	based	not	on	probability	
theory,	but	also	on	evidence	theory	(plausibility	and	belief)	and	possibility	theory	
(possibility	and	necessity)	(Helton	et	al.,	2006).	Curves	such	as	shown	in	Figure 16.5	
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Figure  16.5 Operating	 characteristics	 judged	 on	 a	 number	 of	 experts.	 Reproduced	 from	
Helton	et	al.	(2006),	with	permission.
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(called	operating	characteristics	or	power	curves	in	traditional	statistical	significance	
testing;	Montgomery,	1996)	arise	where	there	is	a	distribution—either	intrinsic	or	
apparent—in	quantity	values;	without	such	a	distribution,	associated,	for	example,	
with	uncertainty	due	to	a	less	than	complete	knowledge	of	exact	response	or	exact	
level	of	exposure,	probabilities	would	show	sharp	limits	where,	for	instance,	the	risk	
of	exposure	would	fall	abruptly	to	zero	at	a	particular	exposure	level.

An	account	of	statistical	significance	testing	(Montgomery,	1996),	including	the	
derivation	of	operating	characteristics	(power	curves)	from	probability	distribution	
functions,	is	deferred	to	later	in	this	chapter	(Section	16.3).

16.2.3  Measurement scales and measurement uncertainty in perception

With	measurement	techniques	so	diverse,	ranging	from	fMRI	to	self-reporting,	and	
from	objective	to	more	subjective	judgments,	perceptive	measurements	cover	a	large	
variety	of	classes.	In	order	to	treat	these	measurements	correctly	there	is	a	variety	
of	 scales:	 ordinal,	 interval,	 and	 ratio	 (nominal	 scales	 are	 not	 usual	 referred	 to	 as	
measurement).	For	the	different	scales	there	are	different	permissible	operations	and	
different	appropriate	statistics.

Much	effort	has	been	expended	in	the	metrology	community	over	the	past	decade	
or	 so	 in	 giving	 guidance	 about,	 and	 harmonizing	 how	 to	 evaluate,	 measurement	
uncertainty	(JCGM	100,	2008).	Any	measurement	system	(consisting	of	an	instru-
ment,	operator,	method,	environment,	and	the	object	itself,	as	shown	in	Figure 16.1)	
is	not	perfect	and	errors	caused	by	limitations	in	the	quality	of	the	particular	mea-
surement	 system	at	hand	can	affect	 the	 result	of	 any	measurement.	Measurement	
uncertainty	here	refers	to	situations	where	time	and	resources	are	limited	so	that	not	
all	measurement	errors	are	fully	evaluated	and	corrected	for;	that	is,	limited	measure-
ment	quality	can	lead	to	an	apparent	variability	in	measurement	data.	Measurement	
uncertainty	can	be	evaluated	in	different	ways,	with	probability	theory	being	one	of	
the	dominant	schools.	Special	aspects	of	the	evaluation	of	measurement	uncertainty	
with	persons	include	subjectivity	and	that	uncertainties,	which	are	often	appreciable,	
need	 to	 be	 accounted	 for	 in	 multivariate	 measurement	 (Emardson,	 Jarlemark,	 &	
Floberg,	2005;	van	der	Heijden	&	Emardson,	this	volume).

Apart	 from	measurement	uncertainty,	other	 forms	of	uncertainty	will	be	of	
concern	 in	 general	 conformity	 assessment.	 For	 instance,	 in	 making	 decisions	
of	 conformity	 about,	 say,	 environmental	 exposure	 of	 persons	 to	 some	 stimu-
lus	(noise,	poison,	etc.),	 there	will	be	uncertainties	both	 in	 the	actual	 levels	of	
exposure	and	of	potential	hazards	that	certain	levels	of	exposure	can	mean	for	
persons,	which	may	of	course	vary	 from	case	 to	case	and	 from	person	 to	per-
son,	as	exemplified	above	(Section	16.2.1.2).	In	measurements	with	persons	it	is	
important	to	distinguish	between	uncertainties	in	the	actual	levels	of	exposure	
and	hazard	and	between	these	and	measurement	uncertainties	 in	each	of	 these	
quality	characteristics.

Various	kinds	of	uncertainty	can	be	regarded	as	examples	of	a	more	general	treat-
ment	of	information	theory,	as	summarized	in	Table 16.1.	In	a	probabilistic	approach	
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to	measurement	uncertainty,	it	is	interesting	to	note	in	the	context	of	measurements	
with	persons	that	use	of	Bayes’	theorem	allows	the	inclusion	of	prior	measurement	
knowledge	by	the	operator,	in	which	the	actual	measurement	enables	an	updating	of	
knowledge	about	 the	measurement	value.	Prior	knowledge	complements	a	regular	
statistical	frequentist	kind,	by	adding	a	more	experience-based	evidence	(where	cor-
responding	methods	of	evaluation	of	measurement	uncertainty	are	 termed	type	A	
and	type	B,	respectively,	in	the	GUM	approach).

Accepting	that	uncertainty	of	all	kinds	is	often	associated	with	limited	communi-
cation	of	information,	Klir	and	Folger	(1988)	emphasize	that	to	deal	adequately	with	
uncertainty	in	human	communication,	 it	 is	necessary	to	account	for	 three	aspects	
of	information:

Syntactic:	Relationship	among	signs	employed	for	communication
Semantic:	Relationship	between	signs	and	 the	entities	 for	which	 they	stand,	

that	is,	meaning	of	signs
Pragmatic:	Relationship	between	signs	and	their	utility

As	discussed	in	the	context	of	conformity	assessment	and	decision	making	(Section	
16.3.2),	 it	has	been	 found	useful	not	only	 to	employ	syntactic	and	semantic	 types	
of	information,	but	also	to	include	pragmatic	measures	of	utility	in	assessing	risks	
associated	with	uncertainty.

16.3  Conformity assessment and measuring man

The	aim	of	conformity	assessment	of	a	type	of	entity	is	to	assess	conformance	of	
actual	values	of	a	characteristic	with	respect	 to	specification	limits	(Montgomery,	
1996;	Joglekar	2003).	Dispersion	in	characteristic	entity	values	will	be	due	to	actual	
variability	in	the	manufacturing	process	when	the	product	is	made.	Subsequent	entity	
variability	will	be	due	to	wear	and	tear	during	the	product	lifetime.

The	various	tools	of	statistics	can	be	used	in	different	ways	in	conformity	assess-
ment;	they	can	be	used	to	describe	actual	variability	as	well	as	enable	modeling	of	
probable	variability.	Such	statistical	modeling	is	useful	in	cases	where	actual	vari-
ability	is	not	known,	where	prior	knowledge	needs	to	be	included,	and	when	predic-
tions	are	made	in	advance	in	order	to	plan	for	measurements	in	the	best	way.

In	evaluating	production	variations	of	quantity	η = X in	 the	entity	(or	product)	
space,	measurements	made	multilaterally	might	be	on	repeated	items	in	a	production	
process	or	by	taking	a	sample	of	the	population	of	items	subject	to	conformity	assess-
ment.	The	corresponding	probability	distribution	function	PDF,	gentity(x),	will	have	a	
form	determined	ideally	(in	the	absence	of	measurement	or	sampling	uncertainty)	by	
the	intrinsic	quantity	variations	of	prime	interest	in	conformity	assessment.

Measurement	quality	variations,	expressed	with	a	measurement	uncertainty	PDF	
gtest,	may	partially	mask	observations	of	actual	entity	dispersion.	As	such,	measure-
ment	variability	is	just	one,	and	it	is	hoped,	a	relatively	minor,	source	of	uncertainty	
that	 needs	 to	 be	 accounted	 for	 when	 making	 decisions	 of	 conformity.	 A	 general	
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challenge	 is	 to	 find	 methods	 that	 can	 be	 used	 reliably	 to	 separate	 these	 different	
variability	components.	Uncertainties	associated	with	entity	variability	and	stimu-
lus	variability	will	often	be	of	dominant	concern.	Overall	decisions	of	conformity	
will	need	to	account	for	each	of	these	different	kinds	of	uncertainty	in	order	to	assess	
commensurate	risks	correctly	(van	der	Voet	and	Slob,	2007).

Independently	of	whether	conformity	assessment	is	made	of	objects	or	persons,	
it	 is	 important	 to	specify	 the	assessment	 target	as	clearly	as	possible:	global	con-
formity	denotes	the	assessment	of	populations	of	typical	entities,	whereas	specific	
conformity	assessment	refers	to	inspection	of	single	items	or	individuals	(Rossi	and	
Crenna,	2006).	Specification	limits	are	often	set	in	conformity	assessment	on	actual	
values	of	a	characteristic	of	a	type	of	entity.

16.3.1  Uncertainties and risks of incorrect decision making

An	important	factor	in	making	decisions	of	conformity	assessment	is	to	allow	for	
the	risks	of	incorrect	decision	making	arising	from	uncertainty.	Test	results	clearly	
inside	or	outside	the	regions	of	permissible	values	can	lead	readily	to	unambiguous	
decisions	about	conformity	or	nonconformity.

Uncertainty	can	lead	to:

•	 Correctly	conforming	human	operators	being	incorrectly	failed	on	inspection
•	 Nonconforming	human	operators	being	incorrectly	passed	on	inspection

particularly	 when	 a	 test	 result	 is	 close	 to	 a	 specification	 limit.	 As	 shown	 in	
Figure 16.6(a),	a	test	result,	apparently	within	limits,	might	actually	be	nonconform-
ing	 in	as	much	as	 the	 tail	of	 the	probability	distribution	 function	extends	slightly	
beyond	the	limit.	An	example	is	an	assessment	of	compliance	with	specified	mini-
mum	reaction	times	for	a	human	in	a	control	room,	as	exemplified	in	the	case	of	the	
railway	signaler	(Section	16.2.2.1).

Uncertainty	can	also	lead	to	ambiguity	when	assessing	the	significance	in	general	
of	an	apparent	difference	in	pairs	of	measurement	results,	for	instance,	as	obtained	
from	 two	 different	 measurement	 methods	 (see	 example	 of	 driver	 fatigue,	 Section	
16.2.1.1).	As	shown	in	Figure 16.6(b),	two	measurement	results	can	be	examined	as	
to	whether	they	are	significantly	different	by	assessing	the	distance	in	entity	value	
separating	the	two	distributions’	PDF.

There	is,	as	is	well	known,	a	complete	set	of	statistical	significance	tests	for	distri-
butions	of	individual	and	average	values,	as	well	as	tests	of	variances.	These	include	
for	variables	the	t-test	and	Normal	tests	to	determine	whether	an	unknown	population	
mean	differs	from	a	standard	population	mean,	and	the	χ2-test	and	F-test	to	determine	
whether	an	unknown	population	standard	deviation	is	greater	or	less	than	a	standard	
value	 (Ferris,	 Grubbs,	 &	 Weaver,	 1946:	 Montgomery,	 1996).	 Corresponding	 tests	
when	sampling	by	attribute	(i.e.,	binary	decisions	such	as	go/no-go	yielding	percent	
nonconforming,	for	example)	can	be	based	on	the	binomial	and	Poisson	distributions	
(Joglekar,	2003).	The	comparison	and	significance	 testing	of	multiple	populations	
can	be	tackled	by	conducting	analysis	of	variance	(ANOVA;	Joglekar,	2003).
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Risks	and	the	consequences	of	incorrect	decision	making	in	conformity	assess-
ment	of	human	performance	and	reliability	in	control	rooms	should	be	evaluated.	
They	can	be	minimized	by	 setting	 limits	on	maximum	permissible	measurement	
uncertainties	and	on	maximum	permissible	consequence	costs.

16.3.2  Introducing impact and cost into conformity assessment risks

“Utility	…	is	only	a	description	of	the	subjective	judgement	of	the	decision-maker…	.	It	
thus	does	not	appear	to	be	measurement”	(Finkelstein,	2005).	But	we	would	argue	that	
utility	does	become	a	key	factor	in	conformity	assessment	based	on	pragmatic	measure-
ment	with	persons.	In	general,	the	impact	of	a	wrong	decision	in	conformity	assessment	
is	expressed	as	a	risk	Risk,	defined	as	the	probability	p	of	the	wrong	decision	occurring	
multiplied	by	the	cost	(utility)	C	of	the	consequences	of	the	incorrect	decision:

	 Risk	=	p	·	C	 (16.1)

as	an	example	of	 the	more	general,	historical	expression	of	statistical	expectation	
(Meinrath,	2008).	In	this	section,	new	expressions	for	decision-making	risks	includ-
ing	 costs	 are	presented,	 together	with	 a	novel	 tool—the	operating	 cost	 character-
istic	curve—as	an	extension	of	traditional	statistical	tools,	with	the	addition	of	an	
economic	 decision-theory	 approach.	 Complementarity	 with	 the	 optimized	 uncer-
tainty	 methodology	 (Thompson	 and	 Fearn,	 1996)	 is	 emphasized	 in	 the	 conclud-
ing	remarks.

Probability

(a)

Entity value

Probability

(b)
Entity value

SL

Figure 16.6 Comparing	a	distribution	(PDF)	of	entity	values:	(a)	with	a	specification	limit,	
SL;	(b)	between	two	sets	of	observations.
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16.3.3  Conformity Assessment by Variable

Inspection	by	variable	involves	measurement	of	the	magnitude	ym	of	a	characteristic	
of	an	item	(ISO	3951-1	2005).	Taking	account	of	varying	costs/impact	for	different	
quantity	values	in	the	case	where	product	cost	value	varies	with	unit	quantity	value	
with	the	cost	function	C(η),	leads	to	the	following:

Customer’s cost risk:

	 C y C g y dspecific m test
L

m
SL

( ) ( ) ( )= ⋅ ⋅
<∫ η η η

η
	 (16.2)	

with	ym	≥	LSL.

Supplier’s cost risk:

	 C y C g y dspecific m test
L

m
SL

* ( ) * ( ) ( )= ⋅ ⋅
≥∫ η η η

η
	 (16.3)

with	ym	<	LSL	for	specific	conformity	assessment	involving	the	inspection	of	an	entity	
with	 respect	 to	a	 (lower)	specification	 limit	LSL.	The	 integral	 in	Equation	(16.2),	 for	
instance,	 corresponds	 to	 the	 tail	 of	 the	 probability	 distribution	 function	 extending	
slightly	beyond	the	specification	limit	illustrated	in	Figure 16.6(a)	for	a	test	result	appar-
ently	within	limits.

An	 incorrect	accept	on	 inspection	of	a	nonconforming	object	will	 lead	 to	cus-
tomer	costs	associated	with	an	out-of-tolerance	product.	Overall	costs,	consisting	of	
a	sum	of	testing	costs	and	the	costs	associated	with	customer	risk	(Equation	16.2),	
can	be	calculated	with	the	expression:

	 E y D y C y
D

C g ym m m
R

m
PV

( , ) ( , ) ( ) ( ) ( )σ σ
σ

η η
η

= + = + ⋅
∉∫2 ⋅⋅dη 		 (16.4)

with	ym	∈	RPV,	where	RPV	denotes	the	region	of	permissible	entity	values,	where	test	
costs	D	are	modeled	as	varying	inversely	to	the	squared	dispersion	σ.	Expression	(16.4)	
can	be	applied	to	both	specific	and	global	conformity	assessment	(Pendrill,	2007).

Overall	 costs	 E(ym,σ),	 according	 to	 (16.4)	 can	 be	 plotted	 over	 either	 of	 the	
following:

	 1.	A	range	of	quantity	values	of	LSL	–	h	·	σ	≤	ym	≤	LSL	+	h	·	σ	for	a	given	test	dis-
persion	σ,	and	guard-band	factor	h,	yielding	an	“operating	cost	characteris-
tic”	analogous	to	the	traditional,	probability-based	operating	characteristic.

	 2.	A	range	of	test	uncertainties	σ	for	a	given	quantity	value	ym	≥	LSL,	the	so-
called	“optimized	uncertainty	curve.”

Y116134.indb   364 10/10/11   2:12 PM



Risk assessment and decision making 365

It	is	possible	to	view	the	two	tools—the	operating	cost	characteristics	(1)	and	opti-
mized	sampling	(2)	uncertainty	methodologies—as	together	providing	a	complete	
basis	 for	 risk	 assessment	 in	 conformity	 assessment.	 Overall	 costs	 are	 plotted	 in	
three	dimensions,	shown	in	Figure 16.7,	where	at	each	entity	value	on	the	operating	
characteristic	 curve,	 the	 corresponding	 optimized	 uncertainty	 curve	 would	 cross	
in	 the	 orthogonal	 direction.	 The	 U-shaped	 optimized	 uncertainty	 curve	 (case	 2	
above,	where	the	costs	of	testing	are	balanced	against	the	costs	of	incorrect	decision	
	making)	is	clearly	visible	along	the	uncertainty	axis	of	the	3-D	plot	in	Figure 16.7. In	
this	way,	the	optimum	uncertainty	required	at	specific	conformity	assessment	points,	
such	as	those	for	customer	and	supplier	risk,	can	be	identified	across	the	full	range	
of	entity	values.

16.4  Conclusions

Having	agreed	on	appropriate	descriptors	of	human	performance	and	reliability	and	
how	to	measure	and	assess	them,	a	next	step	would	be	to	consider	ways	of	improv-
ing	these.	An	example	of	how	the	effects	of	training	can	be	measured	and	improve	
human	performance	and	 reliability	 in	control	 room	situations	 is	Sauer,	Burkolter,	
Kluge,	Ritzmann,	and	Schüler	(2008).
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Figure 16.7 Overall	costs	E(ym,σ)	(Equation	16.4)	versus	uncertainty	σ	and	entity	value	ym	
in	the	vicinity	of	a	specification	limit	SL.	(Adapted	from	Pendrill,	2008.)
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The	work	presented	here	extends	traditional	significance	testing	to	include	utility	
and	economic	assessments	of	the	costs	of	measuring,	testing,	and	sampling	together	
with	the	costs	of	incorrect	decision	making.	This	provides	the	decisionmaker	with	a	
more	complete	and	arguably	more	relevant	assessment	of	expectations	and	risks	addi-
tionally	including	measures	of	impact,	importance,	and	consequence.	This	is	especially	
important	when	assessing	perceptive	or	cognitive	measurements	where	a	human	being	
can	often	be	the	most	critical	or	the	weakest	link	in	the	overall	measurement	system.
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